
 

 

 

 

 

 

 

 

 

 

 

 

Mathematical 

finance 



Heston Model Calibration: Implementation and Empirical
Evaluation

Somayeh Fallah∗,

Department of Mathematics, Faculty of Mathematical Sciences, Alzahra University, Tehran, Iran

Email: S.Fallah@alzahra.ac.ir

Abstract. This paper offers a detailed and pedagogical examination of the Heston sto-
chastic volatility model, a framework that continues to influence both theoretical research
and practical applications in option pricing. By modeling volatility as a stochastic pro-
cess, the Heston formulation addresses empirical features of financial markets that the
classical Black–Scholes model cannot explain, including volatility clustering, skewness,
and heavy-tailed return distributions. The discussion is organized around three core
components: the model’s theoretical foundation, its computational implementation, and
its empirical calibration to SPY option data. Particular attention is given to the interac-
tion of model parameters and the numerical challenges involved in estimation. Analytical
pricing is introduced through the Fourier-based semi-closed form solution, while the cal-
ibration is carried out using Monte Carlo simulation combined with a gradient descent
optimization scheme. The paper ultimately seeks to bridge the conceptual structure of
the model with its practical interpretation, emphasizing how stochastic volatility theory
connects mathematical modeling to observable market behavior.

Keywords: Heston model; stochastic volatility; gradient descent calibration; Monte
Carlo simulation

AMS Mathematics Subject Classification [2020]: 91G30, 91G60

1. Introduction

The formulation of the Black–Scholes (BS) model [1] marked a cornerstone in modern
option pricing. Its analytical clarity and closed-form solution established the foundation
of quantitative finance. However, the model’s assumption of constant volatility conflicts
with market evidence: real option data, such as SPY options from the Options Industry
Council (OIC), display volatility smiles, heavy tails, and time-varying variance. These
discrepancies motivated stochastic volatility models, where volatility evolves as a random
process.

Among these, the Heston model [2,3] is particularly valued for combining empirical
realism with analytical tractability. Here, the instantaneous variance follows a mean-
reverting square-root process, allowing the model to reproduce market phenomena while
preserving a semi-closed pricing form through characteristic functions.
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This paper provides a pedagogical overview of the Heston model, emphasizing both
theory and implementation. Analytical foundations are integrated with empirical calibra-
tion using real SPY option data, demonstrating gradient-based parameter estimation and
Monte Carlo simulation for model validation.

2. Model Framework

The Heston model describes asset price dynamics under stochastic volatility. It extends
the Black–Scholes framework by allowing time-dependent variance and captures features
such as the volatility smile and skew.

2.1. Stochastic Dynamics. Under the risk-neutral measure Q, the asset price St
and variance vt evolve as

dSt = rSt dt+
√
vt St dW

(1)
t ,(1)

dvt = κ(v̄ − vt) dt+ η
√
vt dW

(2)
t ,(2)

where r is the risk-free rate, κ the rate of mean reversion, v̄ the long-run variance, η the

volatility of volatility, and dW
(1)
t dW

(2)
t = ρ dt. The correlation ρ ∈ [−1, 1] captures the

leverage effect observed in equities.
The process vt follows a Cox–Ingersoll–Ross (CIR) dynamic, ensuring positivity under

the Feller condition 2κv̄ > η2. Together, (St, vt) form a two-dimensional diffusion system
capable of generating volatility smiles absent in the Black–Scholes model (Figure 1).
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Figure 1. Stylized implied volatility smile under the Heston model.

2.2. Analytical Pricing Formulation. Despite its stochastic structure, the Heston
model admits a semi-closed form for European call prices:

C(St, vt, t) = StP1 −Ke−r(T−t)P2,

where P1 and P2 are risk-neutral probabilities computed via Fourier inversion:

Pj =
1

2
+

1

π

∫ ∞
0

Re

[
e−iu lnKφj(u)

iu

]
du, j = 1, 2.

The characteristic functions φj(u) = exp{Cj +Djvt + iu lnSt} are obtained from Riccati-
type differential equations in parameters κ, v̄, η, ρ, and r. This approach ensures numerical
stability and efficient pricing, forming a benchmark for calibration.
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3. Gradient Descent Calibration Procedure

Model calibration seeks the parameter vector

θ = [v0, v̄, κ, η, ρ],

that minimizes the mean squared difference between market and model prices:

L(θ(t)) =
1

N

N∑
i=1

[
Cmodel(Ki;θ

(t))− Cmkt(Ki)
]2
.

Gradients are approximated by symmetric finite differences:

∂L

∂θj
≈ L(θj + ε)− L(θj − ε)

2ε
, ε = 10−4,

and parameters are updated by

θ(t+1) = θ(t) − α∇L(θ(t)),

with learning rate α = 0.05. Parameters are constrained within plausible bounds (0.04 ≤
v0, v̄ ≤ 0.25, −0.8 ≤ ρ ≤ 0.2). The iteration continues until convergence or 40 steps.

4. Numerical Implementation and Results

The procedure was implemented in MATLAB using SPY call options (T = 72 days,
S0 = 287.97, r = 0.02). Monte Carlo pricing employed 200 time steps and 10,000 paths
per strike. The initial guess was θ0 = [0.09, 0.09, 2.0, 0.4,−0.7]. After 40 iterations, the
optimized parameters were

θ∗ = [0.04, 0.25, 0.5, 0.05,−0.8],

yielding a minimum loss L ≈ 1.81. The algorithm converged smoothly after early oscilla-
tions caused by simulation noise.

100 150 200 250 300 350 400

Strike Price

0

20

40

60

80

100

120

140

160

180

200

O
p
ti
o
n
 P

ri
c
e

Heston Calibration (T = 72 days)

Market Price

Heston Model

Figure 2. Calibrated Heston model vs. market call prices (T = 72 days).

The calibrated model closely matches observed market prices across strikes, confirming
that the gradient descent method provides a stable and efficient calibration framework.
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5. Conclusion

The Heston stochastic volatility model combines analytical rigor and empirical realism.
Through stochastic variance, it bridges the gap between the idealized Black–Scholes world
and real market behavior. This paper outlined its formulation, calibration, and imple-
mentation, demonstrating that a simple gradient descent scheme can effectively estimate
parameters from market data. While sensitivity to initialization remains a limitation, the
method delivers consistent fits and highlights the models enduring relevance in modern
quantitative finance.
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Abstract. Portfolio optimization is a crucial problem in financial management. Since
there are several types of risks, decision makers cannot manage their portfolios effectively
based solely on historical data. On the other hand, the use of predicted data contains high
errors which limits its practical applicability. The most well-known optimization model
is Markowitz’s model, which minimizes risk level through a quadratic objective function
while maintaining a fixed level of profit. However, this approach cannot adequately
manage risks arising from different unexpected events.

This paper proposes a bilevel optimization model from the perspective of a risk-
averse decision maker. In the first level, different events are modeled under various
scenarios. Then, the decision maker operates at the second level, observing these events
and determining how to set their portfolio. We utilize concepts from interdiction prob-
lems to convert the bilevel problem into a single-level optimization problem that can be
solved using optimization solvers such as Gurobi and CPLEX.

Keywords: portfolio optimization, interdiction problems, risk management, Stackelberg
game

AMS Mathematics Subject Classification [2020]: 91G10, 90C11, 91A65

1. Introduction

Portfolio optimization has been a fundamental problem in financial management since
the pioneering work of Markowitz [1]. The Markowitz mean-variance framework minimizes
portfolio risk, measured as variance, while achieving a target expected return. This model
has served as the foundation for modern portfolio theory and has been extensively studied
and extended in the literature [2,3].

However, traditional portfolio optimization models face significant limitations in man-
aging risks arising from unexpected events. Historical data alone cannot capture the full
spectrum of potential risks, while predicted data often contains substantial errors that
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limit practical applicability. Financial markets are increasingly exposed to various dis-
ruptive events such as economic crises, geopolitical conflicts, and pandemics, which can
severely impact portfolio performance [4]. Moreover, these events often exhibit complex
dependencies where the occurrence of one event may influence the probability or impact
of another.

This paper addresses these limitations by proposing a novel bilevel optimization frame-
work that explicitly incorporates event-based risks and their interdependencies. Our ap-
proach models different risk events at the upper level while allowing the decision maker
to optimize portfolio allocation at the lower level. The resulting interdiction problem cap-
tures the strategic interaction between adverse events and portfolio decisions, providing a
more robust framework for risk management.

2. Model description

Consider a financial market with n available assets. Let x = (x1, x2, ..., xn) represent
the portfolio allocation, where xi denotes the proportion of wealth invested in asset i. The
classical Markowitz model can be formulated as:

(1)

minimize
x

x>Σx

subject to µ>x ≥ R
n∑
i=1

xi = 1

x ≥ 0

where Σ is the covariance matrix of asset returns, µ is the vector of expected returns,
and R is the target return.

In our bilevel framework, we consider K different events that may affect portfolio
performance. Each event k ∈ {1, 2, ...,K} can have varying impacts on different assets.
Let yk be a binary variable indicating whether event k occurs, and let δk represent the
impact magnitude of event k on portfolio returns.

The upper-level problem, from the perspective of a risk-averse decision maker, aims
to minimize the worst-case portfolio performance:

(2)

minimize
y

Φ(y)

subject to
K∑
k=1

yk ≤ Γ

yk1 ≤ yk2 ∀(k1, k2) ∈ C
yk1 + yk2 ≤ 1 ∀(k1, k2) ∈M∑
k∈S

yk ≤ rS ∀S ∈ S

yk ∈ {0, 1}, k = 1, 2, ...,K

where: - Φ(y) represents the optimal value of the lower-level portfolio optimization
problem given event selection y - Γ limits the number of simultaneous events - C represents
the set of complementary events where if event k1 occurs, then event k2 must also occur
(yk1 ≤ yk2) - M represents the set of mutually exclusive events where at most one of
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the two events can occur - S represents collections of events with cardinality constraints,
limiting how many events from set S can occur simultaneously

The lower-level problem represents the portfolio optimization under given events:

(3)

maximize
x

(µ−
K∑
k=1

ykδk)
>x

subject to

n∑
i=1

xi = 1

x ≥ 0

This bilevel structure captures the strategic interaction between adverse events (upper
level) and portfolio decisions (lower level), providing a robust framework for risk manage-
ment that accounts for complex event relationships.

3. Solution approach

To solve the bilevel portfolio optimization problem, we employ the Dualize-and-Combine
approach commonly used in interdiction problems. This method involves dualizing the
lower-level problem and combining it with the upper-level problem to form a single-level
equivalent.

The lower-level linear programming problem has the following dual:

(4)

minimize
λ

λ

subject to λ ≥ µi −
K∑
k=1

ykδki, i = 1, 2, ..., n

By strong duality, the primal and dual objectives are equal at optimality. We can
therefore reformulate the bilevel problem as a single-level mixed-integer program:

(5)

minimize
y,λ

λ

subject to λ ≥ µi −
K∑
k=1

ykδki, i = 1, 2, ..., n

K∑
k=1

yk ≤ Γ

yk1 ≤ yk2 ∀(k1, k2) ∈ C
yk1 + yk2 ≤ 1 ∀(k1, k2) ∈M∑
k∈S

yk ≤ rS ∀S ∈ S

yk ∈ {0, 1}, k = 1, 2, ...,K

This single-level reformulation can be efficiently solved using commercial optimization
solvers such as Gurobi or CPLEX.
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4. Numerical example

To illustrate our approach, we consider a simple example with 5 assets and 4 potential
events. The input parameters are as follows:

Expected returns:

(6) µ =
[
0.12 0.08 0.15 0.10 0.09

]>
Event impacts on assets:

(7) δ =


0.05 0.08 0.03 0.06 0.04
0.03 0.02 0.10 0.01 0.07
0.06 0.04 0.02 0.09 0.05
0.02 0.06 0.07 0.03 0.08


where δki represents the impact of event k on asset i.
Event dependencies:

• Complementary constraint: If Event 1 occurs, then Event 2 must also occur
(y1 ≤ y2)
• Mutually exclusive constraint: Events 3 and 4 cannot occur simultaneously (y3 +
y4 ≤ 1)

• Cardinality constraint: At most 2 events can occur simultaneously (
∑4

k=1 yk ≤ 2)

We solved the resulting mixed-integer linear program using Gurobi with the parameters
described above. The optimal solution selects events 2 and 3, which together minimize the
maximum portfolio return in the worst-case scenario while satisfying all event dependency
constraints. Under this worst-case combination of events, the optimal portfolio allocation
concentrates entirely on asset 1, yielding an expected worst-case portfolio return of 0.03.

5. Conclusion

This paper has presented a novel bilevel optimization framework for portfolio man-
agement that explicitly incorporates event-based risks and their complex dependencies.
By modeling the interaction between adverse events and portfolio decisions, and by in-
corporating realistic event relationship constraints, our approach provides a more robust
foundation for risk management.

Future research directions include extending the model to incorporate transaction
costs, considering multi-period portfolio optimization, developing specialized algorithms
for large-scale instances of the problem, and incorporating probabilistic event dependencies
rather than deterministic constraints.
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Abstract. Artificial Intelligence (AI) reshapes undergraduate mathematics education
through tools that enable personalized learning, adaptive assessments, and interactive
visualizations. These provide real-time feedback, efficient grading, and data insights,
helping educators meet diverse student needs. However, AI’s limitations in fostering cre-
ativity, emotional support, and nuanced reasoning challenge deep understanding. Ethical
issues like data privacy, bias, and access equity complicate integration. This article ana-
lyzes AI’s advantages and disadvantages in undergraduate contexts, such as calculus and
algebra, using recent literature and examples. It proposes a hybrid human-AI model to
optimize outcomes, emphasizing ethical integration for equitable education.

Keywords: Artificial Intelligence, AI, Mathematics, Education
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1. Introduction

AI emerged as a discipline at the 1956 Dartmouth Conference, organized by John
McCarthy, Marvin Minsky, Nathaniel Rochester, and Claude Shannon, coining the term
”artificial intelligence” [4]. Alan Turing’s foundational work on computability and the
Turing Test laid theoretical groundwork [5]. AI revolutionizes undergraduate mathemat-
ics education with personalized experiences, adaptive assessments, and interactive tools.
Yet, it poses risks like over-reliance and ethical dilemmas. This paper examines AI’s mul-
tifaceted role, drawing on literature from 2012–2025, to highlight benefits, challenges, and
ethics. It contributes by proposing hybrid strategies, such as AI-assisted proofs in discrete
math, and calls for empirical studies at institutions like Payame Noor University.

1.1. Methodology. This review synthesizes peer-reviewed articles, position state-
ments (e.g., NCTM), and AI tool documentation from 2012–2025, sourced via databases
like Google Scholar and ERIC. Focus areas include advantages, disadvantages, and ethics,
with emphasis on undergraduate applications.
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2. Benefits and Challenges

AI transforms undergraduate mathematics but introduces complexities. This section
details advantages and disadvantages, supported by examples.

2.1. Advantages of AI in Teaching Undergraduate Mathematics. AI brings
transformative benefits to undergraduate mathematics education, including:

• Personalized and Adaptive Learning: Platforms like ALEKS1 assess knowl-
edge and adjust paths [1]. For instance, in calculus, AI identifies derivative
misconceptions and provides targeted exercises, boosting engagement and mas-
tery. Recent tools like Khanmigo2 (2025) use generative AI for interest-aligned
problems, e.g., sports-themed integrals.

• Real-Time Feedback and Interactive Tools: Photomath3, Mathway4 and
GeoGebra5 provide instant feedback and visualizations [3]. In multivariable cal-
culus, Desmos6 explores of functions like f(x, y) = x2+y2; newer tools like Tutero
AI7 (2025) simulate Monte Carlo methods for probability courses.

• Efficiency in Grading and Data Analytics: AI systems streamline grading of
routine assignments, such as algebra exercises, and provide detailed performance
analytics [2]. This allows instructors to identify trends—such as widespread dif-
ficulty with matrix operations—and adjust their teaching strategies accordingly,
ensuring timely support for students.

• Enhanced Tutoring and Professional Development: AI-driven tutoring
systems adapt to individual learning paces and styles, while also offering cus-
tomized professional development for educators [2]. For example, an AI tutor
might guide a student through a proof step-by-step, while a training module
could help instructors integrate technology into their calculus courses effectively.

• Reinforcement Learning for Math Tutoring. AI can optimize tutoring
through reinforcement learning, adapting strategies based on student responses.
For example, an AI tutor might adjust its approach if a student repeatedly strug-
gles with integration by parts, offering alternative explanations or simpler exam-
ples. This adaptability enhances tutoring effectiveness, particularly for complex
undergraduate topics. [2] notes that reinforcement learning can improve tutoring
outcomes by tailoring interactions to individual needs.

• Online Math Competitions. AI-powered platforms can host online math com-
petitions with adaptive problem sets, challenging students at their appropriate
level. For instance, a platform might present a student with increasingly difficult
linear algebra problems based on their performance. These competitions foster
a competitive yet supportive environment, encouraging students to deepen their
mathematical skills. [2] suggests that such platforms enhance engagement and
motivation.

1Personalized Learning Platform, Available at: https://www.aleks.com/
2An AI-powered personal tutor and teaching assistant, Available at: https://www.khanmigo.ai/
3Math Problem Solver App, Available at: https://photomath.com/
4Online Math Problem Solver, Available at: https://www.mathway.com/
5Interactive Mathematics Software, Available at: https://www.geogebra.org/
6Graphing Calculator and Math Tools, Available at: https://www.desmos.com/
7Personalized Education for Schools and Families, Avalable at: https://www.tutero.com/
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AI tools like ChatGPT8, can generate diverse assessments and engaging content, re-
ducing the workload on educators. For example, ChatGPT can create multiple versions
of a calculus test with different examples, ensuring variety while maintaining learning
objectives. This capability saves time and enhances the quality of instructional materi-
als. According to [2], such tools can increase student engagement by providing fresh and
relevant content.

Table 1. Comparison of AI Tools for Undergraduate Math

Tool Math Topic Example Advantage Limitation
ALEKS Calculus Adaptive paths Limited creativity
GeoGebra Geometry 3D visualizations Access inequities
Khanmigo Probability Personalized problems Potential biases
Tutero AI Algebra Teacher coaching Over-simplification

2.2. Disadvantages of AI in Teaching Undergraduate Mathematics. Despite
its potential, AI poses several challenges in mathematics education:

• Limitations in Creativity and Reasoning: AI struggles to replicate the cre-
ative problem-solving and nuanced reasoning human instructors provide [2]. For
example, while AI can solve a differential equation, it may not explain the intu-
ition behind selecting a particular method, limiting students’ ability to develop
independent mathematical insight.

• Over-Reliance and Skill Degradation: Excessive dependence on AI tools like
equation solvers can erode students’ foundational skills and critical thinking [2].
A student who relies on Photomath to factor polynomials might never master
the underlying techniques, leaving them unprepared for advanced coursework or
exams requiring manual computation.

• Ethical and Access Issues: AI systems may perpetuate biases embedded in
their training data, and unequal access to technology can widen educational dis-
parities [3]. For instance, an AI tool trained on datasets favoring certain demo-
graphics might misjudge the needs of underrepresented students, while rural or
low-income students may lack the devices or internet connectivity to use these
tools effectively.

• Lack of Emotional Intelligence: Unlike human teachers, AI cannot offer emo-
tional encouragement or adapt to students’ psychological needs [2]. In math-
ematics, where frustration is common—such as when grappling with abstract
algebra—human empathy and motivation play a vital role that AI cannot yet
replicate.

• Oversimplification of Concepts. To make concepts accessible, AI might over-
simplify them, potentially undermining the complexity of mathematical ideas.
For example, an AI tool explaining group theory might focus on basic examples,
neglecting the nuances that are critical at the undergraduate level. [2] suggests
that this oversimplification can hinder deep understanding.

8Optimizing Language Models for Dialogue, Available at: https://openai.com/blog/chatgpt/
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3. Ethical Considerations

The deployment of AI in education demands careful attention to ethical principles:

• Data Privacy: Robust safeguards must protect student data from misuse or
breaches [2]. Institutions should adopt encryption and clear policies to ensure
that sensitive information, such as performance records, remains confidential.

• Bias Mitigation: Regular audits of AI algorithms are necessary to detect and
correct biases that could disadvantage certain groups [3]. This might involve
testing tools like ALEKS to ensure they fairly assess students across diverse
backgrounds.

• Inclusive Access: Bridging the digital divide is critical to ensure all students
benefit from AI innovations [2]. Universities could partner with organizations
to provide subsidized devices or internet access, making tools like GeoGebra
universally available.

• Stakeholder Collaboration: Ethical guidelines should emerge from collabo-
ration among educators, technologists, and policymakers [2]. This ensures that
AI tools align with educational goals and societal values, such as fairness and
transparency in algorithmic decision-making.

4. Conclusion

AI enhances undergraduate mathematics with personalization and visualizations but
cannot replace human creativity or support. A balanced hybrid approach—e.g., AI for
grading paired with instructor-led discussions—maximizes success. Educators should pilot
tools like Tutero in small classes, conduct bias audits, and ensure open-source access. Fu-
ture research questions: How can AI support proof-based courses? What metrics evaluate
hybrid models? Stakeholder collaboration will harness AI responsibly.
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Abstract. This study introduces a novel relationship between Chebyshev polynomials
and matrix-less methods, elucidating the role of Chebyshev polynomial roots in the
theory of matrix polynomials. This technique facilitate the evaluation of determinants for
certain band matrices, with particular emphasis on the polynomial eigenvalue problem.
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1. Introduction

Band matrices are a crucial type of matrix frequently encountered in engineering and
computational sciences, appearing in areas like splines, partial differential equations, and
quantum physics. This paper focuses on the determinant of a specific class of band ma-
trices. The objective is to determine the values of x for which the determinant of these:

(1) det



(a1 + x) −1
−1 0 x

x (a3 + a2x) −1
−1 0 x

x (a5 + a4x) −1
. . .

. . .
. . .


= 0,

(2) det
1

2



(2xc7 + c6) −1 −c7 0 0 0 0
(c5 − c7) 2x (c4 − c6) −1 0 0 0
−1 0 2x 0 −1 0 0
0 −1 (c3 − c5) 2x (c2 − c4) −1 0
0 0 −1 0 2x 0 −1
0 0 0 −1 (c1 − c3) 2x (c0 − c2)
0 0 0 0 −2 0 2x


= 0,
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and
(3)

det
1

2



(2xc8 + c7) (c6 − c8) −1 0 0 0 0 0
−1 2x 0 −1 0 0 0 0
−c8 (c5 − c7) 2x (c4 − c6) −1 0 0 0

0 −1 0 2x 0 −1 0 0
0 0 −1 (c3 − c5) 2x (c2 − c4) −1 0
0 0 0 −1 0 2x 0 −1
0 0 0 0 −1 (c1 − c3) 2x (c0 − c2)
0 0 0 0 0 −2 0 2x


= 0.

2. Main results

A Hessenberg Toeplitz matrix is a special kind of square matrix with Hessenberg and
Toeplitz form. Then, a unit lower Hessenberg Toeplitz matrix is a matrix similar this:

(4) T =



t1 1 0 · · · 0

t2 t1 1
. . .

. . .

t3 t2
. . .

. . . 0
...

. . .
. . .

. . . 1
tn · · · t3 t2 t1

 .

Let p(x) = xn + a1x
n−1 + . . . + an−1x + an, be a polynomial with coefficients over an

arbitrary field. As is well known, the matrix

(5) C =



−a1 −a2 · · · −an−1 −an
1 0 0 · · · 0

0 1 0
. . .

. . .
... 0

. . .
. . . 0

. . .
. . .

. . . 1 0

 ,

has the property that det(xI −C) = p(x). The matrix C, or some of its modifications, is
being called companion matrix of the polynomial p(x):

(6) det



(a1 + x) −1
−1 0 x

x (a3 + a2x) −1
−1 0 x

x (a5 + a4x) −1
. . .

. . .
. . .


= 0.

Also, Chebyshev polynomials of the first kind are of great practical importance

(7) f(x) =
n∑

j=0

cjTj(x) x ∈ [−1, 1], cn 6= 0.

The Chebfun system is central to performing accurate numerical computations. Suppose,
the input is a symmetric tridiagonal matrix like equation (1) or an unsymmetric pentadi-
agonal matrix like equation (2) or (3). The goal is to calculate the determinants of these
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matrices. We can convert the determinants of the relevant matrices into polynomials as
shown in equation (8), that ai’s and cj ’s are in the

(8) p(x) = xn + a1x
n−1 + . . .+ an−1x+ an, f(x) =

n∑
j=0

cjTj(x).

Theorem 2.1. There is a similarity between the Chebyshev polynomials and the com-
panion matrix by the following matrices:
(9)

Qn+1 =



1 0 . . . 0

0 1 0 . . . 0

−1 0 2 0 . . . 0

0 −3 0 4 0

...
1 0 −8 0 8 0

...
...

...
...

...
... . . . . . . 2n−1



, A =



−β1
α1

1
α1

0 . . .

γ2
α2

−β2
α2

1
α2

0 . . .

...
...

...
...

0 . . . . . .
γn−1
αn−1

−βn−1
αn−1

1
αn−1

δ0
αn

δ1
αn

. . . . . .
δn−2+γn

αn

δn−1−βn
αn



.

Here αi = 2, βi = 0, γi = 1, and

(10) (α1α2 . . . αn)[γ0, γ1, . . . , γn−1, 1] = [δ0, δ1, . . . , δn−1, 1]Qn+1,

for all 1 ≤ i ≤ n.

Theorem 2.2. The matrix C in (5) is similar to T in (4):

(11) T = S−1CS,

By these properties:
If c1 = 0, then: for i < j, B(i : j, k : l) then B whose rows and columns are indexed by
i : j and k : l, respectively.
If S = (sij) and [S−1]i,j = (−1)i+jdet Ŝji, then

det Ŝji = det S(j + 1 : i, j : i− 1), i = 3, . . . , n, j = 1, . . . , i− 2. Thus

(12) [S−1]i,j = (−1)i+jdet S(j + 1 : i, j : i− 1), i = 3, . . . , n, j = 1, . . . , i− 2.

[S−1CS]ij = s(i−j+1)j +

i−j+1∑
k=0

(−1)i−j−k+3det S(j + k : i, j + k − 1 : i− 1)skj ,

i = 3, . . . , n− 1, j = 1, . . . , n− 2, with s0j = 1, s1j = 0, spj = 0 for p < 0, det S(1 : i, 0 :
i− 1) = 0 and det S(h : g, h− 1 : g − 1) = 0 if h > g and

[S−1CS]nj =

n−j+1∑
k=0

((−1)n−j−k+3detS(j + k : n, j + k − 1 : n− 1)skj + cks(n−j−k+1)j),

i = n, j = 1, . . . , n− 2, with s0j = 1, s1j = 0, cl = 0 for l ≤ 1 and det S(i : j; k : l) = 0 if
i > j. If c1 6= 0, then α = 1

nc1 and T ′ = T −αI, namely Λ = {λ1, . . . , λn} are eigenvalues
of matrix T and Λ′ = {λ1 − α, . . . , λn − α} are eigenvalues of matrix T ′ that

(13) T =



t1 1 0 · · · 0

t2 t1 1
. . .

. . .

t3 t2
. . .

. . . 0
...

. . .
. . .

. . . 1
tn · · · t3 t2 t1

 , tk =
1

n− k + 1
(ck + gk),

3
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gk =
∑

2l2+···+(k−2)lk−2=k

(
n− k + l2 + · · ·+ lk−2
n− k, l2, . . . , lk−2

)
(−t2)l2 · · · (−tk−2)lk−2 .

From [5,6], we can prove these results.

Example 2.3. Let

p(x) = x5 − 72x3 − 648x2 − 2268x− 3888.(14)

Then

C =


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

3888 2268 648 72 0

 , T ′ =


0 1 0 0 0
18 0 1 0 0
216 18 0 1 0
1620 216 18 0 1
11664 1620 216 18 0

 ,
and T = T ′ + I with eigenvalues Λ = {13,−2 + 3i,−2− 3i,−2 + 3i,−2− 3i}.

b = [−3888;−2268;−648;−72; 0; 1]T , a = 1.0e+ 03


−4.212000000000000
−2.321375000000000
−0.324000000000000
−0.017687500000000

0
0.000062500000000

 .
We run the companion matrix or Toeplitz matrix for finding eigenvalues with Matlab and
the roots of Chebyshev polynomials with Chebfun [2]:

−2.999999949630467 − 2.999999948626045i

−2.999999949630467 + 2.999999948626045i

−3.000000050369539 − 3.000000051373939i

−3.000000050369539 + 3.000000051373939i

12.000000000000009 + 0.000000000000000i


,



12.000000000000007 + 0.000000000000000i

−3.000000008539148 + 3.000000017608449i

−3.000000008539148 − 3.000000017608449i

−2.999999991460856 + 2.999999982391550i

−2.999999991460856 − 2.999999982391550i


.

If we use ’eigvals’ function in JULIA for the Hessenberg Toeplitz matrix T ′, we have

−3.000000000000000000093804387905456366059 − 3.000000000000000001621757825637227602361im

−3.000000000000000000093804387905456366059 + 3.000000000000000001621757825637227602361im

−2.999999999999999999906195612094543636563 − 2.999999999999999998378242174362772416929im

−2.999999999999999999906195612094543636563 + 2.999999999999999998378242174362772416929im

12.00000000000000000000000000000000000028 + 0.0im


.
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1. Instruction

Finding the roots of a matrix equation or the limit for the roots, or sometimes finding
a suitable initial approximation, will be an important step to solve a matrix equation. The
most obvious procedure is to take the power series which defines the exponential, which
as you surely remember from Calculus is

ex = I + x+
1

2
x2 +

1

6
x3 + . . .+

1

k!
xk + . . . .

Recall that the exponential of a matrix can be defined as an infinite sum

eX = I +X +
1

2
X2 +

1

6
X3 + . . .+

1

k!
Xk + . . . .

Then, by direct computation for the Lambert W function WeW = A, we have

WeW = W +W 2 +
1

2!
W 3 +

1

3!
W 4 + . . .+

1

k!
W k+1 + . . . = A.

(1) WeW 'W +W 2 +
1

2!
W 3 +

1

3!
W 4 + . . .+

1

(n− 1)!
Wn = A.

Then, we can find a bound for ‖W‖, namely

(2) ‖W‖ ≤

(
‖A‖+

n−1∑
i=0

1

i!

)
(n− 1)!.

∗Speaker.
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2. Main results

Let H be a field such that Q ⊆ H ⊆ C. Here, we collect a summary of several results
and some notes of [2,4] that help us to find three key formulas for solving (1) when A is
nonderogatory with entries in H.
In this way, we try to find real roots of

(3) P (X) = X +X2 +
1

2!
X3 +

1

3!
X4 + . . .+

1

(n− 1)!
Xn = A,

such that P (µj) = λj and µj ∈ H(λj) for every eigenvalue λj of A, and j = 1, . . . , n. Also,

the coefficients are determined by the following help vector P =
[
1, 1, 1

2 ,
1
6 ,

1
24 , . . . ,

1
(n−1)!

]
.

In fact, this will be the first step of our process for finding the matrix W in (1) or the
matrix X in (3). For the second step of our process PA(λ) = g1(λ)d1 .g2(λ)d2 . . . . .gr(λ)dr

with each gj(λ) a monic irreducible polynomial over H, and suppose that the polynomials
gj(λ) are coprime and T ∈ Hn×n such that A can be written as
(4)

A = T−1(C1⊕C2⊕ . . .⊕Cr)T, Cj = Idj⊗Cgj +N⊗Ikj =



Cgj Ikj 0 · · · 0

0 Cgj Ikj
. . .

. . .
...

. . .
. . .

. . . 0

0
. . .

. . . Cgj Ikj
0 · · · 0 Cgj


.

Here, Cj will be called the companion-Jordan form of A and the generalized Jordan matrix
[6], and N is the dj × dj upper triangular matrix with zeroes everywhere except for ones
in the (j, j + 1) entries. Then, we try to find matrix X, such that

(5) X = T−1(X1 ⊕X2 ⊕ . . .⊕Xr)T,

with Xj commuting with Cj . This forces us to have Xj the form of a block upper triangular
Toeplitz matrix.

Theorem 2.1. Let X be only a 2×2 block upper triangular matrix, and for a polynomial
P (λ), the form of P (X) are given by

X =

[
W Z
0 Y

]
, P (X) =

[
P (W ) P (Z)

0 P (Y )

]
,

for some matrix Z̃ which depends on W,Y,Z and the polynomial P (λ) in an intricate

manner. Introducing the notation Z̃ = ∆P (W,Y )(Z) it turns out that this is equal to the
finite difference operator, i.e., P (X1)− P (X2) = ∆P (X1, X2)(X1 −X2):

A =



Cg Ik 0 · · · 0

0 Cg Ik
. . .

. . .
... 0

. . .
. . . 0

0
. . .

. . . Cg Ik
0 · · · 0 Cg

 , X =



X1 X2 · · · · · · Xd

0 X1 X2
. . .

...
...

. . .
. . .

. . .
...

0
. . .

. . . X1 X2

0 · · · 0 X1

 .

Here, g(λ) = g0+g1λ+ . . .+gk−1λ
k−1+λk is a monic and irreducible polynomial of degree

k over H that help us to solve (1), such that n = kd and X is the solution of the matrix

2
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equation in question. Observe that, P (X1) = Cg and

P

([
X1 X2

0 X1

])
=

[
Cg Ik
0 Cg

]
=

[
P (X1) ∆P (X1, X1)(X2)

0 P (X1)

]
.

So, X2 may be determined from the linear matrix equation

∆P (X1, X1)(X2) =
n∑

m=1

1

(m− 1)!

m−1∑
j=0

Xm−1−j
1 X2X

j
1 = Ik,

we can replace the above equation with the following equation in terms of Kronecker product
and by the mapping vec : Hm×n → Hmn:

(6)

(
n∑

m=1

1

(m− 1)!

m−1∑
i=0

(XT
1 )i ⊗Xm−1−i

1

)
vec(X2) = vec(Ik).

Next, to find j = 3, 4, . . . , d we consider the jd×jd block in the upper right hand corner,
and the equation

P





X1 X2 · · · · · · Xj

0 X1
. . .

. . . Xj−1
...

. . .
. . .

. . .
...

0
. . .

. . . X1 X2

0 · · · 0 X1



 =



Cg Ik 0 · · · 0

0 Cg Ik
. . .

. . .
... 0

. . .
. . . 0

0
. . .

. . . Cg Ik
0 · · · 0 Cg

 ,

that is uniquely solvable for each j, and so X2, . . . , Xd depend uniquely on X1.

The output of our process is shown with the output lambertwmatrix function [3].
We should say diagonalization approach that computes A = Mdiag(λ1, . . . , λn)M−1 with
forms Wk(A) = Mdiag(Wk(λ1), ...,Wk(λn))M−1.
(7)

E1 := ρ(Ŵ ,A) =
‖Ŵexp(Ŵ )−A‖F
‖Ŵexp(Ŵ )‖F + ‖A‖F

, E2 := ρ(Ŵ ,A) =
‖Ŵexpm(Ŵ )−A‖F
‖Ŵexpm(Ŵ )‖F + ‖A‖F

,

as pointed out by Deadman and Higham [1,5], by rounding the result to double precision.

Example 2.2. Consider the companion matrix A =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
−4 0 0 −4 0 0

, with

characteristic polynomial PA(λ) = λ6 + 4λ3 + 4 = (λ3 + 2)2. We try to find an initial
solution for the primary matrix Lambert W function W , such that Wexp(W ) = A.
As we have mentioned in the process of Section 2, we must find the matrix T such that

T−1AT =

[
A1 I3
0 A1

]
, where A1 =

 0 1 0
0 0 1
−2 0 0

 . We have g(λ) = λ3 + 2, i.e., d = 2

3
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and k = 3. Then λ0 = − 3
√

2 is one of the roots of PA(λ) with associated eigenvector

v6(− 3
√

2) =



1

− 3
√

2
3
√

4
−2

2 3
√

2

−2 3
√

4

 =


1 0 0
0 1 0
0 0 1
−2 0 0
0 −2 0
0 0 −2


 1

− 3
√

2
3
√

4

 = Y v3(− 3
√

2),

S1 =


0 0 0 0 0 0
1 0 0 0 0 0
0 2 0 0 0 0
0 0 3 0 0 0
0 0 0 4 0 0
0 0 0 0 5 0

 , T = [Y S1Y ] =


1 0 0 0 0 0
0 1 0 1 0 0
0 0 1 0 2 0
−2 0 0 0 0 3
0 −2 0 −8 0 0
0 0 −2 0 −10 0

 .
Now, we try to build matrix M such that µ1v3(λ1) = Mv3(λ1), we find here µ1 by roots
function in Matlab for (3), such that µ1 be a real value: α1 β1 γ1

α2 β2 γ2
α3 β3 γ3

 1

− 3
√

2
3
√

4

 = µ

 1

− 3
√

2
3
√

4

 .
Then M = X1 =

 8.624450300829338 5.051530214107873 −3.803102713946090
7.606205427892180 8.624450300829338 5.051530214107873
−10.103060428215747 7.606205427892180 8.624450300829338

 ,
and from (6), we write

X2 =

 0.1705414154610 −0.1353580294458 0.1074336290667
−0.2148672581335 0.1705414154610 −0.1353580294458
0.2707160588917 −0.2148672581335 0.1705414154610

 , X = T−1

[
X1 X2

0 X1

]
T.

We obtain after some calculation

X =



8.696072720207200 6.678526480323479 −6.293385180094861 0.035811209688931 0.813498133107803 −1.245141233074385

4.980564932297542 8.696072720207198 6.678526480323479 −1.312820247797319 0.035811209688930 0.813498133107803

−3.253992532431213 4.980564932297542 8.696072720207198 3.424533947892267 −1.312820247797319 0.035811209688930

−0.143244838755724 −3.253992532431213 4.980564932297541 8.552827881451476 3.424533947892267 −1.312820247797320

5.251280991189278 −0.143244838755719 −3.253992532431211 10.231845923486819 8.552827881451478 3.424533947892268

−13.698135791569069 5.251280991189279 −0.143244838755725 −16.952128324000281 10.231845923486819 8.552827881451474



,

References

[1] Corless, R. M. and Jeffrey, D. J. (2015) The Lambert W function, Princeton Companion to Applied
Mathematics, Princeton University Press, Princeton, NJ.

[2] Drazin, M. P. (2007) Exact rational solutions of the matrix equation A = p(X) by linearization, Linear
Algebra Appl., 426, 502–515.

[3] Fasi, M., Higham, N. J. and Iannazzo, B. (2015) An algorithm for the matrix Lambert w function,
SIAM J. Matrix Anal. Appl., 36, 669–685.

[4] Groenewald, G. J., Janse van Rensburg, D. B., Ran, A. C. M., Theron, F. and van Straaten, M. (2023)
Solutions of the matrix equation p(X) = A, with polynomial function p(λ) over field extensions of Q,
Linear Algebra Appl., 665, 107–138.

[5] Higham, N. J. (2008) Functions of Matrices: Theory and Computation, SIAM Publications, Philadel-
phia.

[6] Horn, R. A. and Johnson, C. R. (2013) Matrix Analysis, 2nd ed., Cambridge University Press.

4

640



A two-dimensional Boubaker polynomial expansion scheme
for the numerical solution of the nonlinear Schrödinger

equation in (2+1) dimensions

Farshad Mehdifar1,∗
1Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.

Email: farshad.mehdifar@pnu.ac.ir

Abstract. This paper introduces an approximation method for the analytical solution
of the (2+1)-dimensional nonlinear Schrödinger equation in a stationary pulsed regime.
The approach is based on the two-dimensional Boubaker polynomials expansion scheme.
Exploiting the analytical solutions in three-dimensional space that correspond to station-
ary states akin to standing waves invariant over time, we derive the probability density
function to eliminate the pulsing component. The discussion includes error analysis of
the approximate solutions at zero-time plane for various separation constants (ω > 0).
These results highlight the optimal accuracy of time-independent solutions, especially
when the separation constant approaches zero. The findings are presented clearly and
comprehensively, ensuring their validity and reliability.
Keywords: two-dimensions Boubaker polynomials expansion scheme method, (N+1)-
dimensions nonlinear Schrödinger equation, Mathieu functions, quantum mechanics.
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1. Introduction
Partial differential equations (PDEs) are fundamental in various scientific disciplines—including

mathematics, computer science, physics—and engineering fields such as mechanics, electrical en-
gineering, and materials science. Due to the complex and nonlinear nature of many real-world
phenomena, analytical solutions are often unattainable or difficult to obtain, prompting the devel-
opment of numerical methods. Examples of analytical approaches include the Differential Trans-
form Method (DTM) [5] and the B-Spline finite element method [3]. In this study, we employ the
two-dimensional Boubaker polynomials expansion scheme (2DBPES) [1] to approximate solutions
to the (2+1)-dimensional Schrödinger equation (SchE) [2].

The (2+1)-dimensional nonlinear Schrödinger equation (NLSE) considered here is given by:

(1) i
∂ψ

∂t
+

1

2

(∂2ψ

∂x2
+
∂2ψ

∂y2

)
− τ ψ − σ|ψ|2 ψ = 0 ,

where σ = 1 and subject to the initial and boundary conditions (IBC):

(IC) : ψ(x, y, t)
∣∣∣
t=0

= f(x, y) , (x, y) ∈ R+ × R+ ; t ∈ [0, T ] ,(2)

∗Speaker.
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(BC) :
∂2ψ(x, y, t)

∂x2

∣∣∣
x=0

= 0 ,
∂2ψ(x, y, t)

∂y2

∣∣∣
y=0

= 0 ,(3)

with ψ(x, y, t) representing the complex-valued wave function in a Hilbert space, where T is the
characteristic time of the system, and |ψ|2 corresponds to the probability density. The function
f(x, y) is specified and complex-valued. The potential term τ(x, y) is periodic on the domain
[0, 2π] × [0, 2π], representing a spatially varying potential energy component. This study focuses
on obtaining analytical solutions for the (2+1)-dimensional NLSE in a stationary, pulsed regime.

2. Two-dimensional Separated Boubaker Polynomials
Definition 2.1 ([1]). The first monomial definition of the Boubaker polynomials is derived

from physical considerations, originally used to solve heat equations in pyrolysis models:

B0(x) = 1 , Bn(x) =

[n2 ]∑
i=0

(−1)i
(
n− i

i

)
n− 4i

n− i
xn−2i, n ≥ 1 ,

where
[
n
2

]
= 2n+((−1)n−1)

4 (The symbol: [.] designates the floor function). The two-dimensional
Boubaker polynomials are defined as: B0,0(x, y) = 1 ,Bn,m(x, y) = Bn(x)Bm(y) .

Each 4q-order Boubaker polynomial possesses exactly 2q− 1 positive roots within the interval
(0, 2). The minimal positive roots, denoted by αn, underpin the polynomials’ orthogonal properties
and facilitate their application in various physical problems. For a complex function f(x, y) defined
on [−a, a]× [−a, a], the 4n-order BPES expansion is given by:

(4) F (x, y) ≈ 1

4N0M0

N0∑
q1=1

M0∑
q2=1

ζq2q1 B4q1,4q2

(
x
αq1
a
, y
αq2
a

)
,

where ζq2q1 are complex coefficients, and N0, M0 are fixed integers. Approximate solutions are
obtained by minimizing the residual of the linear operator applied to F (x, y) against a target
value.

3. Solution Derivation for the (2+1)-Dimensional NLSE
3.1. Application of 2DBPES. The resolution methodology is based on the two-dimensional

BPES, utilizing the following pulsed representation:

(5) ψ(x, y, t) =
1

4N0M0

(
N0∑
k=1

M0∑
l=1

λlk . B4k , 4l (x× rk , y × rl)

)
.e−iωt = p(x, y)e−iωt ; ω > 0 ,

where B4k and B4l denote orthogonal 4k-order and 4l-order Boubaker polynomials, respectively; rk
and rl are their corresponding minimal positive roots; N0 and M0 are predetermined integers; and
ω represents the stationary pulsation related to separation constants. The coefficients λlk are real
parameters to be determined. Since ψ(x, y, t) = p(x, y)

(
cos(ω t) − i sin(ω t)

)
is a complex-value

function, We clearly have; |ψ(x, y, t)| = |p(x, y)|, therefore, Eq.(1) is hence written:
(6)[(
ω − τ

)
p(x, y) +

1

8N0M0

(
N0∑
k=1

M0∑
l=1

λlk
(
r2k
∂2B4k (x× rk)

∂x2
+ r2l

∂2B4l (y × rl)

∂y2
))]
e−iωt = (p(x, y))

3
e−iωt .

where, τ ≡ τ(x, y) is a known real function of two variables. Simplifying, the main equation
becomes:

(ω − τ)

4N0M0

(
N0∑
k=1

M0∑
l=1

λlk.B4k , 4l (x× rk , y × rl)

)
+

1

8N0M0

(
N0∑
k=1

M0∑
l=1

λlk

(
r2k
∂2B4k (x× rk)

∂x2
B4l (y × rl)(7)

+ r2l
∂2B4l (y × rl)

∂y2
B4k (x× rk)

))
= (p(x, y))3 .

2
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3.2. Initial Conditions and Coefficient Determination. Using a standard form and the
initial condition (2), which states ψ(x, y, 0) = f(x, y) ≡ p(x, y), the problem reduces to solving:
(8)

N0∑
k=1

M0∑
l=1

λlk . Θ
l
k(x, y) = ( f(x, y) )3 ,

Θlk(x, y) =
1

4N0M0

(
(ω − τ)B4k , 4l (x× rk, y × rl) +

1

2

(
r2k
∂2B4k (x× rk)

∂x2
B4l (y × rl)+ r2l

∂2B4l (y × rl)

∂y2
B4k (x× rk)

))
.

The following step consists of evaluating the coefficients λ′k,l
∣∣l=1,...,M0

k=1,...,N0
that verify:

( f(x, y) )3 = 1
4N0M0

(∑N0
k=1

∑M0
l=1 λ

′
k,l.B4k , 4l (x× rk , y × rl)

)
. This operation leads to the weak

solution defined by the system Eq.(9)

(9)


N0∑
k=1

M0∑
l=1

λlk . Ik,l =

N0∑
k=1

M0∑
l=1

λ′k,l . Jk,l ,

Ik,l = 4

∫ 1

0

∫ 1

0

Θlk(x, y) dxdy , Jk,l =
1

N0M0

∫ 1

0

∫ 1

0

B4k , 4l (x× rk , y × rl) dxdy .

The values of Ik,l
∣∣l=1,...,M0

k=1,...,N0
and Jk,l

∣∣l=1,...,M0

k=1,...,N0
are calculated using Eq.(9) along with the two-

dimensions 4q-Boubaker polynomial properties [1] of the itself and second derivative value at
boundary conditions (3), in the reduced real domain [0, rk] × [0, rl]. Finally, the coefficients
λsol.k,l

∣∣l=1,...,M0

k=1,...,N0
are deduced by identification:

(10) λsol.k,l = λ′k,l .
Jk,l
Ik,l

, k = 1, . . . , N0 , l = 1, . . . ,M0 .

A final solution ψsolBPES(x, y, t) is consequently:

(11) ψsolBPES(x, y, t) =
1

4N0M0

(
N0∑
k=1

M0∑
l=1

λsol.k,l . B4k , 4l (x× rk , y × rl)

)
. e−iωt .

3.3. Exact Solution for the Initial Boundary Condition. The exact solution can be
obtained by combining Eqs.(1) and (5) as follows:

(12) ∂2p(x, y)

∂x2
+
∂2p(x, y)

∂y2
+ 2

((
ω − τ(x, y)

)
− (p(x, y))

2
)
p(x, y) = 0 .

Let τ(x, y) = − sin2(ω x) sin2(ω y) , Considering that this nonlinear partial differential equation
(PDE) is elliptic and in canonical form, its general solution will primarily involve trigonometric
functions. To handle the nonlinear term

(
p(x, y)

)2, we employ a double Fourier series expansion:

(13) p̃(x, y) =

∞∑
m=1

∞∑
n=1

4

π2

(∫ π

0

∫ π

0

(p(x, y))
2
cos(mx) cos(ny)dydx

)
cos(mx) cos(ny)

Substituting this expansion into the PDE transforms it into a linear PDE:

(14) ∂2p(x, y)

∂x2
+
∂2p(x, y)

∂y2
+ 2
[(
ω − τ(x, y)

)
− p̃(x, y)

]
p(x, y) = 0 .

Applying the initial condition p(x, y) ≡ f(x, y) = sin(ωx) sin(ωy) to Eqs. (12)–(13) and incorpo-
rating it into the modified PDE (14), where p̃(x, y) = 1

4 cos(2ωx) cos(2ωy), allows us to solve the
problem via the separation of variables method. The solution involves Mathieu functions [4]:

pex.(x, y) = ec3
[
MathieuC

(
c1
ω2
,

1

4ω2
, ω x

)
+ c2 MathieuS

(
c1
ω2
,

1

4ω2
, ω x

)]
×(15) [

c2 MathieuC

(
4ω + 1

2ω2
− c1,

1

4ω2
, ω y

)
+ c3 MathieuS

(
4ω + 1

2ω2
− c1,

1

4ω2
, ω y

)]
,
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where MathieuC and MathieuS denote the even and odd Mathieu functions, respectively, and
c1, c2, c3 are arbitrary constants.

Finally, the complete exact solution for the wave function ψex.(x, y, t) is given by
(16) ψex.(x, y, t) = pex.(x, y) e−iωt .

4. Discussion and Numerical Results
For the function f(x, y) = sin(ω x) sin(ω y) in Equation (2), and by setting Equation (8) and

solving Equation (9) for its parameters, the 2D boundary value problem with exact solutions
(2DBPES) corresponding to the real part of the approximate solution

〈
ψsol.BPES(x, y, t)

〉
at t = 0

has been estimated. These results are compared with the exact solution ⟨ψex.(x, y, t)⟩ in Table 1.
The parameter values for both the 2DBPES-related and exact solutions are N0 = M0 = 5, with

Table 1. Numerical results of the present method in uniform nodes for different ω.

Nodes ω = 1
8

ω = 1
2

ω = 1
(0.2 i, 0.2 j, 0) Re

〈
ψsol.BPES

〉
Eψ5 , 5 Re

〈
ψsol.BPES

〉
Eψ5 , 5 Re

〈
ψsol.BPES

〉
Eψ5 , 5

i= j= 0 (0, 0, 0) 6.06× 10−7 6.06× 10−7 4.87× 10−4 4.87× 10−4 3.29× 10−3 3.29× 10−3

i= j= 1 (0.2, 0.2, 0) 5.97× 10−7 6.24× 10−4 4.79× 10−4 9.49× 10−3 3.23× 10−3 3.62× 10−2

i= j= 2 (0.4, 0.4, 0) 5.70× 10−7 2.50× 10−3 4.55× 10−4 3.90× 10−2 3.07× 10−3 1.49× 10−1

i= j= 3 (0.6, 0.6, 0) 5.24× 10−7 5.61× 10−3 4.16× 10−4 8.69× 10−2 2.80× 10−3 3.16× 10−1

i= j= 4 (0.8, 0.8, 0) 4.62× 10−7 9.97× 10−3 3.63× 10−4 1.51× 10−1 2.44× 10−3 5.12× 10−1

i= j= 5 (1.0, 1.0, 0) 3.84× 10−7 1.55× 10−2 2.98× 10−4 2.30× 10−1 1.99× 10−3 7.06× 10−1

ω taking values of 1
8 , 1

2 , and 1. Additionally, EψN0,M0
=
∥∥Re ⟨ψex⟩ − Re

〈
ψsol
BPES

〉∥∥ represents an
estimate of the absolute error of the exact solution Re ⟨ψex⟩. The findings suggest that as the value
of ω approaches zero, the convergence of the approximate solution to the exact solution improves,
and the calculation error decreases notably.

The results demonstrate a strong agreement between the exact and proposed solutions along
the t = 0 plane (see Table 1). The consistency for higher values of t is expected, since the t-
dependent terms—though eliminated at the beginning of the solution process (Subsection 3.1)—
remain unchanged for both the exact and approximate solutions. This observation indicates that
analytical solutions can be derived even when exact solutions are challenging or infeasible.

The analytical approach employed in this method provides a solid foundation for the 2DBPES
protocol, especially when exact solutions are difficult to obtain. The computational implementation
and tabulation were performed using Maple 24 software, with calculations carried out to five
significant digits.
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Abstract. This paper introduces a novel hybrid numerical method for solving the Lane-
Emden equation, leveraging Generalized Hat Functions (GHFs) of different degrees to
achieve exceptional computational efficiency. By using linear GHFs for converting the
equation into a block-structured nonlinear system solved via forward substitution, fol-
lowed by cubic GHFs for refined approximation, the approach delivers up to 1000x
speedup over direct cubic methods while maintaining L∞ errors around 10−4. Adaptable
to various nonlinear differential equations, it ensures consistent accuracy across interval
lengths and extends seamlessly to fractional-order cases with minimal adjustments.
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1. Introduction

The Lane-Emden equation, vital in astrophysics for modeling stellar structures [1], is
expressed as:

1

ξ2
d

dξ

(
ξ2
dθ

dξ

)
= −θn

where ξ is a dimensionless radius, θ relates to density, and n is the polytropic index.
Exact solutions exist for n = 0, 1, 5; otherwise, numerical methods are employed, such
as the Taylor wavelet method [4], B-spline collocation [3], and machine learning with
Rational Chebyshev polynomials [2].

Generalized Hat functions (GHFs) are continuous functions with shape of hats (in case
of degree one). Suppose that the interval [0, T ], for T > 0, is divided into N subintervals
[ih, (i+ 1)h], i = 0, 1, · · · , N − 1 of equal lengths h where h = T

N .

Definition 1.1. First-degree (Linear) GHFs were the building blocks upon which
the broader concept of GHFs was constructed. The GHFs of degree one are defined as: [5]

ψ0(t) =

{
h−t
h , 0 ≤ t < h,

0, otherwise.
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ψi(t) =


t−(i−1)h

h , (i− 1)h ≤ t < ih,
(i+1)h−t

h , ih ≤ t < (i+ 1)h,

0, otherwise.

i = 1, 2,· · · , N − 1

ψN (t) =

{
t−(T−h)

h , T − h ≤ t ≤ T,

0, otherwise.

Definition 1.2. (Third degree (Cubic) GHFs) Suppose N is a positive integer
of multiple three (N = 3m, m ∈ N) and h = T

N . A set of adjusted GHFs of degree 3 is
defined on [0, T ] as:

ψ0(t) =

{
−1
6h3 (t− h)(t− 2h)(t− 3h), 0 ≤ t < 3h,

0, otherwise.

If i = 3k + 1, k = 0, 1, · · · ,m− 1:

ψi(t) =

{
1

2h3 (t− (i− 1)h)(t− (i+ 1)h)(t− (i+ 2)h), (i− 1)h ≤ t < (i+ 2)h,

0, otherwise.

If i = 3k + 2, k = 0, 1, · · · ,m− 1:

ψi(t) =

{
−1
2h3 (t− (i− 2)h)(t− (i− 1)h)(t− (i+ 1)h), (i− 2)h ≤ t < (i+ 1)h,

0, otherwise.

If i = 3k, k = 0, 1, · · · ,m− 1:

ψi(t) =


1

6h3 (t− (i− 3)h)(t− (i− 2)h)(t− (i− 1)h), (i− 3)h ≤ t < ih,
−1
6h3 (t− (i+ 1)h)(t− (i+ 2)h)(t− (i+ 3)h), ih ≤ t < (i+ 3)h,

0, otherwise.

ψN (t) =

{
1

6h3 (t− (T − h))(t− (T − 2h))(t− (T − 3h)), T − 3h ≤ t ≤ T,

0, otherwise.

GHFs properties and their operational matrix of integration. A function
y(t) ∈ L2[0, T ] is approximated as:

y(t) ≈
N∑
k=0

y(kh)ψk(t) = C⊤
y Ψ(t),

where Ψ(t) = [ψ0(t), . . . , ψN (t)]⊤. The operational matrix of integration P approximates:∫ t

0

Ψ(s) ds ≈ PΨ(t),

with P being lower triangular for linear GHFs. For N ∈ N, P is obtained as follows:

P =
h

2



0 1 1 1 1 . . . 1 1
0 1 2 2 2 . . . 2 2
0 0 1 2 2 . . . 2 2
0 0 0 1 2 . . . 2 2
...

...
...

...
...

. . .
...

...
0 0 0 0 0 . . . 1 2
0 0 0 0 0 . . . 0 1


.

Unlike recent approaches such as eighth-order boundary value solvers or physics-
informed neural networks, our method uniquely combines linear and cubic GHFs in a
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two-stage process, yielding significant computational savings (e.g., 0.42s vs. 452s CPU
time) without substantial accuracy loss, as validated through examples.

2. Main Results

The Lane-Emden equation is:

y′′(x) +
α

t
y′(x) + yn(x) = 0, 0 ≤ x ≤ T(1)

y(0) = β, y′(0) = η,(2)

The method approximates y′′(x) ≈ C⊤
y′′Ψ(x) using linear GHFs, then:

y′(x) ≈ C⊤
y′′PΨ(x) + η, y(x) ≈ C⊤

y′′P
2Ψ(x) + ηx+ β.

Expanding x ≈ E⊤Ψ(x) and 1 ≈ J⊤Ψ(x), and substituting, yields a nonlinear system:

(3) (E ⊙ Cy′′) + α(P⊤Cy′′ + ηJ) + E ⊙ ((P⊤)2Cy′′ + ηE + βJ)n⊙ = 0,

solved via forward substitution. The solution y(x) is then constructed using cubic GHFs
for improved accuracy. An example with n = 5, T = 4, α = 2, β = 0, η = 1 shows the
method’s efficiency over a direct cubic GHF approach.

In addition to the theoretical analysis of error, solved examples also support the fact
that this method yields a more accurate solution than the conventional method (using
degree 1 GHFs). Besides, the method has the advantage of less computational complexity
and subsequently less time-consuming relative to the method using 3rd-degree GHFs at
the initial step. A test case using the Lane-Emden equation with n = 5 highlights the
method’s primary advantage: speed.

Example 2.1. In this problem we consider the Lane-Emden equation (1) and initial
conditions (2) with n = 5, T = 4, α = 2, β = 0 and η = 1 whose analytical solution is
y(x) = 1√

1+ 1
3
x2
. The proposed method and the direct method with degree 3 GHFs are

applied with N = 60 and the results are summarized in figure 1 and table 1 to comparison.

1 2 3 4

0.00005

0.00010

0.00015

d = 1 GHFs

d = 3 GHFs

Figure 1. Error of produced solutions using GHFs of degree 1 and the proposed
method with N = 60

As shown in Table 1, the proposed method is orders of magnitude faster than the direct
method using 3rd-degree GHFs, trading a small amount of accuracy for a significant gain
in computational speed.
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Table 1. CPU Time and L∞ Error comparison for N = 60

Proposed Method Direct Method (3rd-degree GHFs)
CPU time (s.) 0.421875 451.719
L∞ error 1.17461× 10−4 8.0× 10−8

The main advantages of the algorithm are:

• Speed: It is exceptionally fast due to the use of 1st-degree GHFs for the system-
solving step and the forward substitution approach.

• Efficiency: The method maintains a low runtime even for large values of N ,
making it highly scalable.

• Adaptability: The framework can be readily extended to solve fractional-order
Lane-Emden equations and other types of nonlinear differential equations with
minimal changes.

• Simplicity: The algorithm’s structure is straightforward, allowing for easy im-
plementation in various programming environments.

Conclusion

The proposed numerical method offers a powerful and pragmatic approach for solving
the Lane-Emden equation. By combining the strengths of different degrees of Generalized
Hat Functions, it achieves an outstanding balance of speed, efficiency, and accuracy. Its
simple structure and adaptability make it a versatile tool for researchers and practition-
ers tackling a wide array of nonlinear differential equations in science and engineering.
The primary unique contribution lies in the hybrid GHF framework, which not only ac-
celerates solving by orders of magnitude compared to uniform-degree methods but also
enhances adaptability for fractional and nonlinear DEs in astrophysics and engineering.
As future research, we can work on improving the proposed method to reduce errors while
maintaining speed.

References

[1] Singh, R., Singh, G. and Singh, M. Numerical Algorithm for Solution of the System of Em-

den–Fowler Type Equations, Int. J. Appl. Comput. Math, 7(136), (2021), https://doi.org/10.1007/

s40819-021-01066-7.

[2] Jilong He, Zhoushun Zheng and Changfa Du, A New Constructing Rational Functions Method For

Solving Lane-Emden Type Equations, Neural Processing Letters, 55, (2023), 1889–1918, https://doi.

org/10.1007/s11063-022-10968-6.

[3] Mohammad Prawesh Alam, Tahera Begum and Arshad Khan, A high-order numerical algorithm for

solving Lane–Emden equations with various types of boundary conditions, Computational and Applied

Mathematics, 40(204), (2021), https://doi.org/10.1007/s40314-021-01591-7.
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Abstract. In this work, the double Sinc method has been used to numerically solve the panto-
graph differential equations. One of the characteristics of the presented method for solving these
equations is that the problem’s solution is transformed into the solution of a system of linear
algebraic equations. To ensure the validity of the proposed method and to compare it with the
Sinc method, a numerical example is presented.
Keywords: pantograph differential equations, double Sinc
AMS Mathematics Subject Classification [2020]: 97N40, 41A30, 65L60

1. Introduction
We consider the following class of pantograph-type differential equations:

(1) z′(t) + az(t) + d(t)z(ct) = q(t), t ∈ (0, 1),

with the boundary condition

(2) z(0) = A,

where a is a constant, 0 < c < 1 and d(t) and q(t) are continuous functions. Some problems in
science and engineering are modeled as ordinary pantograph differential equations. Some of the
methods that have been used by researchers to solve pantograph differential equations are: the
Legendre Ritz-least squares method [4], various wavelet techniques [3], the homotopy perturbation
method [1] and the Laplace transform method [2]. In 1997, double exponential transformations
(DE) was applied by Sugihara in the Sinc method and for n points reached the convergence rate
O
(
e(

−kn
log n )

)
, which was much faster than the convergence rate achieved by typical mapping [8].

2. Sinc function preliminaries
To use in the next sections, we recall the following results, taken from [5,7].

The Sinc basis functions are defined on the infinite domain Ds = {w = u+ iv : |v| < d ≤ π/2}, but
the domain of the equation (1) is finite, so to convert the interval (0, 1) to the interval (−∞,∞),

∗Speaker.
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we use suitable conformal mappings w = ϕ(y). The Sinc basis functions on the finite interval are
as follows

(3) Sl(y) = Sinc

(
ϕ(y)− lh

h

)
,

We apply the transformation mapping ϕ(y) that is suitable for the double exponential transforma-
tion as follows:

ϕ(y) = ln

 1

π
ln

(
y

1− y

)
+

√
1 +

(
1

π
ln

(
y

1− y

))2
 ,

Which ϕ maps the region

DE =

y ∈ C :

∣∣∣∣∣∣arg
 1

π
ln

(
y

1− y

)
+

√
1 +

(
1

π
ln

(
y

1− y

))2
∣∣∣∣∣∣ < d

 ,

into Ds . The Sinc grid points in the domain (0, 1) are as follows

(4) tj = ϕ−1
DE(jh) =

1

2
tanh

(π
2
sinh(jh)

)
+

1

2
, j = 0,±1,±2, . . . .

The transferred Sinc functions Sl(t) at the points tj = ϕ−1(jh) are cardinal, i.e.

(5) [Sl(t)]
∣∣∣
t=tj

= δ
(0)
l,j =

{
1, l = j,
0, l ̸= j,

Also, the derivative of the transferred Sinc functions relative to the transform mapping ϕ is as
follows:

(6) d

dϕ
[Sl(t)]

∣∣∣
t=tj

=
1

h
δ
(1)
l,j =

1

h

{
0, l = j,
(−1)j−l

j−l , l ̸= j,

Definition 2.1. The approximation of the function z(t) with Sinc functions on the interval
(0, 1) is defined as follows

(7) z(t) ≃ zm(t) =

m∑
l=−m

z(lh)Sl(t).

Definition 2.2. Let B(DE) be the class of all functions z which are analytic in DE , and∫
ϕ−1(L+u)

|z(y)dy| → 0, u → ±∞,

where L = {iv : |v| < d} and on the boundary of DE (denoted by ∂DE)

N(z,DE) ≡
∫
∂DE

|z(y)dy| < ∞.

Theorem 2.3. Let ϕ′z ∈ B(DE) and there are positive constants α, β, and c1 such that

|z(t)| ≤ c1

{
e−αe|ϕ(t)|

, t ∈ Γa,

e−βe|ϕ(t)|
, t ∈ Γb,

where
Γa = {t ∈ Γ : ϕ(t) ∈ (−∞, 0)}, Γb = {t ∈ Γ : ϕ(t) ∈ [0,∞)}.

Also let the mesh-size h be chosen as

(8) h =
log

(
πmd
α

)
m

,

then for all t ∈ Γ we have

(9)
∣∣∣∣∣z(t)−

m∑
l=−m

z(tl)Sinc

(
ϕ(t)− lh

h

)∣∣∣∣∣ ≤ d1e

−πmd

log(πmd
α ) .
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3. The Sinc method
We define the approximate solution for equations (1)-(2) as follows

(10) zm(t) = rm(t) + p(t),

where
rm(t) =

m∑
l=−m

blSl(t),

and because the boundary condition of (2) is not homogeneous, we have added the polynomial
p(t) to the approximate solution, which is a combination of Hermite interpolation at zero and one
boundary point.
(11) p(t) = A(2t+ 1)(1− t)2 + b−m−1t(1− t)2 + bm+1t

2(3− 2t) + bm+2t
2(t− 1).

Now, the approximate solution zm(t) satisfies the boundary condition (2), i.e.,
(12) zm(0) = rm(0) + p(0) = A.

By substituting the approximate solution zm(t) into equation (1) and multiplying both sides of
the equation by h

ϕ′(t) , we obtain

h

m∑
l=−m

(
1

ϕ′(t)

d

dt
Sl(t) +

a

ϕ′(t)
Sl(t) +

d(t)

ϕ′(t)
Sl(ct)

)
bl

+
h

ϕ′(t)
(p′(t) + ap(t) + d(t)p(ct)) =

h

ϕ′(t)
q(t).(13)

by discretizing (13) at Sinc grid points tj , j = −m, · · · ,m and using (5)-(6), the following system
is obtained:

m∑
l=−m

(
δ
(1)
lj + h

(
a

ϕ′(tj)

)
δ
(0)
lj + h

(
d(tj)

ϕ′(tj)

)
Sl(ctj)

)
bl

+
h

ϕ′(tj)
(p′(tj) + ap(tj) + d(tj)p(ctj)) =

h

ϕ′(tj)
q(tj), j = −m, · · · ,m.(14)

Since the number of equations is three less than the number of unknowns, we set b−m = bm−1 =
bm = 0. Now, by solving System (14), the unknowns bls and zm(t) are obtained.

4. Error analysis
Theorem 4.1. Let z and zm be the exact and approximate solutions of Equation (1), respec-

tively. then we have the following bound∣∣z(t)− zm(t)
∣∣ ≤ d2m

1
2 e

−πmd

log(πmd
α ) , t ∈ Γ

Proof. The proof is similar to Theorem 5.4 in [6]. □

5. Numerical Example
In this section, we present an example to better demonstrate the efficiency of the presented

method and to show in practice that the convergence rate of the method is exponential. In the
example, we select α = π, d = π

8 , and h =
ln( 2πdm

α )
m .

We obtain the maximum absolute error in the following form

E = max

{∣∣∣∣zm (
j

100

)
− z

(
j

100

)∣∣∣∣ , j = 0, 1, · · · , 100
}

Example 1. Consider the following equation

z′(t) + z(t)− 1

2
z

(
t

2

)
= −1

2
e

−t
2 ,

3
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z(0) = 1,

the exact solution is z(t) = e−t. The maximum absolute errors of the proposed method and the
Sinc method are presented in Table 1, which shows that the convergence order of the method is
exponential. Also, the CPU execution time is presented in Table 2. These two tables show that the
convergence speed of the proposed method is faster than the Sinc method, but the CPU execution
time for the proposed method is longer than the Sinc method.

Table 1. The maximum absolute errors for Example 1

m 5 10 20 30 40 50 60

Sinc method 1.8(−5) 2.0(−6) 2.6(−8) 7.9(−10) 3.7(−11) 2.3(−12) 1.8(−13)

E 4.1(−6) 1.6(−7) 3.7(−12) 7.9(−17) 2.8(−20) 3.8(−24) 5.5(−28)

Table 2. CPU times for Example 1

m 5 10 20 30 40 50 60

Sinc method 2.2 5.4 12.8 21.1 31.5 46.8 58.8

double Sinc 13.8 30.9 74.3 128.9 213.0 319.6 463.2

6. Conclusion
In this work, we successfully employed the double Sinc method to approximate the solution

for pantograph differential equations. The double Sinc method demonstrated its high robustness
and accuracy by achieving exponential convergence rates. A numerical example was presented to
demonstrate the efficiency of the proposed method for solving these equations, which shows the
superiority of the proposed method compared to the Sinc method.

References
1. Albidah. A.B, Kanaan. N.E, Ebaid. A, Al-Jeaid. H.K, Exact and Numerical Anal- ysis of the Pantograph Delay

Differential Equation via the Homotopy Perturbation Method, Mathematics. 11(2023) 944.
2. Alrebdi. R, Al-Jeaid. H.K, Accurate Solution for the Pantograph Delay Differential Equation via Laplace Trans-

form, Mathematics. 11(2023) 2031.
3. Jaiswal. J.P, Yadav. K, A comparative study of numerical solution of pantograph equations using various wavelets

techniques, App. Eng. Math. 11(2021) 772-788.
4. Khorshidi. M.N, Firoozjaee. M.A, Legendre Ritz-Least squares method for the nu- merical solution of delay

differential equations of the multi-pantograph type, Math. Comput. Sci. 5(1)(2024) 20-29.
5. Lund. J, Bowers. K, Sinc methods for quadrature and differential equations, SIAM Philadelphia, 1992.
6. Mohammadi. K, Alipanah. A, and Ghasemi. M , A non-classical Sinc-collocation method for the solution of

singular boundary value problems arising in physiology, Int. J. Comput. Math. 99, (2022) 1941-1967.
7. Nabati. M, jalalvand. M, Solution of troeschs problem through double exponential Sinc-Galerkin method, Comput.

Differ. Equ. 5, (2017) 141-157.
8. Sugihara. M, Optimality of the double exponential formula-functional analysis approach, Numer. Math. 75, (1997)

379-395.

4

652



Numerical solution of singular Volterra-Fredholm integro-differential
equations using the Sinc method

Mansour Shiralizadeh1,∗, Kaivan Mohammadi2
1Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.

Email: m.shiralizadeh@pnu.ac.ir
2Department of Mathematics, University of Kurdistan, Sanandaj, Iran.

Email: ki.mohammadi@uok.ac.ir

Abstract. In this work, the Sinc method has been used to numerically solve the singular
Volterra-Fredholm integro-differential equations. One of the characteristics of the method pre-
sented for solving these equations is that their solution is transformed into the solution of a
system of linear algebraic equations. The ability of the Sinc approximation to overcome the
singularity makes it an efficient method. A numerical example is provided to ensure the validity
of the proposed method.
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1. Introduction
We consider the following singular Volterra-Fredholm integro-differential equation:

(1) y′′ +
1

x
y′ +

1

x2
y + γ1

∫ x

0

k(x, t)y(t)dt+ γ2

∫ 1

0

G(x, t)y(t)dt = f(x), x, t ∈ (0, 1),

with the boundary conditions
(2) y(0) = A, y(1) = B

where γ1, γ2, A and B are given constants and f(x), k(x, t), G(x, t) are sufficiently smooth func-
tions. Many problems in science and engineering, such as those in financial mathematics, fluid
mechanics, electromagnetic theory, and plasma physics, are modeled by integro-differential equa-
tions [1,2]. Our method is more efficient in controlling the singularity of the equation than many
other methods and works well in dealing with this type of problem. This is because the singularity
of the equation occurs at the end point of the interval, and the Sinc functions do not need to be
smooth near the boundaries; continuity is sufficient. In addition, most of the Sinc grid points are
gathered near the endpoints of the interval, which help us to control the singularity as well [4].

2. Sinc function preliminaries
For use in the next sections, we recall the following results, taken from [3,5].

The Sinc basis functions are defined on the infinite domain Ds = {w = u + iv : |v| < d ≤ π/2},
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but the domain of Equation (1) is finite, so to convert the interval (0, 1) to the interval (−∞,∞),
we use a suitable conformal mapping w = ϕ(z).

ϕ(z) = ln

(
z

1− z

)
,

which maps the eye-shaped region

DE =

{
z = x+ iy :

∣∣∣∣arg( z

1− z

)∣∣∣∣ < d ≤ π/2

}
,

onto Ds.
The Sinc basis functions on the finite interval are defined as follows

Sl(z) = S(l, h)oϕ(z) = Sinc

(
ϕ(z)− lh

h

)
,

for z ∈ DE .
The Sinc grid points in (0, 1) are defined as follows

xj = ϕ−1(jh) =
ejh

1 + ejh
, j = 0,±1,±2, · · · .

Definition 2.1. The approximation of the function y(x) with Sinc functions on the interval
(0, 1) is defined as follows

y(x) ≃ ym(x) =

m∑
l=−m

y(lh)Sl(x).

Definition 2.2. Let B(DE) be the class of all functions y which are analytic in DE , and∫
ϕ−1(L+u)

|y(z)dy| → 0, u → ±∞,

where L = {iv : |v| < d} and on the boundary of DE (denoted by ∂DE)

N(y,DE) ≡
∫
∂DE

|y(z)dz| < ∞.

Theorem 2.3. Let ϕ′z ∈ B(DE) and there are positive constants α, β, and c such that

|y(x)| ≤ c1

{
e−αe|ϕ(x)|

, x ∈ Γa,

e−βe|ϕ(x)|
, x ∈ Γb,

where
(3) Γa = {x ∈ Γ : ϕ(x) ∈ (−∞, 0)}, Γb = {x ∈ Γ : ϕ(x) ∈ [0,∞)}.
Then for all x ∈ Γ we have,∣∣∣∣∣y(x)−

m∑
l=−m

y(xl)Sl(x)

∣∣∣∣∣ ≤ d1m
1/2e−

√
πdαm.

Where the mesh-size h is chosen as:

(4) h =

√
πd

αm
.

Theorem 2.4. Let y ∈ B(DE) and there are positive constants α, β and c such that∣∣∣∣ y(x)ϕ′(x)

∣∣∣∣ ≤ c

{
e−α|ϕ(x)|, x ∈ Γa,
e−β|ϕ(x)|, x ∈ Γb,

where Γa and Γb are defined in (3). If h is selected as (4), then for all x ∈ Γ,

(5)
∣∣∣∣∣
∫ 1

0

y(s)ds− h

m∑
k=−m

y(xk)

ϕ′(xk)

∣∣∣∣∣ ≤ d2e
−
√
πdαm,
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(6)
∣∣∣∣∣
∫ xl

0

y(s)ds− h

m∑
k=−m

δ
(−1)
lk

y(xk)

ϕ′(xk)

∣∣∣∣∣ ≤ d3e
−
√
πdαm,

where

(7) δ
(−1)
lk =

1

2
+

∫ l−k

0

sin(πx)

πx
dx.

Lemma 2.5. Let Φ be a one-to-one conformal mapping from the simply connected domain DE

onto Ds, then

(8) δ
(0)
l,k = [S(l, h)oϕ(x)]

∣∣∣
x=xk

=

{
1, l = k,
0, l ̸= k,

(9) δ
(1)
l,k = h

d

dϕ
[S(l, h)oϕ(x)]

∣∣∣
x=xk

=

{
0, l = k,
(−1)k−l

k−l , l ̸= k,

(10) δ
(2)
l,k = h2 d2

dϕ2
[S(l, h)oϕ(x)]

∣∣∣
x=xk

=

{
−π2

3 , l = k,
−2(−1)k−l

(k−l)2 , l ̸= k.

3. The Sinc method
We define the approximate solution for equations (1) and (2) as follows

(11) ym(x) = um(x) + p(x),

where

um(x) =

m∑
l=−m

blSl(x),

and because the boundary conditions in (2) are not homogeneous, we have added the polynomial
p(t) to the approximate solution, which is a combination of Hermite interpolation at zero and one
boundary points.
(12) p(x) = A(2x+ 1)(1− x)2 +Bx(1− x)2 + b−m−1x

2(3− 2x) + bm+1x
2(x− 1).

Now the approximate solution ym(x) satisfies the boundary condition (2), that is:
(13) ym(0) = um(0) + p(0) = A, ym(1) = um(1) + p(1) = B

We substitute the approximate solution ym(x) into Equation (1) and multiply the both sides of
the equation by h2

ϕ′2 . By discretizing the result at the Sinc grid points xj , j = −m, · · · ,m and
using (5)-(10) the following system is obtained:

m∑
l=−m

[
δ
(2)
lj + h

(
ϕ′′(xj))

ϕ′2(xj)
+

1

xjϕ′(xj)

)
δ
(1)
lj + h2

(
1

x2
jϕ

′2

)
δ
(0)
lj

]
bl

+
h2

ϕ′2(xj)

(
p′′(xj) +

1

xj
p′(xj) +

1

x2
j

p(xj)

)
+ γ1

h3

ϕ′2(xj)

m∑
g=−m

δ
(−1)
gj

1

ϕ′(sg)
k(xj , sg)

m∑
l=−m

blδ
(0)
lg

+ γ1
h3

ϕ′2(xj)

m∑
g=−m

δ
(−1)
gj

1

ϕ′(sg)
G(xj , sg)p(sg) + γ2

h3

ϕ′2(xj)

m∑
k=−m

1

ϕ′(sk)
G(xj , sk)

m∑
l=−m

blδ
(0)
lk

+ γ2
h3

ϕ′2(xj)

m∑
k=−m

1

ϕ′(sk)
G(xj , sk)p(sk) =

h2

ϕ′2(xj)
f(xj), j = −m, · · · ,m

(14)

Because the number of equations is less than the number of unknowns, we set b−m = bm = 0. By
solving the system (14) with iterative methods, the unknowns bls and ym(x) are obtained.
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4. Numerical Example
In this section, we present an example to better demonstrate the efficiency of the presented

method and to show in practice that the convergence rate of the method is exponential. In the
example, we select α = 1, d = π

2 , and h =
√

πd
αm .

We obtain maximum absolute error in the following form

E = max

{∣∣∣∣ym( j

100

)
− y

(
j

100

)∣∣∣∣ , j = 0, 1, · · · , 100
}
.

If we denote by E1 and E2 the maximum absolute errors obtained with m = m1 and m2, respec-
tively, then the practical order of convergence can be calculated by the formula ln

(
E1

E2

)
/ln

(
m2

m1

)
.

Example 1. Consider the following equation

y′′ +
1

x
y′ +

1

x2
y −

∫ x

0

sin(x− t)y(t)dt−
∫ 1

0

cos(x− t)y(t)dt = f(x),

y(0) = 0, y(1) = 0

where f(x) = 2
x −7−x+x2− sin(x)+3 cos(x)+cos(x−1)+2 sin(x−1) and the exact solution

is y(x) = x− x2.
The maximum absolute errors and practical convergence orders of the proposed method are

presented in Tables 1 and 2. The results of these tables show that the convergence order of the
proposed method is exponential.

Table 1. The maximum absolute errors for Example 1

m 5 10 20 30 40

E 2.1(−5) 9.0(−8) 3.2(−10) 9.2(−12) 1.5(−13)

Table 2. Orders of convergence for Example 1

m 5 10 20 30 40

Order − 7.9 8.1 8.8 14.3

5. Conclusion
In this work, we successfully employed the Sinc method to approximate the solution for sin-

gular Volterra-Fredholm integro-differential equations. A numerical example was presented to
demonstrate the efficiency of the proposed method for solving these equations, the results of which
showed that the convergence rate of the method is exponential.
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Abstract. The aim of present paper is to obtain the analytical solution of modified
Fornberg–Whitham equation by using tan(φ/2)-expansion method. These methods are
used to construct solitary and soliton solutions of nonlinear evolution equation. The
method is straightforward and concise, and its applications are promising. This method
is developed for searching exact travelling wave solutions of nonlinear partial differential
equations. Also, it is shown that the method, with the help of symbolic computation,
provides a straightforward and powerful mathematical tool for solving nonlinear evolution
equations.

Keywords: tan(φ/2)-expansion method, modified Fornberg–Whitham equation; Soli-
tary and soliton solutions
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1. Introduction

The Fornberg-Whitham equation (FWE) was first proposed for studying the qualita-
tive behavior of wave breaking [1]. The FWE can be written as

(1) ut − uxxt + ux = uuxxx − uux + 3uxuxx,

which has a type of travelling wave solution called a kink-like wave solution and anti
kink-like wave solutions. Eq. (1) was used to study the qualitative behaviour of wave-
breaking [1]. It is a nonlinear dispersive wave equation. Since Eq. (1) was derived, little
attention has been paid to studying it. Fornberg and Whitham obtained a peaked solution
of the form u(x, t) = A exp

(
−1

2 |x−
4
3 t|
)
, where A is an arbitrary constant. Conservation

laws and exact solutions of the Whitham-type equations have studied by [2]. Authors
of [3] have studied the wave breaking behavior by homotopy perturbation and variational
iteration methods. It is significantly important in mathematical physics to search for exact
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solutions of nonlinear differential equations. The modified Fornberg–Whitham equation
can be written as

(2) ut − uxxt + ux = uuxxx − u2ux + 3uxuxx.

The investigation of the travelling wave solutions plays an important role in nonlinear sci-
ences. With the development of solitary theory, many powerful methods were established
for obtaining the exact solutions of NLPDEs, such as the sine-cosine method [4], ho-
motopy perturbation method [5], homotopy analysis method [6], the tan(φ/2)-expansion
method [7], the Exp-function method [8], the G′/G-expansion method [9], Hirota’s bilin-
ear operator [10] and finite element method [11]. The aim of this study is to establish the
exact soliton solutions to the (1+1) modified Fornberg-Whitham equation by tan(φ/2)-
expansion approach.

2. The tan(φ/2)-expansion technique

The objective of this Section is to outline the use of the tan(φ/2)-expansion for solving
certain nonlinear PDE.
Step 1. We suppose that the given nonlinear fractional partial differential equation for
u(x, t) to be in the form

(3) N (u, ux, ut, uxx, utt, ...) = 0,

which can be converted to an ODE

(4) Q(u, u′,−µu′, u′′, µ2u′′, ...) = 0,

the transformation ξ = x− µt, is wave variable. Also, µ is constant to be determined later.
Step 2. Suppose the traveling wave solution of Eq. (4) can be expressed as follows:

(5) u(ξ) =
m∑
k=0

Ak

[
p+ tan

(
Φ(ξ)

2

)]k
+

m∑
k=1

Bk

[
p+ tan

(
Φ(ξ)

2

)]−k
,

where Ak(0 ≤ k ≤ m) and Bk(1 ≤ k ≤ m) are constants to be determined, such that
Am 6= 0, Bm 6= 0 and Φ = Φ(ξ) satisfies the following ordinary differential equation:

(6) Φ′(ξ) = a sin(Φ(ξ)) + b cos(Φ(ξ)) + c.

We will consider the following special solutions of equation (6):
Family 1: When K = a2 + b2 − c2 < 0 and b− c 6= 0, then

Φ(ξ) = 2 tan−1
[
a
b−c −

√
−K
b−c tan

(√
−K
2 (ξ + C)

)]
.

Family 2: When K = a2 + b2 − c2 > 0 and b− c 6= 0,

then Φ(ξ) = 2 tan−1
[
a
b−c +

√
K

b−c tanh
(√

K
2 (ξ + C)

)]
.

Family 3: When b−c 6= 0 and a = 0, then Φ(ξ) = 2 tan−1
[√

b+c
b−c tanh

(√
b2−c2

2 (ξ + C)
)]
.

Family 4: When a = 0 and c = 0, then Φ(ξ) = tan−1
[

e2b(ξ+C)−1
e2b(ξ+C)+1

, 2eb(ξ+C)

e2b(ξ+C)+1

]
.

Family 5: When b = 0 and c = 0, then Φ(ξ) = tan−1
[

2ea(ξ+C)

e2a(ξ+C)+1
, e2a(ξ+C)−1

e2a(ξ+C)+1

]
.

Family 6: When a2 + b2 = c2, then Φ(ξ) = −2 tan−1
[

(b+c)(a(ξ+C)+2)
a2(ξ+C)

]
.

Family 7: When a = c, then Φ(ξ) = 2 tan−1
[

(b+c)eb(ξ+C)+1

(b−c)eb(ξ+C)−1

]
.

Family 8: When b = c then Φ(ξ) = 2 tan−1
[

aea(ξ+C)−c

a

]
, where Ak,Bk(k = 1, 2, ...,m), a, b

and c are constants to be determined later. But, the positive integer m can be determined
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by considering the homogeneous balance between the highest order derivatives and non-
linear terms appearing in Eq. (6).
Step 3. Substituting (5) into Eq. (4) with the value of m obtained in Step 2. Collecting
the coefficients of functions, then setting each coefficient to zero, we can get a set nonlinear
algebra equations.
Step 4. Solving the algebraic equations in Step 3, then we get A0, A1, B1, ..., Am, Bm, µ, p.

3. Application of tan(φ/2)-expansion technique

The modified Fornberg–Whitham equation can be written as

(7) ut − uxxt + ux = uuxxx − u2ux + 3uxuxx.

Using the wave variables as follow ξ = kx + wt, Eq. (7) becomes

(8) (m+ k)u′ − k2wu′′′ − k3uu′′′ + ku2u′ − 3k3u′u′′ = 0.

In order to determine the values of m, we balance the linear term of the highest order u′′′

with the highest order nonlinear term u2u′ in Eq. (8), to get

(9) M + 3 = 3M + 1, ⇒M = 1.

Then the trail solution is

(10) v(ξ) = A0 +A1 tan

(
Φ(ξ)

2

)
+B1 cot

(
Φ(ξ)

2

)
.

Substituting (10) and (6) into Eq. (8) and by using the well-known Maple software, we
obtain the following sets:
Set I:
(11)

b = c, c = c, k = k, a = kc2

α , w = k(α4−2c4k4)
α2 , A0 = 2c4k4

α2 , A1 = ckα, B1 = 0,

β =
(

3c4k4 − 66c8k8 + 64c12k12 − 1 + 3
√
−3c8k8(2c4k4 − 1)(128c8k8 − 6c4k4 + 3)

) 1
3
,

α = ± 1√
3β

[
β(β2 − (1− 4c4k4)β + 16c8k8 − 2c4k4 + 1)

] 1
2 , u(ξ) = A0 +A1 tan

(
Φ(ξ)

2

)
,

where a, b and c are arbitrary constants. Using the (11) and Family 8, we get

(12) u1(ξ) =
2c4k4

α2
+ ckα

[
e
kc2

α
(ξ+C) − α

kc

]
, ξ = kx+

k(α4 − 2c4k4)

α2
t.

Set II:
(13)

b = c, c = c, k = k, a = kc2

α , w = k(α4−2c4k4)
α2 , A0 = 2c4k4

α2 , A1 = ckα, B1 = 0

β =
(

3c4k4 − 66c8k8 + 64c12k12 − 1 + 3
√
−3c8k8(2c4k4 − 1)(128c8k8 − 6c4k4 + 3)

) 1
3
,

α = ± 1√
6β

[
β(β2(

√
3i− 1) + 2(4c4k4 − 1)β − 16c8k8(1 +

√
3i) + 2(1 +

√
3i)c4k4 − 1−

√
3i)
] 1
2 ,

u(ξ) = A0 +A1 tan
(

Φ(ξ)
2

)
,

where a, b and c are arbitrary constants. Using the (11) and Family 8, we receive

(14) u2(ξ) =
2c4k4

α2
+ ckα

[
e

kc2

α
(ξ+C) − α

kc

]
, ξ = kx +

k(α4 − 2c4k4)

α2
t.
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Set III:
(15)

b = c, c = c, k = k, a = kc2

α , w = k(α4−2c4k4)
α2 , A0 = 2c4k4

α2 , A1 = ckα, B1 = 0,

β =
(

3c4k4 − 66c8k8 + 64c12k12 − 1 + 3
√
−3c8k8(2c4k4 − 1)(128c8k8 − 6c4k4 + 3)

) 1
3
,

α = ± 1
β

[
−β(β2(

√
3i+ 1)− 2(4c4k4 − 1)β + 16c8k8(1−

√
3i) + 2(

√
3i− 1)c4k4 + 1−

√
3i)
] 1
2 ,

u(ξ) = A0 +A1 tan
(

Φ(ξ)
2

)
,

where a, b and c are arbitrary constants. Via the (11) and Family 8, we get

(16) u3(ξ) =
2c4k4

α2
+ ckα

[
e
kc2

α
(ξ+C) − α

kc

]
, ξ = kx+

k(α4 − 2c4k4)

α2
t.

4. Conclusion

In this article, we investigated the modified Fornberg–Whitham equation. The tan(φ/2)-
expansion method (TEM) was a useful method for finding travelling wave solutions of
nonlinear evolution equations. This method has been successfully applied to obtain some
new generalized solitonary solutions to the modified Fornberg–Whitham equation. The
TEM was more powerful in searching for exact solutions of nonlinear partial differential
equations. It can be concluded that this method is a very powerful and efficient technique
in finding exact solutions for wide classes of problems.
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Abstract. The analytical solution of the Black-Scholes equation can lead to the at-
tainment of the price of an option in an idealized fiscal market. However, this is not
practically beneficial enough. This happens due to the constricting assumptions based
on which the Black-Scholes model is derived. In the real financial market, one can ques-
tion the constant nature of the coefficients of the Black-Scholes equation. In this paper,
the solution of the Black-Scholes equation with constant parameters is reviewed.
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1. Introduction

The Black-Scholes model (BSM) [1] indeed was accorded as some sort of victory for
mathematical modeling in finance in a way that it has been relied on as an inherent tool
in options trading as well as financial derivatives. As stated earlier in [2], the interest
in pricing financial derivatives, including pricing choices is likely to be resulted from the
fact that the minimization of losses develops out of fluctuations in prices regarding the
underlying assets. We recall that a Brownian motion is in parallel with a process, whose
increments are independent stationary normal random variables [4]. Since the stock price
cannot be negative, Samuelson [9] offered the exploitation of this process for the illustration
of the return of the stock price. Authors of [7] discovered solutions for the inhomogeneous
Black-Scholes equations with time dependent coefficients. They also studied min-max
estimates, gradient estimates, monotonicity and convexity of the solutions with respect to
the stock price variable. Farnoosh et al. [5] explored the problem of discrete double barrier
option pricing considering the time dependent models. In these models, the parameters
risk free rate, dividend and volatility have been deduced to be deterministic functions of
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time. They proposed a numerical method and calculated the Greeks of contract. Barls and
Soner [3] provided a model based on the assumption that an exponential utility function
can characterize the investor’s preferences. After utilizing the exponential utility function,
they proved the implementation of the theory of stochastic optimal control, when V is the
unique viscosity solution of the Black-Scholes equation

(1)
∂u

∂t
+
σ2

2
S2 ∂

2u

∂S2
+ rS

∂u

∂S
− ru = 0,

with modified volatility function

(2) σ2 = σ20

(
1 + Ψ

[
exp(r(T − t)a2S2∂

2V

∂S2
)

])
,

and with the following non-differentiable terminal and time-dependent boundary condi-
tions

(3) V (S, T ) = f(S), V (0, t) = 0, lim
S→∞

V (S, t) = S,

where S is the price of the underlying asset, T is the maturity date, r is the risk-free
interest rate, σ0 is the asset volatility, and a is transaction cost. Function Ψ(A) is the
solution of the following nonlinear ordinary differential equation

(4) Ψ′(A) =
Ψ(A) + 1

2
√
AΨ(A)−A

, A 6= 0, Ψ(0) = 0.

In this work, first we present the solution of the Black-Scholes equation with constant
parameters following [10].

2. Linear Black-Scholes equation with constant coefficients

The Black-Scholes equation for a European call option with value u(S, t) is

(5)
∂u

∂t
+
σ2c
2
S2 ∂

2u

∂S2
+ rcS

∂u

∂S
− rcu = 0,

which σc and rc are constant. Its condition is in backward form, at t = T u(S, T ) =
max(S−E, 0), which E is the strike price and boundary conditions u(0, t) = 0, u(S, t) ∼
S, S →∞. We follow [10] to put S = Eex, t = T − 2τ

σ2
c
, u = Eν(x, τ). This results in

the equation

(6)
∂ν

∂τ
=
∂2ν

∂x2
+ (k − 1)

∂ν

∂x
− kν,

where k = 2rc
σ2
c

and ν(x, 0) = max(ex − 1, 0). By setting ν = eαx+βτU(x, τ), which α and

β should be found, one gets

(7) βU +
∂U

∂τ
= α2U + 2α

∂U

∂x
+
∂2U

∂x2
+ (k − 1)

(
αU +

∂U

∂x

)
− kU.

By considering β = α2 + (k − 1)α − k and 2α + (k − 1) = 0, we will have an equation

without U and ∂U
∂x . Therefore, α and β are α = 1−k

2 , β = −(k+1)2

4 . Then

(8) ν = e
1−k
2
x− (k+1)2

4
τU(x, τ),

and

(9)
∂U

∂τ
=
∂2U

∂x2
,

2
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with

(10) U(x, 0) = U0 = max(e
(k+1)x

2 − e
(k−1)x

2 , 0).

The solution of the diffusion equation (9) with initial condition (10) is

(11) U(x, τ) =
1

2
√
πτ

∫ ∞
−∞

U0(s)e
− (x−s)2

4τ ds.

By change of variable − x−s√
2τ

= X

(12) U(x, τ) =
1√
2π

∫ ∞
−∞

U0(X
√

2τ + x)e−
X2

2 dX = I1 − I2,

which

(13) I1 =
1√
2π

∫ ∞
− x√

2τ

e
(k+1)(x+X

√
2τ)

2 e−
X2

2 dX,

and

(14) I2 =
1√
2π

∫ ∞
− x√

2τ

e
(k−1)(x+X

√
2τ)

2 e−
X2

2 dX.

The cumulative distribution function for the normal distribution is

(15) N(a) =
1√
2π

∫ a

−∞
e−

z2

2 dz.

We consider

(16) d1 =
x√
2τ

+
1

2
(k + 1)

√
2τ , d2 =

x√
2τ

+
1

2
(k − 1)

√
2τ ,

then

(17) I1 = e
(k+1)x

2
+

(k+1)2τ
4 N(d1), I2 = e

(k−1)x
2

+
(k−1)2τ

4 N(d2).

Variables of (??) can be written as

(18) x = ln(
S

E
), τ =

σ2c (T − t)
2

, u = Eν(x, τ).

Therefore by (12), (17) and (18) we obtain the solution of (5) as

(19) u(S, t) = SN(d1)− Ee−rc(T−t)N(d2),

which

(20) d1 =
ln( SE ) + (rc + σ2

c
2 )(T − t)

σc
√
T − t

, d2 =
ln( SE ) + (rc − σ2

c
2 )(T − t)

σc
√
T − t

.

We compute the Black-Scholes price for several volatilities in t = 0. As we can see in Figure
1 (left), the value of the call option increases as σ0 increases. Moreover, the Black-Scholes
price is computed for several interest rates and maturity times. In Figures 1 (middle) and
(right) we can see that the value of the call option increases as r and T increase.
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Figure 1. Price of the European call option with (left) E=10, r=0.2, T=0.25 year,
(middle) E=10, T=0.25 year, σ = 0.05 and (right) E=10, r=0.05, σ = 0.05.

3. Conclusion

We appraise the Black-Scholes equation solution with constant parameters in this
article. In the real financial market, the volatility is more complicated which leads to
the fully nonlinear Black-Scholes equation. Because this equation does not have an exact
solution, we solve this nonlinear partial differential equation numerically.
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Abstract: In this paper, operational method based on Genocchi polynomials for numerical so-

lutions of non-linear fractional differential equations (NFDEs) is proposed. The Genocchi oper-

ational matrix of fractional derivative is first constructed by using some important properties of 

Genocchi polynomials. These operational matrices together with the collocation method are used 

to reduce the NFDEs into a system of non-linear algebraic equations. The error bound for this 

proposed method is shown.  

Keywords: Genocchi polynomials, operational matrix of fractional derivatives, fractional dif-

ferential equations, collocation points. 

1. Introduction  

In this article, we consider NFDEs of the form: 

𝐷𝛼𝑖𝑦𝑛(𝑥) = 𝑓𝑛(𝑥, 𝑦1, 𝑦2, … , 𝑦𝑛)                                                                                              (1) 

where, 𝐷𝛼𝑖 is the fractional derivative of order 𝛼𝑖 in Caputo sense and 𝛼𝑖 is an arbitrary order, 

subject to initial conditions 𝑦𝑖(0) = 𝑑 , 𝑖 = 1,2, … , 𝑛.  

2. Fractional derivative and integration 

Definition 1. The Riemann-Liouville fractional integral of order 𝛼 of  𝑓(𝑡) is given by 

𝐼𝛼𝑓(𝑡) =
1

Γ(𝛼)
∫ (𝑡 − 𝜏)𝛼−1𝑓(𝜏)𝑑𝜏   , 𝑡 > 0, 𝛼 ∈ ℝ+         
𝑡

0
                                            (2) 

Where Γ(. ) is the well known gamma function. The Riemann-Liouville fractional derivative of 

order 𝛼 > 0 is also defined by (𝐷𝑖
𝛼𝑓)(𝑡) = (

𝑑

𝑑𝑡
)
𝑚
(𝐼𝑚−𝛼𝑓)(𝑡), (𝛼 > 0,𝑚 − 1 < 𝛼 < 𝑚) Some 

properties of 𝐼𝛼  are as follows: 

𝐼𝛼𝐼𝛽𝑓(𝑡) = 𝐼𝛼+𝛽 , 𝛼 > 0, 𝛽 > 0     , 𝐼𝛼𝑡𝛽 =
Γ(𝛽+1)

Γ(𝛼+𝛽+1)
𝑡𝛼+𝛽                                                      (3) 

Definition 2. The Caputo fractional derivative 𝐷𝛼 of a function 𝑓(𝑡) is defined as: 

𝐷𝛼𝑓(𝑡) =
1

Γ(𝑛−𝛼)
∫

𝑓(𝑛)(𝜏)

(𝑡−𝜏)𝛼−𝑛+1
𝑑𝜏   , 𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ ℕ

𝑡

0
                                            (4) 

3. Genocchi polynomials and some properties  

Genocchi polynomials can be used for numerical integration and function approximation. The 
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Genocchi polynomials 𝐺𝑛(𝑥)and numbers 𝐺𝑛are usually expressed utilizing the exponential 

generating functions 𝑄(𝑡, 𝑥)and𝑄(𝑡), respectively, as follows [1,3]: 

𝑄(𝑡) =
2𝑡

𝑒𝑡+1
= ∑ 𝐺𝑛

𝑡𝑛

𝑛!
  ,   (|𝑡| < 𝜋)∞

𝑛=0                                                                                     (5) 

𝑄(𝑡, 𝑥) =
2𝑡

𝑒𝑡+1
= ∑ 𝐺𝑛(𝑥)

𝑡𝑛

𝑛!
  ,   (|𝑡| < 𝜋)∞

𝑛=0                                                                            (6) 

𝐺𝑛(𝑥) is the Genocchi polynomial of order n, and is defned as follows: 

𝐺𝑛(𝑥) = ∑ (
𝑛
𝑘
)𝐺𝑛−𝑘𝑥

𝑘𝑛
𝑘=0                                                                                                         (7) 

where 𝐺𝑛−𝑘 is the Genocchi number, which can be calculated from 

𝐺𝑛 = 2(1 − 2𝑛)𝐵𝑛                                                                                                                     (8) 

is Bernoulli numbers.  

Some of the important properties of Genocchi polynomials are: 

∫ 𝐺𝑛𝐺𝑚𝑑𝑥 =
2(−1)𝑛𝑛!𝑚!

(𝑚 + 𝑛)!
𝐺𝑚+𝑛, 𝑛,𝑚 ≥ 1

1

0

                                                                                   

𝑑𝐺𝑛(𝑥)

𝑑𝑥
= 𝑛𝐺𝑛−1(𝑥),   𝑛 ≥ 1                                                                                                                        

 

𝐺𝑛(1) + 𝐺𝑛(0) = 0,   𝑛 > 1                                                                                                      (9) 

𝐺𝑛(𝑡) = ∫ 𝑛𝐺𝑛−1(𝑥)𝑑𝑥 + 𝐺𝑛 ,   𝑛 ≥ 1
𝑡

0

                                                                                                      

3.1 Function approximation 

Suppose that 𝐺(𝑡) = [𝐺1(𝑡), 𝐺2(𝑡), … , 𝐺𝑁(𝑡)] ⊂ 𝐿
2[0,1] is the set of Genocchi polynomials and 

𝑌 = 𝑠𝑝𝑎𝑛[𝐺1(𝑡), 𝐺2(𝑡), … , 𝐺𝑁(𝑡)].Let  𝑓(𝑡)is an arbitrary function belonging to 𝐿2[0,1], since 

𝑌 is a finite dimensional subspace of 𝐿2[0,1]  space, then  𝑓(𝑡) has a unique best approximation 

in 𝑌, say 𝑓∗(𝑡) such that  

∀ 𝑦(𝑡) ∈ 𝑌, ‖𝑓(𝑡) − 𝑓∗(𝑡)‖2 ≤ ‖𝑓(𝑡) − 𝑦(𝑡))‖2                                                                  (10) 

This implies that ∀ 𝑦(𝑡) ∈ 𝑌 

〈𝑓(𝑡) − 𝑓∗(𝑡), 𝑦(𝑡)〉 = 0                                                                                                         (11) 

Where 〈. 〉 denotes inner product. Since 𝑓∗(𝑡) ∈ 𝑌, then there exist the unique coefficients 𝐶 =
[𝑐1, 𝑐2, … , 𝑐𝑁]

𝑇 and  𝐺(𝑡) = [𝐺1(𝑡), 𝐺2(𝑡), … , 𝐺𝑁(𝑡)] such that 

𝑓(𝑡) ≈ 𝑓∗(𝑡) = ∑ 𝑐𝑖𝐺𝑖(𝑡) = 𝐶
𝑇𝑁

𝑖=1 𝐺(𝑡) = 𝐶𝑇𝐺𝜒𝑖                                                                 (12) 

In which 𝐶 = [𝑐1, 𝑐2, … , 𝑐𝑁]
𝑇 is unknown vectors; 𝜒𝑖 = [1, 𝑡, 𝑡2, … , 𝑡𝑁]𝑇 . 

Using (18), we have 

〈𝑓(𝑡) − 𝐶𝑇𝐺(𝑡), 𝐺𝑖(𝑡))〉 = 0       𝑖 = 1,2, … ,𝑁                                                                       (13) 

For simplicity we write 

𝐶𝑇〈𝐺(𝑡), 𝐺(𝑡)〉 = 〈𝑓(𝑡), 𝐺(𝑡)〉                                                                                                (14) 

Where 〈𝐺(𝑡), 𝐺(𝑡)〉 is an 𝑁 × 𝑁 matrix. Let 𝐷 = 〈𝐺(𝑡), 𝐺(𝑡)〉 = ∫ 𝐺(𝑡)𝐺𝑇(𝑡)𝑑𝑡
1

0
 the entries of 

the matrix 𝐷 can be calculated from (9). Therefore, any function 𝑓(𝑡) ∈ 𝐿2[0,1] can be expanded 

by Genocchi polynomials as 𝑓(𝑡) = 𝐶𝑇𝐺(𝑡), where  

𝐶 = 𝐷−1〈𝑓(𝑡), 𝐺(𝑡)〉                                                                                                               (15) 

3.2. Error Bound 
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 In this section we provide the error bound for the approximated function 𝑓(𝑡). Therefore, we 

suppose that 𝑓(𝑡) ∈ 𝐶𝑛+1[0,1] then 

‖𝑓(𝑡) − 𝐶𝑇𝐺(𝑡)‖ ≤
ℎ
2𝑛+3
2  𝑅

(𝑛+1)!√2𝑛+3
                                                                                              (16) 

Where 𝑅 = max
𝑡∈[𝑡𝑖,𝑡𝑖+1]

|𝑓(𝑛+1)(𝑡)|  and ℎ = 𝑡𝑖+1 − 𝑡𝑖. Hence we conclude that at each sub interval 

[𝑡𝑖, 𝑡𝑖+!] , 𝑖 = 1,2, … , 𝑛. f(t) has a local error bound of Ο(ℎ
2𝑛+3

2 ). Thus, 𝑓(𝑡)has a global error of 

Ο(ℎ
2𝑛+1

2 ) on the whole interval [0,1]. 

Lemma 1. Let 𝐺𝑖(𝑡)be the Genocchi then, 𝐷𝛼𝐺𝑖(𝑡) = 0, 𝑓𝑜𝑟   𝑖 = 1,2, … , [𝛼] − 1, 𝛼 > 0. 

4. Genocchi operational matrix of fractional derivative 

If we consider the Genocchi vector 𝐺(𝑡) given by 𝐺(𝑡) = [𝐺1(𝑡), 𝐺2(𝑡), … , 𝐺𝑁(𝑡)], then the deriva-

tive of 𝐺(𝑡) with the aid of (9) can be expressed in the matrix form by 
𝑑𝐺(𝑡)𝑇

𝑑𝑡
= 𝑀𝐺(𝑡)𝑇  where 

𝑀 =

[
 
 
 
 
 
 
0
2
0
0
⋮
0
0

0
0
0
3
⋮
0
0

0
0
0
4
⋮
0
0

⋯
⋯
⋯
⋯
⋯
⋯
⋯

0
0
0
0
⋮

𝑁 − 1
0

0
0
0
0
⋮
0
𝑁

0
0
0
0
⋮
0
0]
 
 
 
 
 
 

                                                                                                             (17) 

Thus, 𝑀is 𝑁 × 𝑁operational matrix of derivative. It is not difficult to show inductively that, the  

𝑘𝑡ℎderivative of 𝐺(𝑡) is given by 
𝑑𝑘𝐺(𝑡)𝑇

𝑑𝑡𝑘
= 𝐺(𝑡)(𝑀𝑇)𝑘                                                                                                               (18) 

Theorem 1. Suppose 𝐺(𝑡)is the Genocchi vector given in (12) and let𝛼 > 0. Then,  

𝐷𝛼𝐺(𝑡)𝑇 = 𝑃𝛼𝐺(𝑡)𝑇                                                                                                               (19) 

where 𝑃𝛼is 𝑁 ×𝑁 operational matrix of fractional derivative of order 𝛼 in Caputo sense and is 

defined as follows: 

𝑃(𝛼) =

[
 
 
 
 
 
 
 
 

0
⋮
0

∑ 𝜌[𝛼],𝑘,1
[𝛼]
𝑘=[𝛼]

⋮
∑ 𝜌𝑖,𝑘,1
𝑖
𝑘=[𝛼]

⋮
∑ 𝜌𝑁,𝑘,1
𝑁
𝑘=[𝛼]

0
⋮
0

∑ 𝜌[𝛼],𝑘,2
[𝛼]
𝑘=[𝛼]

⋮
∑ 𝜌𝑖,𝑘,2
𝑖
𝑘=[𝛼]

⋮
∑ 𝜌𝑁,𝑘,2
𝑁
𝑘=[𝛼]

…
…
…
…
⋯
…
…
…

0
⋮
0

∑ 𝜌[𝛼],𝑘,𝑁
[𝛼]
𝑘=[𝛼]

⋮
∑ 𝜌𝑖,𝑘,𝑁
𝑖
𝑘=[𝛼]

⋮
∑ 𝜌𝑁,𝑘,𝑁
𝑁
𝑘=[𝛼] ]

 
 
 
 
 
 
 
 

                                                            (20) 

where 𝜌𝑖,𝑗,𝑘 is given by: 

𝜌𝑖,𝑗,𝑘 =
𝑖!𝐺𝑖−𝑘

(𝑖−𝑘)!Γ(𝑘+1−𝛼)
𝑐𝑗                                                                                                           (21) 

𝐺𝑖−𝑘 is the Genocchi number and 𝑐𝑗 can be obtained from (15). 

5. Collocation method based on Genocchi operational matrix of fractional 

derivative 

667



 

 

 

 In this section, we use the collocation method based on the Genocchi operational matrix of 

fractional derivatives to solve the NFDEs (1) numerically. To do this, we first approximate 

𝑦𝑗(𝑡), 𝑗 = 1, 2… , 𝑛 by Genocchi polynomials as follows: 

𝑦𝑗(𝑡) = ∑ 𝑐𝑗,𝑘𝐺𝑘(𝑡) = 𝐶𝑗𝐺(𝑡)
𝑇𝑁

𝑘=1          𝑗 = 1,2, … , 𝑛                                                            (22) 

Where 𝐶𝑗 = [𝑐𝑗,1, 𝑐𝑗,2, … , 𝑐𝑗,𝑁] is an unknown vector. Now employing (16) in (22), we have 

𝐷𝛼𝑦𝑗(𝑡) ≅ 𝐶𝑗𝑃
𝛼𝐺(𝑡)𝑇 , 𝑗 = 1,2, … , 𝑛                                                                                     (23) 

Therefore, substituting (28) and (29) in (1), we have 

𝐶𝑗𝑃
(𝛼)𝐺(𝑡)𝑇 = 𝑓𝑗(𝑡, 𝐶1𝐺(𝑡)

𝑇 , 𝐶2𝐺(𝑡)
𝑇 , … , 𝐶𝑛𝐺(𝑡)

𝑇)   𝑗 = 1,2, … , 𝑛                                      (24) 

From the initial conditions we have 

𝐶𝑗𝐺(0)
𝑇 = 𝑑𝑗      𝑗 = 1,2, … , 𝑛                                                                                                  (25) 

To find the solution of (1), we collocate (30) at the collocation points 𝑡𝑖 =
𝑖

𝑁−𝑖
, 𝑖 = 1,2, … ,𝑁 −

1 to obtain 

𝐶𝑗𝑃
(𝛼)𝐺(𝑡𝑖)

𝑇 = 𝑓𝑗(𝑡𝑖, 𝐶1𝐺(𝑡𝑖)
𝑇 , 𝐶2𝐺(𝑡𝑖)

𝑇 , … , 𝐶𝑛𝐺(𝑡𝑖)
𝑇)    𝑖 = 1,2, … ,𝑁 − 1, 𝑗 = 1,2, … , 𝑛 (26) 

Thus, (26) contains 𝑛(𝑁 − 1) algebraic equations. These equations together with (25) make 

𝑛(𝑁) algebraic equations which can be solved through Newton’s iterative method. Thus, 𝑦𝑗(𝑡)  
given in (22) can be calculated. The procedure can be easily extend to solve the nonlinear system 

of fractional differential equations (NSFDEs). 

6. Numerical Examples 

Consider the following NSFDE:  

{
 
 

 
 𝐷𝛼𝑦1(𝑡) =

𝑦1(𝑡)

2
                      

𝐷𝛼𝑦2(𝑡) = (𝑦1(𝑡))
2
+ 𝑦2(𝑡)

𝑦1(0) = 1 , 𝑦2(0) = 0            

 

The exact solution of this system when 𝛼 = 1is known to be𝑦1(𝑡) = 𝑒
𝑡

2 and 𝑦2(𝑡) = 𝑡𝑒𝑡. We 

consider this example when 𝛼 =  0.5, 0.7. We reported the numerical results for 𝑦1(𝑡) and 

𝑦2(𝑡) in Table 1. 
Table 1: Numerical solutions 𝑦1(𝑡)  and 𝑦2(𝑡), when 𝛼 =  0.5, 0.7 obtained by the present method. 

 
7. Conclusion  

In this paper, a new operational matrix based on the Genocchi polynomials is derived and applied 

together with the collocation method to numerically solve the NFDEs. The present method is a 

simple and good mathematical tool for finding the numerical solutions of NFDEs.  
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Abstract. In this paper, the nonlinear partial differential equations including the (1 +
1)-dimensional and (2 + 1)-dimensional fifth-order integrable equations are studied by
He’s semi-inverse variational method based upon the integration tool. The merits of the
presented method is finding the further solutions of the considering problems including
soliton, periodic, kink, kink-singular wave solutions. Finally, these solutions might play
important role in engineering, physics and applied mathematics fields.
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1. Introduction

The (1 + 1)- and (2 + 1)-dimensional fifth-order integrable equations are given as

(1) uttt + utxxxx − α(uxut)xx − β(uxuxt)x = 0,

(2) uttt + utyyyy − utxx − α(uyuyt)y = 0,

where were established by Wazwaz [1] and give multiple kink solutions. Kink solutions
for three new fifth order nonlinear equations was investigated by Wazwaz [2]. Also the
Hirota’s direct method is used to derive multiple kink solutions for Eq. (1) for the case
α = β = 4, and only two soliton solutions for Eq. (2) for α = 4, have been investigated
by Wazwaz [2]. In [3], the Bäcklund transformation and the simplified Hirota’s method
were be used to study the derived couplings by Wazwaz. Some new fifth-order nonlinear
equations for obtaining the exact solutions have used the G′/G expansion and rational
sine-cosine methods by Qawasmeh and Alquran [4]. Authors of [5,6] applied new efficient
methods for solving some nonlinear partial differential equations and obtained new exact
solutions for the related equations. First, we introduce a general form of the ITEM [7–9],

∗Speaker.

1

669



M.F. Aghdaei and J. Manafian

which is a new method. Second, we use the He’s semi-inverse variational principle method
to the Eqs. (1) and (2) for obtaining the dark and bright soliton wave solutions.

2. The He’s semi-inverse variational principle method

Step 1. Suppose the following nonlinear partial differential equation as

(3) N (u, ux, ut, uxx, utt, ...) = 0,

and can be converted to an ODE as:

(4) Q(u, ku′, wu′, k2u′′, w2u′′, ...) = 0,

by the transformation ξ = kx+ wt as the wave variable.
Step 2. According to He’s semi-inverse method, we construct the following trial-functional

(5) J(U) =

∫
Ldξ,

where L is an unknown function of U and its derivatives.
Step 3. By the Ritz method, we search the solitary wave solutions in the form

(6) U(ξ) = Asech(Bξ), U(ξ) = A tanh(Bξ),

where A and B are constants. Putting (6) into (5), we get

(7)
∂J

∂A
= 0,

∂J

∂B
= 0,

Solving Eqs. (7), A and B and the solitary wave solutions (6) are well determined.
Example 1. We consider the following

(8) (µ2 − λ2)u′ + µ2u′′′ +
µ

2
(α+ β)(u′)2 = 0,

by setting w = u′, then Eq. (8) will be as

(9) (µ2 − λ2)w + µ2w′′ +
µ

2
(α+ β)(w)2 = 0.

By He’s semi-inverse principle [10–12], the following formulation for (9) is obtained

(10) J =

∫ ∞
0

[
(µ2 − λ2)w

2

2
+ µ2

(w′)2

2
+
µ

6
(α+ β)w3

]
dξ.

By a Ritz-like method, we search a solitary wave solution w(ξ) = Asech(Bξ) to find A
and B as constants. Thus, we have
(11)
J =

∫∞
0

1
2A

2
[
(µ2 − λ2)sech(Bη)2 + µ2sech(Bη)2 tanh(Bη)2B2 + 1

3µ(α+ β)Asech(Bη)3
]
dη

= 1
2B (µ2 − λ2)A2 + 1

6µ
2A2B + 1

24BµA
3(α+ β)π.

Making J stationary with A and B yields

(12)
∂J(A,B)
∂A = 1

B (µ2 − λ2)A+ 1
3µ

2AB + 1
8BµA

2(α+ β)π = 0,
∂J(A,B)
∂B = − 1

2B2 (µ2 − λ2)A2 + 1
6µ

2A2 − 1
24B2µA

3(α+ β)π = 0.

Solving Eqs. (12), we obtain A = −48(µ2−λ2)
5µπ(α+β) , B =

√
3
5

(
1− λ2

µ2

)
. By using the transfor-

mation u =
∫
w(ξ)dξ, we will have

(13) u(x, t) = − 48

5π(α+ β)

√
5

3
(µ2 − λ2) arctan

[
sinh

(√
3

5
(µ2 − λ2)(x− λt)

)]
.

2
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Solutions of modified Fornberg–Whitham equation

Also, we search a solitary wave solution in the form

(14) w(ξ) = A tanh(Bξ),

where A and B are unknown constants. Putting (14) into (10), we have
(15)
J =

∫∞
0

1
2A

2
[
(µ2 − λ2) tanh(Bη)2 + µ2(1− tanh(Bη)2)2B2 + 1

3µ(α+ β)A tanh(Bη)3
]
dη

= − 1
2B (µ2 − λ2)A2 + 1

3µ
2A2B − 1

12BµA
3(α+ β).

Making J stationary with A and B yields

(16)
∂J(A,B)
∂A = − 1

B (µ2 − λ2)A+ 2
3µ

2AB − 1
4BµA

2(α+ β) = 0,
∂J(A,B)
∂B = 1

2B2 (µ2 − λ2)A2 + 1
3µ

2A2 + 1
12B2µA

3(α+ β) = 0.

Solving Eqs. (16), we obtain A = −24(µ2−λ2)
5µ(α+β) , B =

√
3
10

(
λ2

µ2
− 1
)

. By using the transfor-

mation u =
∫
w(ξ)dξ, we get

(17) u(x, t) = − 12

5(α+ β)

√
10

3
(λ2 − µ2) ln

[
−sech2

(√
3

10
(λ2 − µ2)(x− λt)

)]
.

Example 2. We consider the following

(18) (1− λ2)u′ + µ2u′′′ +
αµ

2
(u′)2 = 0,

by setting w = u′, then Eq. (18) will be as

(19) (1− λ2)w + µ2w′′ +
αµ

2
(w)2 = 0.

By He’s semi-inverse principle [10–12], we obtain the following formulation for (19)

(20) J =

∫ ∞
0

[
(1− λ2)w

2

2
+ µ2

(w′)2

2
+
αµ

6
w3

]
dξ.

Substituting w(ξ) = Asech(Bξ) into (20), we have
(21)
J =

∫∞
0

1
2A

2
[
(1− λ2)sech(Bη)2 + µ2sech(Bη)2 tanh(Bη)2B2 + 1

3µαAsech(Bη)3
]
dη

= 1
2B (1− λ2)A2 + 1

6µ
2A2B + 1

24BµA
3απ.

(22)
∂J(A,B)
∂A = 1

B (1− λ2)A+ 1
3µ

2AB + 1
8BµA

2απ = 0,
∂J(A,B)
∂B = − 1

2B2 (1− λ2)A2 + 1
6µ

2A2 − 1
24B2µA

3απ = 0.

Solving Eqs. (22), we obtain A = −48(1−λ2)
5µπα , B =

√
3
5

(
1−λ2
µ2

)
. By using the transforma-

tion u =
∫
w(ξ)dξ, we will have

(23) u(x, y, t) = − 48

5πα

√
5

3
(1− λ2) arctan

[
sinh

(√
3

5
(1− λ2)(x+ y − λt)

)]
.

Substituting w(ξ) = A tanh(Bξ) into (20), we have
(24)

J =
∫∞
0

1
2A

2
[
(1− λ2) tanh(Bη)2 + µ2(1− tanh(Bη)2)2B2 + 1

3µαA tanh(Bη)3
]
dη

= − 1
2B (1− λ2)A2 + 1

3µ
2A2B − 1

12BµA
3α,

3

671



M.F. Aghdaei and J. Manafian

(25)
∂J(A,B)
∂A = − 1

B (1− λ2)A+ 2
3µ

2AB − 1
4BµA

2α = 0,
∂J(A,B)
∂B = 1

2B2 (1− λ2)A2 + 1
3µ

2A2 + 1
12B2µA

3α = 0.

Solving Eqs. (25), we obtain A = −24(1−λ2)
5µα , B =

√
3
10

(
λ2−1
µ2

)
. By using the transfor-

mation u =
∫
w(ξ)dξ, we will get

(26) u(x, y, t) = − 12

5α

√
10

3
(λ2 − 1) ln

[
−sech2

(√
3

10
(λ2 − 1)(x+ y − λt)

)]
.

3. Conclusion

In this paper, the He’s semi-inverse variational principle method was considered. The
exact solutions were presented in terms of the hyperbolic, the trigonometric functions, the
polynomial functions and the rational functions. By using He’s semi-inverse variational
principle method dark and bright soliton wave solutions have been obtained. Finally, these
solutions might play important role in engineering, physics and applied mathematics fields.
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Abstract. An iterative algorithm is proposed in this paper, expanding the classical
power method by incorporating the Gram-Schmidt orthogonalization process. With
this improvement, it becomes possible to compute all eigenvalues and eigenvectors of a
given symmetric matrix simultaneously. The algorithm has been tested on a variety of
benchmark matrices to determine the robustness of the full eigen decomposition, and the
results are reported to be accurate.
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1. Introduction
Computing the eigenpairs of large matrices is a fundamental problem in computational

physics [2]. This task has broad applications across engineering and science, including
structural analysis, quantum mechanics, and signal and image processing. Several methods
exist for determining the eigenvalues and eigenvectors of symmetric matrices, such as the
power method, QR algorithm, and various specialized techniques [1,3,4]. However, many
of these approaches are limited to finding only a subset of the eigenpairs. In this work, we
present an extension of the classical power method by incorporating the Gram-Schmidt
orthogonalization process, enabling the complete determination of all eigenpairs for any
symmetric matrix A.

2. Preliminaries
The theoretical framework of our method rests upon several key mathematical theo-

rems and defenitions. In this section, we now introduce these essential results, which will
be invoked to prove the convergence properties of our algorithm.
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Definition 2.1. Let A ∈ Rn×n. A nonzero vector x ∈ Rn is called an eigenvector of
A with corresponding eigenvalue λ ∈ C if Ax = λx.

Theorem 2.2. All of the eigenvalues of any symmetric real matrix A, are real.

Proof. See [1]. □
Theorem 2.3. For every symmetric real matrix, A ∈ Rn×n, there exists a set of

eigenvectors of A as an orthonormal base of the vector space Rn on the real field R.

Proof. See [1]. □
Theorem 2.4. Let A ∈ Rn×n be a symmetric matrix and λ1, λ2, ..., λn are eigenvalues

of A. Let |λ1| > |λ2| ⩾ ... ⩾ |λn| and v1 is an eigenvector correspond with λ1 such that
∥v1∥2 = 1, also let x ∈ Rn such that xT v1 ̸= 0 then:

lim
k→∞

Akx

∥Akx∥2
= ± v1, lim

k→∞

xTAkx

xTAk−1x
= λ1.

Proof. See [1]. □
Definition 2.5. The dominant eigenvalue of any matrix is the eigenvalue with the

largest magnitude [1].
For any positive integer i, the ith dominant eigenvalue of any matrix A is an eigenvalue µ
of A if there exist exactly (i−1) distinct eigenvalues λ1, λ2, ..., λi−1 of A with the property
µ < |λk|, k = 1, 2, ..., i − 1, also the dominant eigenvalue of A is called the first dominant
eigenvalue of A.

Theorem 2.6. Let A ∈ Rn×n and λ1, λ2, ..., λn are all eigenvalues of A and |λ1| ≥
|λ2| ≥ ... ≥ |λn|. Let v1, v2, ..., vn are correspond eigenvectors. Let |λ1| = |λ2| = ... =
|λl|, 1 ≥ l ≥ n. If x ∈ Rn is any non-zero vector and not orthogonal to at least one of
v1, v2, ..., vl , then:

lim
k→∞

Akx

∥Akx∥2
= u, lim

k→∞

xTAkx

xTAk−1x
= λ1.

Also u is unit and belong to span{v1, v2, ..., vl}.

Lemma 2.7. Let B = {v1, v2, ..., vn} be an orthonormal base of Rn from eigenvectors
of A. Let x be any non zero vector in Rn such that for a vector vi ∈ B we have ⟨x, vi⟩ =
xT vi = 0, i = 1, 2, ..., n then for any positive integer k we have,

⟨
Akx, vi

⟩
= (Akx)T vi = 0.

Corollary 2.8. Let B = {v1, v2, ..., vn} be an eigenvectors of matrix A from an or-
thonormal base of Rn. Let x be any vector and orthogonal whit m vectors vi1 , vi2 , ..., vim , 1 ≤
m < n then so is Akx, k = 1, 2, ....

3. Algoritm of the proposed method
Now we can explain the proposed method. Let us find the first dominant eigenvalue

and its corresponding eigenvector v1 of matrix A by the power method. Theoretically, the
approach for finding the second eigenpair of A from corollary 2.8, it is enough to choose
a vector x such that ⟨x, v1⟩ = 0 and apply the power method. But the power method
gives an approximation of the eigenvector, so we have some error by using x. This error
expands by iterations of the power method and may never give us a true approximation
of the second eigenvector. Because of this, we added the Gram-Schmidt process to our
algorithm as follows.
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In this section, we propose a new algorithm for approximating all non-zero eigenvalues
and eigenvectors of any symmetric matrix A ∈ Rn×n. It should be noted that in this al-
gorithm λ1, λ2, ..., λn are eigenvalues and v1, v2, ..., vn are corresponding eigenvectors of A.

INPUT
Entries of matrix A = (u1, u2, ..., un) where ui is the ith column of A, i = 1, 2..., n, maxi-
mum number of iterations N and tolerance ε, δ.

OUTPUT
All eigenpairs of A.

Step 1. Choose u1 as initial guess of v1 and apply power method for finding λ1 and
v1.

Step 2. For j = 1, 2, ..., n− 1 do step 3 to step 12.

Step 3. Use Gram-Schmidt process for uj+1 on v1, ..., vj . So uj+1 is orthogonal with
v1, ..., vj .

Step 4. For i = 1, 2, ..., N do step 5 to step 12.

Step 5. uj+1 =
uj+1

∥uj+1∥2

.

Step 6. y = Auj+1.

Step 7. µj+1 = uT y.

Step 8. y1 =
y

∥y∥2
, d = ∥y1 − uj+1∥2.

Step 9. If | µj+1 |< δ then print v1, v2, ..., vj , λ1, ..., λj and other eigenvalues are zero. stop

Step 10. If d < ε then vj+1 = y1, λj+1 = µj+1, j = j + 1 and go to step 3.

Step 11. If i = N then print the number of iterations was exceeded and (λ1, v1), ..., (λj , vj),
stop.

Step 12. Apply Gram-Schmidt process for y and v1, ..., vj . (so y is orthogonal with
v1, v2, ..., vj), uj+1 = y, i = i+ 1 and go to step 5.

Step 13.
Output
Print (v1, λ1), (v2, λ2), ..., (vn, λn) and print ”The procedure was successful.” stop.

4. Numerical results
In this section, we utilize the proposed algorithm for finding eigenvalues and eigen-

vectors of matrices. In these examples the positive tolerance ε is an upper bound for
∥u(k)j ± u

(k−1)
j ∥2 in iteration k for approximating of eigenvector vj . Also the positive real
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number δ shows the maximum of the absolute value of non-zero eigenvalues, such that if
|λ| < δ then we put λ = 0 (step 9).
In tables va and λa illustrate the approximation of eigenvector and eigenvalue respectively,
and λe is the exact eigenvalue and S is ∥Ava − λava∥2.

Example 4.1. Consider the matrix

A =

 4 −1 1
−1 3 −2
1 −2 3

 ,

with eigenpairs

(6,
1√
3

 −1
1
−1

), (3,
1√
6

 2
1
−1

), (1,
1√
2

 0
1
1

).
We see the results in table 1 by using the present algorithm with ε = 10−8 and δ = 0.01.

Table 1. Matrix with dimension 3 and its approximation of eigenpairs

initial vector iterations va λa λe 4
−1
1

 27

−.577350
0.577350
−.577350

 6.0 6.0 1
3
−2

 1

0.816496
0.408248
−.408248

 3.0 3.0[
1
−2

]
2

[
0.707106
−.707106

]
1.0 1.0

5. Conclusion
This paper presented an enhanced iterative algorithm for computing all eigenpairs

of symmetric matrices by integrating the Gram-Schmidt orthogonalization process with
the classical power method. This modification enables the simultaneous and robust de-
termination of all eigenvalues and eigenvectors. The numerical results demonstrate the
algorithm’s effectiveness and accuracy in obtaining the full eigen decomposition for bench-
mark matrices. Therefore, the proposed method provides a reliable and comprehensive
solution for the complete eigen analysis of symmetric matrices, addressing a key limitation
of the standard power method.
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Abstract. In this study, a boundary element method is employed for the numerical
solution of the variable-order time-fractional diffusion equation based on the Caputo
fractional derivative. Variable-order fractional equations are particularly effective in
modeling physical and engineering processes with time-dependent memory effects. In
the proposed approach, the fractional diffusion equation is reformulated in an integral
form, and time discretization based on the Caputo definition is applied to accurately
account for the variations in the fractional order over time. The numerical algorithm is
implemented in MATLAB, and results obtained from a numerical example demonstrate
that the proposed method provides high accuracy, good stability, and fast convergence.
These features make the boundary element method an efficient and reliable tool for
solving variable-order time-fractional diffusion problems.

Keywords: Variable-order, fractional diffusion, Caputo derivative, Boundary Element
Method
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1. Introduction

Fractional differential equations (FDEs) describe memory and nonlocal phenomena in
diffusion, viscoelasticity, and relaxation. Among available definitions, the Caputo form is
preferred because it accommodates standard initial and boundary conditions. Variable-
order fractional differential equations (VO-FDEs), introduced by Samko and Ross [1]
and formalized by Lorenzo and Hartley [2], allow the differentiation order to vary with
time or space, improving modeling fidelity for heterogeneous systems. Recent develop-
ments by Garrappa et al. [3] refined their theoretical framework, while Patnaik et al. [4]
surveyed broad engineering applications. However, existing numerical schemes remain
costly due to full-domain discretization. To overcome this, the present work proposes
a Variable-Order Caputo Boundary Element Method (VO-CBEM) that embeds variable
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fractional order within a boundary-only formulation, achieving efficient and stable solu-
tions for time-fractional diffusion problems.

2. Main results

2.1. Mathematical Model. In a bounded domain Ω ⊂ R2 with boundary Γ =
ΓD ∪ ΓN , the variable-order time-fractional diffusion equation is formulated as

(1) CD
α(t)
t u(x, y, t) = Dx

∂2u

∂x2
+Dy

∂2u

∂y2
+ F (x, y, t), (x, y) ∈ Ω, t > 0,

where u denotes temperature or concentration, Dx, Dy are diffusion coefficients, and
CD

α(t)
t is the Caputo derivative of order α(t) (see Definition 2.1).
The boundary-initial conditions are prescribed as

u(x, y, 0) = u0(x, y),(2)

u(x, y, t) = f(x, y, t) on ΓD,(3)

∂u(x, y, t)

∂n
= g(x, y, t) on ΓN ,(4)

with n denoting the outward normal. This variable-order formulation enables modelling
of non-stationary diffusion with mixed boundaries, suitable for BEM discretization.

Definition 2.1 (Variable-order Caputo derivative). For a function u(t)∈C1[0, T ] and
a variable order α : [0, T ]→(0, 1], the Caputo derivative of order α(t) is defined as

(5) CD
α(t)
t u(t) =

1

Γ(1− α(t))

∫ t

0
(t− τ)−α(t)du(τ)

dτ
dτ,

where Γ(·) is the Gamma function. This nonlocal operator accounts for time-dependent
memory intensity governed by α(t), providing a continuous transition between classical
(α = 1) and fractional (0 < α < 1) dynamics.

2.2. Formulation and Implementation of the BEM. According to the standard
CD–BEM scheme [5], the variable-order time-fractional diffusion equation is converted
into the boundary–domain integral form:

c(ξ)u(ξ, t) =

∫
Γ
q(X, t)w(ξ,X) dΓ−

∫
Γ
u(X, t)Q(ξ,X) dΓ

−
∫
Ω

CD
α(t)
t u(X, t)w dΩ+

∫
Ω
F (X, t)w dΩ,(6)

where w(ξ,X) = 1

2π
√

DxDy
ln(1/r) is the anisotropic fundamental solution, Q = ∂w/∂n

and c(ξ) denotes the geometric coefficient, equal to 1 for interior points and 1/2 for smooth
boundary nodes.

The time-fractional term is discretized by

(7) CD
α(tn+1)
t u =

1

Γ(2− αn+1)∆tαn+1

n∑
k=0

ω
(αn+1)
n+1,k+1(uk+1 − uk),

with memory weights ω
(αn+1)
n+1,k+1 = (n+ 1− k)1−αn+1 − (n− k)1−αn+1 .
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Spatial discretization over Γ and Ω leads to the algebraic VO–CBEM system

(8) Hun+1 = Gqbn+1 −
1

Γ(2− αn+1)∆tαn+1
M

n∑
k=0

ω
(αn+1)
n+1,k+1(uk+1 − uk) +MFn+1,

where H and G are the standard BEM influence matrices for potential and flux, and M
corresponds to the domain integration matrix associated with the fractional-time term.

2.3. Results. To evaluate the accuracy and stability of the proposed VO-CBEM
scheme, a two-dimensional transient problem [6] is solved on Ω = (0, π)2 with ∆t = 0.005,
nΓ = 64, andNele = 512. The governing equation employs α(t) = 2+sin(t)/4, and diffusion
coefficients Dx = Dy = 1. Mixed boundary conditions are specified: Dirichlet on x = 0, π
and Neumann on y = 0, π. The analytical solution u(x, y, t) = (t3 + 3t2 + 1) sin(x) sin(y)
ensures full consistency with the VO-fractional model.

The corresponding source term is

(9) f(x, y, t) =

[
6t3−α(t)

Γ(4− α(t))
+

6t2−α(t)

Γ(3− α(t))
+ 2(t3 + 3t2 + 1)

]
sin(x) sin(y).

Table 1 compares analytical and VO-CBEM results along y = π/2 at t = 1. The
numerical data follow the analytical profile closely, confirming high precision and smooth
convergence. The maximum relative error is below 0.006949, and the error distribution
remains smooth and symmetric across the domain, indicating temporal stability of VO-
CBEM. All computations were performed using a MATLAB R2023b code developed for
the VO-CBEM formulation.

Table 1. Spatial distribution along y = π/2 at t = 1: analytical vs. VO-
CBEM numerical results.

No. x Analytical u Numerical u |e| Rel. error ε
1 0.0000 0.000000 0.000000 0.000000 0.000000
2 0.1963 0.975452 0.968884 0.006567 0.001313
3 0.3927 1.913417 1.900304 0.013114 0.002623
4 0.5890 2.777851 2.758753 0.019098 0.003820
5 0.7854 3.535534 3.511205 0.024329 0.004866
6 0.9817 4.157348 4.128659 0.028689 0.005738
7 1.1781 4.619398 4.587388 0.032010 0.006402
8 1.3744 4.903926 4.869839 0.034087 0.006817
9 1.5708 5.000000 4.965256 0.034744 0.006949
10 1.7671 4.903926 4.869911 0.034015 0.006803
11 1.9635 4.619398 4.587424 0.031974 0.006395
12 2.1598 4.157348 4.128609 0.028739 0.005748
13 2.3562 3.535534 3.511125 0.024409 0.004882
14 2.5525 2.777851 2.758702 0.019149 0.003830
15 2.7489 1.913417 1.900288 0.013129 0.002626
16 2.9452 0.975452 0.968885 0.006567 0.001313
17 3.1416 0.000000 0.000000 0.000000 0.000000
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Figure 1. Example1: setup and mesh discretization for Ω = (0, π)2.

2.4. Discussion. Results confirm that a variable order α(t) enriches diffusion dynam-
ics by introducing time-dependent memory. Early deviations stem from strong transient
effects, while stabilization of α(t) yields rapid convergence. The VO-CBEM framework
remains stable under mixed boundary conditions, effectively capturing non-uniform flux
and preserving numerical symmetry.

3. Conclusion

The proposed VO-CBEM provides an accurate and stable tool for modeling variable-
order fractional diffusion. It efficiently represents memory-dependent processes and main-
tains convergence across complex boundaries. The formulation offers a reliable basis for
future three-dimensional and distributed-order extensions.
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Abstract. In this study, a Boundary Element Method (BEM) is developed for solving
the time-fractional diffusion-reaction equation. The model describes anomalous trans-
port behavior accompanied by a linear decay reaction. The numerical algorithm is im-
plemented in MATLAB, providing an efficient and accessible framework for fractional
analysis. Numerical results for a two-dimensional strip domain show excellent agreement
with the analytical solution, with a maximum relative error below 0.2%. The proposed
method demonstrates high accuracy and stability for reaction parameter values in the
range of 0 to approximately 0.1, where the internal and boundary errors remain negligible.
However, for larger reaction parameters, the internal errors increase noticeably, indicat-
ing the sensitivity of the method to stronger reaction effects. The presented approach
offers a reliable computational tool for modeling fractional diffusion-reaction phenomena
and can be applied to biological processes such as drug absorption, molecular transport,
and chemical reactions in complex tissues.

Keywords: Fractional diffusion, Caputo derivative, Boundary Element Method, Reaction-
diffusion, Mathematical biology
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1. Introduction

Fractional differential equations (FDEs) are powerful models for phenomena exhibiting
memory and nonlocal behavior [1,2,6]. Among fractional operators, the Caputo derivative
is preferred for its compatibility with standard boundary and initial conditions. The
Boundary Element Method (BEM) offers a dimensionally reduced framework for fractional
diffusion models, requiring boundary-only discretization [3].

Although existing formulations are accurate and stable, most have neglected reac-
tion mechanisms that control growth and decay in biological contexts [4]. Extending the
time-fractional diffusion equation with a reaction term λu enables realistic modeling of
transformation and biochemical kinetics.
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Fractional reaction-diffusion equations, introduced to capture anomalous transport
and memory-dependent behavior [5], now form a robust mathematical base for complex
systems.

This study extends the Caputo-based domain BEM (CD-BEM) to include a constant
reaction term, derives analytical solutions using the Mittag–Leffler function, and validates
numerical accuracy. The proposed formulation integrates memory, reaction dynamics,
and nonlocal diffusion, establishing an efficient framework for fractional biological model-
ing. All numerical implementations and visualizations were carried out using MATLAB,
ensuring reproducibility and computational efficiency.

2. Main results

2.1. Mathematical Model. The anisotropic two-dimensional time-fractional reaction-
diffusion equation is

(1)
∂αu

∂tα
= Dx

∂2u

∂x2
+Dy

∂2u

∂y2
− λu, (x, y)∈Ω ⊂ R2, t > 0,

where u(x, y, t) is the field variable (e.g., concentration or cell density); 0 < α ≤ 1 is the
Caputo fractional order representing memory; Dx, Dy > 0 are diffusion coefficients; and
λ≥ 0 defines a linear reaction rate. This equation describes diffusion–reaction processes
with temporal nonlocality such as molecular degradation or cell mortality.
Boundary and Initial Conditions.

u = f(x, y, t), (x, y)∈ΓD (Dirichlet),(2)

∂u

∂n
= g(x, y, t), (x, y)∈ΓN (Neumann),(3)

u(x, y, 0) = u0(x, y), (x, y)∈Ω,(4)

with ΓD ∪ ΓN = ∂Ω and ∂u/∂n = ∇u·n denoting the outward normal flux.

Definition 2.1 (Caputo fractional derivative). For u(t)∈C1[0, t] and 0 < α < 1,

CDα
t u(t) =

1

Γ(1− α)

∫ t

0
(t− τ)−αdu(τ)

dτ
dτ,

where Γ(·) is the Gamma function. It quantifies the memory effect inherent in anomalous
diffusion.

2.2. Boundary Element Formulation. Starting from the residual form of the gov-
erning PDE,

(5) R(X, t) =
∂αu

∂tα
−Dx

∂2u

∂x2
−Dy

∂2u

∂y2
+ λu,

the weighted residual method is applied to enforce
∫
ΩR(X, t)w(ξ,X) dΩ = 0, where

w(ξ,X) is the fundamental solution of the anisotropic steady-state operator

(6) Dx
∂2w

∂x2
+Dy

∂2w

∂y2
= −δ(ξ,X), w(ξ,X) =

1

2π
√

DxDy

ln

(
1

r

)
,

with r =
√
(x− ξx)2 +

Dx
Dy

(y − ξy)2. Integration by parts and use of the delta property

lead to the classical BEM boundary integral equation

(7) c(ξ)u(ξ, t) =

∫
Γ
q(X, t)w dΓ−

∫
Γ
u(X, t)QdΓ−

∫
Ω

(
∂αu

∂tα
+ λu

)
w dΩ,
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where Q = ∂w/∂n and c(ξ) is the geometric coefficient,

(8) c(ξ) = 1
2π

[
tan−1

(
Dx

Dy
tan θ2

)
− tan−1

(
Dx

Dy
tan θ1

)]
,

reducing to c(ξ) = θ2−θ1
2π for isotropic media, with c(ξ) = 1/2 at a smooth boundary, > 1/2

at internal corners, and < 1/2 at external corners.

Temporal Discretization. Time is divided in steps ∆t, and the Caputo derivative at
tn+1 is approximated by the convolution quadrature scheme

(9)
∂αu(X, tn+1)

∂tα
=

1

Γ(2− α)∆tα

un+1 − un +

n−1∑
j=0

B(n+1)(j+1)(uj+1 − uj)

 ,

with B(n+1)(j+1) = (n+1−j)1−α−(n−j)1−α being memory weights. Substituting Eq. (9)
into (7) yields a time-discrete integral system.

Spatial Discretization and Matrix Form. Discretization of Γ into NΓ boundary
elements and Ω into NΩ triangular cells transforms the integral equation into a matrix
system
(10)

Hun+1 = Gqbn+1 −
M

Γ(2− α)∆tα

(un+1 − un) +
n−1∑
j=0

B(n+1)(j+1)(uj+1 − uj)

− λMun+1,

where H and G arise from boundary integrals, and M from domain integrals. Collecting
terms in un+1 gives a symmetric linear system that is solved iteratively over time.

2.3. Results and Validation. To assess CD-BEM performance, a rectangular do-
main Ω = [0, Lx]× [0, Ly] with isotropic diffusion (Dx =Dy =D) and reaction coefficient
λ is considered. Dirichlet conditions: u(0, y, t) = 10, u(Lx, y, t) = 0; Neumann zero-flux
on y = 0, Ly; initial u0(x, y) = 0. For Lx = 2, Ly = 1, ∆t < 0.1, and λ < 0.01, simu-
lations (see Fig. 1) show excellent agreement with analytical solutions derived from the
Mittag-Leffler function.

Figure 1. Rectangular mesh with 52 boundary and 105 interior nodes.

The reduced one-dimensional analytical form can be found in [3], providing the exact
solution for fractional diffusion–reaction systems.

Results (see Fig. 2 and Table 1) confirm accurate and stable CDBEM performance with
relative errors below 0.2%, smoother decay for smaller α, faster attenuation for larger λ,
and low sensitivity to ∆t.
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(a) u(x) for α = 0.5, λ = 0.01,
∆t=0.005

(b) u(x) for various α at t=2.05

Figure 2. Analytical and CD-BEM results for spatial distribution.

Table 1. Relative error vs. λ at t = 2.0.

λ Erel Stability
0.5 8.2×10−2 stable
0.05 3.2×10−3 stable
0.01 4.8×10−4 highly stable
0.005 2.9×10−4 highly stable
0.001 1.0×10−4 highly stable

3. Conclusion

An extended time-fractional diffusion-reaction model based on the Caputo derivative
was solved via the CD-BEM approach, yielding highly accurate and stable results across
various (α, λ,∆t). The method remained robust for small fractional orders and weak
reactions, supporting reliable simulation of transport-decay phenomena in complex me-
dia. This framework can be further adapted for multidimensional or nonlinear fractional
systems.
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1. Introduction

In recent decades, extensive research has focused on understanding complex phenom-
ena. Fractional differential equations offer a powerful framework for modeling such pro-
cesses due to their simplicity and ability to capture intricate dynamics with high accuracy.
As a result, they have been widely applied in various fields, including thermal systems,
image denoising, finance, and many others. In this study, the two-dimensional fractional
integro-differential equation featuring a weakly singular kernel is investigated in the fol-
lowing form [?]

(1) vt(x, t)− γ∆v(x, t) = Iα∆v(x, t) + g(x, t), (x, t) ∈ ΩT = Ω× (0, T ]

with the following initial and boundary conditions
v(x, 0) = φ(x), x ∈ Ω, v(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ], where γ is

a positive constant and Iα denotes the Riemann–Liouville fractional integral operator,

which is defined as follows: Iαv(t) =
∫ t
0 η(t − s) v(s) ds, where η(t) = tα−1

Γ(α) , 0 <

α < 1. Throughout the paper, we assume that the exact solution v of problem (1.1)
in ΩT satisfies the following regularity conditions: ∥vt(·, t)∥ ≤ Ctα, ∥vtt(·, t)∥ ≤
Ctα−1, ∥vxxyy(x, y, ·)∥ ≤ C, 0 < C < ∞. The regularity condition describes how

∗Speaker.
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the second derivative of the solution with respect to time behaves near the initial moment.
It indicates that this derivative becomes weakly singular as time approaches zero, meaning
that the solution does not possess full smoothness at the beginning of the time interval. In
other words, the solution is not twice continuously differentiable in time, which represents
a more realistic and less restrictive assumption compared with those typically adopted in
earlier studies.Equation of the form (1) can be regarded as prototype problem that arise
in areas such as heat conduction in materials with memory, population dynamics, and
viscoelasticity, among others.

2. RBF-FD Method

In the global radial basis function (RBF) approach, the coefficient matrix becomes
large, dense, and ill-conditioned as the number of interpolation points increases. To alle-
viate this issue, local RBF-based methods have been developed. These local approaches
extend the classical finite difference (FD) method to scattered node distributions. Since
the FD weights are obtained using RBF interpolation, the technique is known as the RBF-
FD method [3]. In this method, the local approximation of a function u(x) is expressed
as u(x) =

∑s
j=1 αj ϕ(∥x − xj∥), where ϕ(·) is a chosen radial basis function and {xj}sj=1

represents the local stencil of s neighboring nodes. The coefficients αj are determined such
that the interpolation conditions are satisfied at the stencil nodes.

The action of a linear differential operator L at the center xc can be approximated
as a weighted linear combination of the function values at these nodes:Lu(x)|x=xc

=∑s
j=1ϖj u(xj), where ϖj are the unknown RBF-FD weights.
To compute the weights, one solves the following local linear system:


ϕ(∥x1 − x1∥) ϕ(∥x1 − x2∥) . . . ϕ(∥x1 − xs∥)
ϕ(∥x2 − x1∥) ϕ(∥x2 − x2∥) . . . ϕ(∥x2 − xs∥)

.

.

.
.
.
.

.

.

.
ϕ(∥xs − x1∥) ϕ(∥xs − x2∥) . . . ϕ(∥xs − xs∥)


︸ ︷︷ ︸

A

ϖ1

ϖ2

.

.

.
ϖs

 =


Lϕ(∥x − x1∥)

∣∣
x=xc

Lϕ(∥x − x2∥)
∣∣
x=xc

.

.

.
Lϕ(∥x − xs∥)

∣∣
x=xc

 .

To enhance the accuracy and ensure polynomial reproduction, the RBF interpolation
can be augmented by a polynomial of degree q. In this case, the RBF-FD approximation
becomes:

Lu(x)|x=xc
=

s∑
j=1

ϖj u(xj) +

(q+1)(q+2)/2∑
i=1

ciPi(x),

where Pi(x) are the polynomial basis functions and ci are their coefficients.
For example, when q = 1, the augmented system that provides the weights ϖ1, . . . , ϖs

and coefficients c1, c2, c3 takes the block form:
A

1 x1 y1
...

...
...

1 xs ys

 1 · · · 1
x1 · · · xs

y1 · · · ys

 0




ϖ1

...
ϖs

c1
c2
c3

 =



Lϕ(∥x− x1∥)
∣∣
x=xc

...
Lϕ(∥x− xs∥)

∣∣
x=xc

L1
∣∣
x=xc

Lx
∣∣
x=xc

Ly
∣∣
x=xc


.

This augmented formulation improves the stability and accuracy of the RBF-FD approx-
imation, especially for scattered and irregular node distributions.
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3. Temporal discretization

In this section, we introduce some notations such as tk = kτ, k = 1, . . . , N, τ = T
N ,

and δtv
k = vk−vk−1

τ , vk = v(x, y, tk) to discretize the time variable. Moreover, the
following lemma is employed to approximate the integral term.

Lemma 1. [1] Let v(t) ∈ C2[0, T ]. So, there is a positive constant C depends only on
0 < η < 1 such that∣∣∣∣∣

∫ tk

0
(tk − ς)η−1 v(ς)dς −

k∑
r=0

pkk−r,k v(tk−r)

∣∣∣∣∣ ⩽ C max
0⩽t⩽T

∣∣v′′(t)∣∣ tηk τ2, 1 ⩽ k ⩽ N,

where

(2) pkr,k =
τη

η(η + 1)
×



(k − 1)η+1 − (k − 1− η) kη, r = 0,

(k − r + 1)η+1 − 2 (k − r)η+1 + (k − r − 1)η+1, 1 ⩽ r ⩽ k − 1,

1, r = k.

Using the above notations and lemma, the time-discrete scheme for Equation (1) is
derived as follows:

(3)
vk − vk−1

τ
− γ∆vk − 1

Γ(η)

k∑
r=0

pkk−r,k ∆vk−r = gk +Rk,

then (3) can be written as:

(4) vk − vk−1 − τγ∆vk − τ

Γ(η)

(
pkk,k ∆vk +

k∑
r=1

pkk−r,k ∆vk−r

)
= τgk +Rk,

where
∣∣Rk
∣∣ ⩽ Cτ2, and C > 0 is a constant independent of τ . By neglecting the small

term Rk, the following result is obtained.

v̂k − τγ∆v̂k − τ

Γ(η)
pkk,k∆v̂k = v̂k−1 +

τ

Γ(η)

k∑
r=1

pkk−r,k∆v̂k−r + τgk.

Now, the RBF-FD method is applied to discretize the above time-stepping equation. To
this end, the computational domain Ω is discretized using m scattered nodes {xd}md=1 =
{xd}m1

d=1∪{xd}md=m1+1 . Let ϑ = {xi1 , . . . ,xis} denote a local stencil consisting of the center
point xi and its s nearest neighboring nodes. At each node xi ∈ Ω, the approximate RBF-
FD representations of v̂(xi, t) and its Laplacian ∆v̂(xi, t) are given by

v̂ki ≈
∑
j∈ϑ

ϖj v̂
k
j , ∆v̂ki ≈

∑
j∈ϑ

(ϖxx,j +ϖyy,j) v̂
k
j .

Substituting these approximations into the discrete equation yields the following RBF-FD
formulation:∑

j∈ϑ
ϖj v̂

k
j − τγ

∑
j∈ϑ

(ϖxx,j +ϖyy,j)v̂
k
j − τ

Γ(η)
pkk,k

∑
j∈ϑ

(ϖxx,j +ϖyy,j)v̂
k
j =

∑
j∈ϑ

ϖj v̂
k−1
j

+
τ

Γ(η)

k∑
r=1

pkk−r,k

∑
j∈ϑ

(ϖxx,j +ϖyy,j)v̂
k−r
j + τgki .
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This relation provides the RBF-FD-based discrete formulation of the given equation at
each node xi ∈ Ω.

4. Numerical results

To verify the accuracy and convergence of the proposed method, we consider the

following exact solution: u(x, y, t) = 4tα+1

3
√
π
sin(2πx) sin(2πy). The source term g(x, t), as

well as the initial and boundary conditions, are obtained by substituting this exact solution
into the governing equation. In this test, the parameters are chosen as γ = 1 and α = 0.75,
with final time T = 1. The spatial convergence order is evaluated by refining the number
of spatial nodes m with a fixed time step. The results and CPU times are reported in

Table 1. The computational orders are calculated by Rate = log10(E1/E2)
log10(h1/h2)

, where E1 and

E2 are errors for h1 and h2 , respectively.

Table 1. Errors and convergence orders with τ = 1
100 .

m ∥Eu∥∞ Rate CPU-time (s)

8 1.1441× 10−3 – 0.0714

16 2.7045× 10−4 2.0808 0.3300

32 6.0935× 10−5 2.1500 3.9354

64 1.6152× 10−5 1.9156 132.70

5. Conclusion

An efficient numerical scheme was presented for solving a two-dimensional fractional
integro-differential equation with a weakly singular kernel. The method combined a finite
difference technique in time with a second-order approximation for the singular integral
term. For spatial discretization, the local radial basis function-finite difference (RBF-FD)
approach was employed. A numerical example verified the accuracy and convergence of
the proposed method, demonstrating its effectiveness as a reliable approach for this class
of problems.
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Abstract. In this article, a local meshless technique is investigated for solving the
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1. Introduction and Preliminaries

Partial differential equations (PDEs) have been widely used to model many problems
in applied sciences and engineering. For example, this occurs in advection–diffusion mod-
els arising in ground water flows where exact knowledge of the permeability of the soil,
magnitude of source terms, inflow or outflow conditions are exactly not known. The exis-
tence of uncertainties in such problems can be described by random fields. This requires
to include, in the PDEs modeling, a rational assessment of uncertainty. Consequently,
this leads to the notion of stochastic PDEs. In this work, we numerically investigate the
linear stochastic advection–diffusion equation which can be formulated as follows [1]:

(1) du+ (ν · ∇u− κ∆u− f)dt = σdW (t),

where κ and ν are positive constants. Here, W (t) is a Wiener process (Brownian
motion) with

E[W (t)] = 0, E[W (t)W (s)] = min(t, s).

∗Speaker.

1

689



Z. Jeihouni and M. Ilati

Let δWk = W (tk)−W (tk−1), then

E[δWk] = 0, E[(δWk)
2] = τ,

introducing a random perturbation with zero mean and variance at each time step.
In the spatial domain, the stochastic term is modeled as a Gaussian random field:

ξ(x) = σδWk(x),

with
E[ξ(x), ξ(y)] = σ2τq(x, y).

In this work, we employ

q(x, y) =
1

(|x− y|2 + 1)2
.

The stochastic forcing can be represented by the random vector

ξx = (ξ1, ξ2, . . . , ξN ) ∼ N (0, Q), Q = (σ2τq(xi, xj))
N
i,j=1.

2. Moving Kriging (MK) Interpolation

In this section, the construction of meshless MK interpolation is described. The MK
approximation of u(x) can be written as [2,3]

(2) uh(x) =
m∑
j=1

pj(x)aj + z(x) = pT (x)a+ z(x),

where pj(x) are the monomial basis functions, aj are their corresponding coefficients,
and z(x) is a realization of a stochastic process with zero mean, variance σ2, and nonzero
covariance. The covariance matrix of z(x) is defined by

(3) cov{z(xi), z(xj)} = σ2R[η(xi, xj)].

A Gaussian function is chosen as the correlation function, defined by

(4) η(xi, xj) = e−θr2ij , rij = |xi − xj |, θ =
ω

h2
,

where ω is a constant.
Equation (2) can then be rewritten in matrix form as

(5) uh(x) = p(x)Ψu+ r(x)Γu,

with

(6) Ψ = (P TR−1P )−1P TR−1, Γ = R−1(I − PΨ),

(7) r(x) = [η(x1, x), η(x2, x), . . . , η(xn, x)], p(x) = [p1(x), p2(x), . . . , pm(x)],

(8) P =

p(x1)...
p(xn)

 , R =

r(x1)...
r(xn)

 ,
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and I is the identity matrix.
The moving Kriging shape functions are then obtained as

(9) Φ(x) = [Φ1(x), . . . ,Φn(x)] = p(x)Ψ + r(x)Γ.

Finally, the approximation is given by

(10) uh(x) = Φ(x)u =
n∑

j=1

ϕj(x)uj .

3. Discretization Process

To discretize Eq. (1) in the temporal direction, let tk = kτ , k = 0, 1, . . . , N , where
τ = T/N is the time step size. The Crank–Nicolson method is used to obtain:

(11)
uk − uk−1

τ
= −ν ·

(
∇ uk +∇ uk−1

2

)
+ κ

(
∆ uk +∆ uk−1

2

)
+ fk− 1

2 + σδWk.

After simplification, we have

uk +
τν

2

(
∇uk

)
− τκ

2

(
∆uk

)
= uk−1 − τν

2

(
∇uk−1

)
+

τκ

2

(
∆uk−1

)
+ τfk− 1

2 + τσδWk.

For spatial discretization, consider that the boundary points and interior points span the
entire computational domain. By inserting the approximation

(12) uk(x) =

n∑
j=1

ϕj(x)u
k
j ,

into Eq. (11) and applying the collocation procedure at the interior points, the following
discrete equations are obtained:

(13)

δΞ

[
uk

]
+

τν

2
λΞ

[
uk

]
− τκ

2
γΞ

[
uk

]
= δΞ

[
uk−1

]
− τν

2
λΞ

[
uk−1

]
+
τκ

2
γΞ

[
uk−1

]
+ τδΞ

[
fk− 1

2

]
+ τσδWk,

where δΞ represents the point evaluation functional at xΞ, and the functional γΞ and
λΞ are defined by

(14) γΞ[u
k] := γΞ[u

k(x)] =

n∑
j=1

∆ϕj(xΞ)u
k
j ,

(15) λΞ[u
k] := λΞ[u

k(x)] =
n∑

j=1

∇ϕj(xΞ)u
k
j .
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4. Numerical Results

Consider Eq. (1) with the exact solution u(x, y, t) = exp(t) cos(xy)(x+y)2. The initial
condition, Dirichlet boundary conditions, and the source term f are derived from this exact
solution. We solve this problem using the parameters ν = 1, κ = 1, and σ = 1 and the
RMS-error is computed using the statistical mean obtained from multiple realizations as
follows:

RMS-error =

√√√√ 1

M

M∑
j=1

∣∣∣E(ukj )− u(xj , tk)
∣∣∣2

where E(ukj ) denotes the statistical mean obtained from multiple realizations at point

xj and time tk, and u(xj , tk) represents the analytical expected solution.
The obtained results are reported in Table 1. It comes from this table, the present

method are accurate than the method of [1].

Table 1. L∞ and RMS errors for Test problem 1.

Realization h Method of [1] Present Method
∥E∥∞ RMS ∥E∥∞ RMS

25 1
2 3.9033× 10−1 3.9033× 10−1 8.4071× 10−2 2.8024× 10−2

100 1
4 2.4696× 10−1 1.5403× 10−1 1.9618× 10−2 7.3031× 10−3

400 1
8 4.6090× 10−2 3.0809× 10−2 8.5318× 10−3 3.4759× 10−3

1600 1
16 2.3211× 10−2 8.9816× 10−2 3.3147× 10−3 1.6347× 10−3

5. Conclusions

In this paper, a local meshless method based on the Moving Kriging interpolation was
successfully applied to solve two-dimensional stochastic advection–diffusion equation. The
Crank–Nicolson scheme was used for time discretization, while the spatial discretization
was performed using the Moving Kriging method. The numerical results are compared
with those reported in [1]. A comparison shows that the results obtained by the proposed
method exhibit higher accuracy than those presented in [1].

References

[1] Dehghan, M. and Shirzadi, M. (2015) Meshless simulation of stochastic advection–diffusion equations
based on radial basis functions, Eng. Anal. Bound. Elem.,53, 18–26.

[2] Hidayat, M. I. P. (2023) A meshfree approach based on moving Kriging interpolation for numerical
solution of coupled reaction-diffusion problems, Int. J. Comput. Methods, 20(5), 2350002

[3] Ilati, M. (2020) A meshless local moving Kriging method for solving Ginzburg–Landau equation on
irregular domains, Eur. Phys. J. Plus,135(11), 1–18.

4

692



Rational Radial Basis Functions for Solving Ordinary
Differential Equations

Mansour Shiralizadeh∗

Department of Mathematics, Payame Noor University (PNU), Tehran, Iran.
Email: m.shiralizadeh@pnu.ac.ir

Abstract. This paper presents an effective meshfree method for solving ordinary dif-
ferential equations (ODEs) using rational radial basis functions (RRBFs). Traditional
radial basis function (RBF) methods suffer from ill-conditioning and difficulties in han-
dling steep gradients or singularities. To address these issues, we explore the use of
rational forms of RBFs, which exhibit improved numerical stability and higher accuracy
near singularities or boundary layers. The method is tested on one ODE with steep
boundary layer. Numerical results demonstrate that RRBFs provide superior accuracy,
particularly in regions with steep fronts or sharp gradients.
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1. Introduction
Ordinary differential equations (ODEs) are fundamental in modeling physical, biologi-

cal, and engineering systems. While analytical solutions exist for some ODEs, most require
numerical techniques such as finite differences, finite elements, or spectral methods. Re-
cently, mesh-free methods, particularly those based on radial basis functions (RBFs), have
gained attention as powerful meshfree techniques for solving such problems due to their
flexibility in handling scattered data and high-order smoothness. However, conventional
RBFs (such as Gaussian or multiquadric bases) may suffer from ill-conditioning and loss
of accuracy in regions with sharp variations, also when the shape parameter is small or
when the solution has a steep gradient. To overcome these issues, Rational Radial Basis
Functions (RRBFs) have been proposed, where the approximant is expressed as a ratio
of two RBF expansions. This rational form yields better stability and local adaptability,
especially in boundary-layer or singular perturbation problems [3]. In this paper, we de-
velop and apply an RRBF collocation method for solving ODEs. A classic problem with
a steep boundary layer is considered to test the method’s accuracy.
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2. RBF interpolation and Rational RBF interpolation
2.1. RBF interpolation. Let X = {xc

1, ...,xc
N} be a set of N distinct points, here-

inafter referred to as centers, and F = {f(xc
1), ..., f(xc

N )} a set of function values. A RBF
ϕ(x) = ϕ (∥x − xc∥2 , ϵ) is a function of one variable r = ∥x − xc∥2 that is centered at xc,
which ϵ is a free parameter and it is known as the shape parameter [1, 3]. The Inverse
quadratic RBF ϕ(r) = 1/1 + (ϵr)2 is a strictly positive definite RBF that we use it in
numerical example. A RBF interpolant takes the form

s(x) =
N∑
j=1

aj ϕ(∥x − xc
j∥2 , ϵ)

where the coefficients aj are obtained by solving the linear system Ba = f , based on
the interpolation conditions s (xc

i ) = fi where f = [f(xc
1), ..., f(xc

N )]T . The entries of the
matrix B are of the form

bij = ϕ(∥xc
i − xc

j∥2 , ϵ), i, j = 1, ..., N.

B is a symmetric positive definite matrix and thus invertible. The evaluation of the inter-
polant at M points xj is done by multiplying a by H where the entries of the evaluation
matrix H are of the form

hij = ϕ(∥xi − xc
j∥2 , ϵ), i = 1, ...,M, j = 1, 2, ..., N.

The first and second derivatives of RBF interpolant are of the form

D(s(x)) =
N∑
j=1

aj D(ϕ(∥x − xc
j∥2 , ϵ)),

thus D(s(xc
i )) =

∑N
j=1 aj Dϕ(∥xc

i − xc
j∥2 , ϵ), i.e. Df ≃ HDa, where the entries of

HD are of the form (HD)ij = Dϕ(∥xc
i − xc

j∥2 , ϵ), i, j = 1, ..., N. and D(D(s(x))) =∑N
j=1 aj D(Dϕ(∥x − xc

j∥2 , ϵ)), thus D(D(s(xc
i ))) =

∑N
j=1 aj D(Dϕ(∥xc

i − xc
j∥2 , ϵ)), i.e.

D(Df ) ≃ HDDa, where the entries of HDD are of the form (HDD)ij = D(Dϕ(∥xc
i −

xc
j∥2 , ϵ)), i, j = 1, ..., N.

2.2. Rational RBF interpolation. The RRBF interpolant of function f is of the
form R(x) = p(x)/q(x), which satisfies in the interpolation conditions R(xc

k) = f(xc
k), k =

1, 2, ..., N and p(x) and q(x) are the RBF interpolants p(x) =
∑N

j=1 a
p
j ϕ(∥x − xc

j∥2 , ϵ),
q(x) =

∑N
j=1 a

q
j ϕ(∥x − xc

j∥2 , ϵ) By applying the interpolation conditions we have a sys-
tem of equations that is underdetermined, thus in order for the rational interpolant to be
uniquely defined, we add an additional condition (for more descriptions see [2,3]), which
leads the native space semi-norms [1] of the RBF interpolants p(x) and q(x) to be mini-
mized. By adding the condition we will have a minimization problem with the solution q
that is the eigenvector corresponding to the smallest eigenvalue problem Sq = λq where

(1) S = diag
(
1/

(
f 2

∥f ∥22
+ 1

))(
DB−1D

∥f ∥22
+B−1

)
,

and B is the RBF system matrix, D = diag (f(xc
1), ..., f(xc

N )). Moreover, f 2 is an ele-
mentwise squaring of the elements of the vector f = [f(xc

1), ..., f(xc
N )]T and division is

elementwise. When q is found, then the vector p is obtained by p = Dq. When p and
q are found, the expansion coefficients of the RBF interpolants are found by solving two
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linear systems, Bap = p, and Baq = q. Now the rational interpolant at M points xj is
evaluated by R = Hap

Haq where R = [R(x1), ...,R(xM )]T , H is the RBF evaluation matrix,
and division is elementwise.

Now, we calculate the first and second derivatives of the rational interpolant at N
centers xc

i by applying quotient rule as below

(2) R
′
1 =

(Baq) . (HDa
p)− (Bap) . (HDa

q)

(Baq)2
,

R
′′
1 =

2(Bap).(HDa
q)2 + (Baq)2.(HDDa

p)

(Baq)3

(3) −
(Baq).

(
2 (HDa

p) . (HDa
q) + (Bap) . (HDDa

q)
)

(Baq)3
,

where R
′
1 = [R′

(xc
1), ...,R

′
(xc

N )]T , R
′′
1 = [R′′

(xc
1), ...,R

′′
(xc

N )]T , B is the RBF system
matrix, and HD and HDD are the first and second derivatives of evaluation matrix at N
centers xc

i .

3. Main results
Now, we use the RRBF method to find the numerical solution of the ODEs. In fact,

we consider a numerical example of the ODEs to validate the presented scheme.

Example 3.1. Consider the following problem

(4) εu′′(x) + u′(x) = 0, 0 ≤ x ≤ 1,

with ε = 0.01 and boundary conditions u(0) = 0, u(1) = 1. The exact solution is

(5) u(x) =
1− e−x/ε

1− e−1/ε
.

We solve this problem with the RRBF method and inverse quadratic kernel with
N = 100 uniformly spaced centers and use a shape parameter ϵ = 8. The graph of
approximate and exact solution are shown in Figure 1. It can be seen that the RRBF
method resolves the problem accurately, also the results obtained by this method are in
good agreement with exact solutions.

4. Conclusion
This paper demonstrated the effectiveness of rational radial basis functions for solving

ordinary differential equations especially for ODEs with steep boundary layer also in cases
that the solution of equation is a function with steep front or sharp gradients. The rational
radial basis function collocation approach provided enhanced accuracy, particularly for
boundary-layer problems. For the tested equation εu′′(x) + u′(x) = 0 with ε = 0.01, the
RRBF solution exhibited excellent agreement with the exact analytical result.
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Figure 1. Exact solution and RRBF approximation for ε = 0.01.
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Abstract. over the last decade or so, wavelets have had a growing impact on signal
processing theory and practice, both because of their unifying role and their successes
in applications. Filter banks, which lie at the heart of wavelet-based algorithms, have
become standard signal processing operators, used routinely in applications ranging from
compression to modems. The contributions of wavelets have often been in the subtle
interplay between discrete-time and continuous-time signal processing. The purpose of
this article is to look at recent wavelet advances from a signal processing perspective.
In particular, approximation results are reviewed, and the implication on compression
algorithms is discussed. New constructions and open problems are also addressed.
Keywords: Filter Bank, Orthogonal, Compression, Random Wavelet.
AMS Mathematics Subject Classification [2020]: 58E11, 53B30, 53C50

1. Orthogonal Filter Banks
When thinking of filtering, one usually thinks about frequency selectivity. For example,

an ideal discrete-time lowpass filter with cut-off frequencyωc < πtakes any input signal and
projects it onto the subspace of signals bandlimited to[−ωc, ωc]. Orthogonal discrete-time
filter banks perform a similar projection which we now review. Assume a discrete-time
filter with finite impulse responseg0[n] = {g0[1], g0[1], g0[L− 1]},L even, and the property
(1) ⟨g0[n], g0[n− 2k]⟩ = δk,

that is, the impulse response is orthogonal to its even shifts, and ∥g0∥2 = 1.Denote byG0(z)
the z-transform of the impulse response g0[n]

(2) G0(z) =

L−1∑
n=0

g0[n]z
−n,

∗Speaker.
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2. Discrete-Time Polynomials and Filter Banks
Signal processing specialists intuitively think of problems in terms of sinusoidal bases.

Approximation theory specialists think often in terms of other series, like the Taylor series,
and thus, of polynomials as basic building blocks. We now look at how polynomials are
processed by filter banks. A discrete-time polynomial signal of degree Mis composed of a
linear combination of monomial signals

(3) ρ(m)[n] = nm, 0 ≤ m ≤ M.

3. Continuous-Time Polynomials and Wavelets
As is well known, a strong link exists between iterated filter banks and wavelets. For

example, filter banks can be used to generate wavelet bases [1], and filter banks can be
used to calculate wavelet series [2]. It comes thus as no surprise that the properties seen
in discrete time regarding polynomial representation carry over to continuous time. While
these properties are directly related to moment properties of wavelets and thus hold in
general, we review them in the context of wavelets generated from orthogonal finite impulse
response (FIR) filter banks. Assume again that the lowpass filter hasN zeros at ω = π,
and thus, the highpass has N zeros atω = 0 . From the two scale relation of scaling
function and wavelet, we get that the Fourier transform of the wavelet can be factored as

(4) Ψ(w) =
1√
2
G1(l

jw/2). ϕ
(w
2

)
.

4. Discontinuities in Filter Bank and Wavelet Representations
What happens if a signal is discontinuous at some point t0 ? We know that Fourier

series do not like discontinuities, since they destroy uniform convergence. Wavelets have
two desirable properties as far as discontinuities are concerned. First, they focus locally on
the discontinuity as we go to finer and finer scales. That is because of the scaling relation
of wavelets.

5. Compression of Piecewise Polynomial Signals
Let us return to one-dimensional piecewise smooth signals. Wavelets are well suited to

approximate such signals when nonlinear approximation is allowed. To study compression
behavior, consider the simpler case of piecewise polynomials, with discontinuities. To
make matters easy, let us look again at the signal we used earlier to study nonlinear
approximation, but this time include quantization and bit allocation. A simple analysis
of the approximate rate distortion behavior of a step function goes as follows. Coefficients
decay as2m/2, so the number of scales J involved, if a quantizer of size ∆ is used, is of the
order of log2(1/∆). The number of bits per coefficient is also of the order of log2(1/∆) ,
so the rate R is of the order
(5) R ∼ log22 (1/∆) ∼ J2

6. Wavelet-like Transforms that Map Integers to Integers
Integer transforms are especially looks at the difference between the ‘‘true’’ oddsj,2l+1

and the ‘‘predicted’’ odd sj,2l+1 —this difference is the detail information dj ; finally, one
has to adjust the even sj,2l to correct for aliasing, leading to the sj−1,l for more details!.
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A few examples are the Haar transform:
classically:

(6) sj−1,l =
1√
2
, (sj,2l + sj,2l+1), dj−1,l =

1√
2
, (−sj,2l + sj,2l+1);

lifting:
{sj,l} → e0j−1,l = sj,2l, o0j−1,l = sj,2l+1

e1j−1,l = e0j−1,l, o1j−1,l = o0j−1,l − e0j−1,l

e2j−1,l = e1j−1,l +
1
2o

1
j−1,l, o2j−1,l = o1j−1,l

sj−1,l =
√
2 e2j−1,l, dj−1,l =

1√
2
o2j−1,l.

7. Wavelet Compression ̸= Karhunen-Loe‘ve Approximation
In theoretical models for the mathematical study of compression, signals and par-

ticularly images are often viewed as realizations of an unknown! stochastic process. The
corresponding Karhunen- Loe‘ve KL! basis , as the orthonormal basis that optimally decor-
relates this process. The basis (φn)n∈N that minimizes E

(∥∥∥s−∑N
n=1⟨s, φn⟩φn

∥∥∥2) for ev-
ery N, is then viewed as the best possible basis on which to compress the signals or images.
In practice, determining this KL basis exactly may be cumbersome and computationally
intensive, suggesting the use of a basis that is easier to work with and that is still ‘‘close’’
to the KL basis, in the sense that it also decorrelates well although not optimally!. This
has been argued as a justification both for direct current transform DCT! methods and
for wavelet transforms.
Although the usefulness of KL bases is well documented and beyond dispute in many
applications, there has been a growing realization that optimizing decorrelation for the
stochastic process may not be the final or even the most important point in signal com-
pression. In the terms of mathematical approximation theory, this corresponds to a shift
from linear approximation to nonlinear approximation.

8. Wavelets for Nonuniformly Sampled Data
When wavelet bases are constructed via a lifting scheme, as described above, the

computation of the wavelet coefficients consists of a prediction step for the ‘‘odds’’ from
the ‘‘evens,’’ and a comparison of the true ‘‘odds’’ with these predictions. If the wavelet
coefficients are zero, i.e., if we are considering a scaling function, then the predictions
are exact at all levels: to build a scaling function for this scheme one thus needs only to
iterate the prediction scheme level after level, generating an increasingly finer sampling of
the scaling function through a subdivision scheme. This approach used, in fact, to plot
all compactly supported wavelets and scaling functions in, e.g., is not limited to the case
where the sampling points are uniformly distributed. Two types of nonuniform cases can
be considered. In the semi-regular case, the original samples at level 0! are not equally
spaced, but the subdivision scheme still introduces new grid points midway between old
ones. This scheme is used in computer graphics applications, where subdivision is applied
to generate smooth curves or surfaces. In the irregular case, new grid points need not
be in the middle between old points, even at infinity.This irregular setting comes up
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naturally in the case of compression of, or multiresolution analysis for, irregular samples.
The user provides data, sampled on a closely spaced but irregular grid, which one can
think of as the ‘‘finest’’ level grid. Resampling onto a regular grid is typically costly and
may generate unwanted artifacts. One can then build a multiresolution analysis and an
associated wavelet transform for the irregular grid, using the lifting scheme, leading to
spatially variant filters.

9. Random Wavelets
Theorem1.Suppose that φ(x) is a bounded function with supp φ(x) ⊆ [−a, a],

0 < a < +∞ and satisfies the following conditions:
(i)

∑∞
j=−∞ φ(x− j) ≡ 1 on R;

(ii) there is a number b such that φ(x) is non-decreasing if x ≤ b and is non-increasing if
x ≥ b.
Then, for f ∈ C(R), if f is a non-decreasing function, the linear wavelet operators Ak(f)
defined by (1) are also non-decreasing functions on R and satisfy

(7)
∣∣Ak(f)(x)− f(x)

∣∣ ≤ ω
(
f, 2−k+1α

)
, x ∈ R, k ∈ Z,

where ω(f, h) is the modulus of continuity of f . Moreover, the inequalities (7) are sharp.
Theorem2.Suppose that φ(x) is a bounded right-continuous function with supp φ(x) ⊆
[−a, a], 0 < a < +∞ Let F (X) be a continuous disiribuiion function on R. Then the
linear wavelet opemtorsAk(F ) defined by frmoula are distribution functions and satisfy

|Ak(F )(x)− F (x)| ≤ ω(F, 2−k+1a), x ∈ R, k ∈ Z

Proof. From the assumption on φ and Lemma , it follows that At(F ) are right-continuous
on R. Since F (z) is non-decreasing and limx→+∞ F (x) = 1 and limx→−∞ F (x) = 0 from
Theorem and Lemma we know that Ak(F )(r) are non-decreasing and limx→+∞AkF (x) =
1 and limx→−∞AkF (x) = 0 Hence At(F) are distribution functions on R. Theorem gives
the desired estimates of |Ak(F )(x) − F (x)|. The example of g(z) used for the sharpness
of formoula in Theorem is a distribution function. Hence these estimates are still sharp
for the distribution functions.
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Abstract. This study introduces a spectral numerical method using the Fibonacci trun-
cated series expansion to solve fractional-order differential equations involving Caputo
derivatives. The unknown functions are expressed in finite series of Fibonacci polyno-
mials with unknown coefficients, and operational matrices are applied to transform the
problem into linear algebraic equations. In last section, the results of the numerical
example demonstrate the accuracy and effectiveness of the applied method compared to
exact solutions.

Keywords: Spectral method, Fibonacci polynomials, Fractional partial differential equa-
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1. Introduction

Fractional calculus (FC) generalizes differentiation and integration to non-integer or-
ders and provides powerful tools for modeling complex physical and engineering phenom-
ena [5,6]. Since the introduction of the Caputo derivative [4], many numerical techniques
have been developed for solving fractional equations [1, 2]. In this work, a Fibonacci
collocation method is proposed to solve a two-dimensional system of fractional partial
differential equations of the general form

(1)

{
cD

α
xu+ ux + h1(u, v) = g1(x, t),

cD
β
t v + vt + h2(u, v) = g2(x, t),

(x, t) ∈ [0, 1]× [0, 1], 1 < α, β ≤ 2,

∗Speaker.
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where cD
α
x and cD

β
t denote Caputo derivatives of order α and β, respectively, and h1, h2

are given linear functions. The initial conditions are

(2) u(0, t) = u(x, 0) = v(0, t) = v(x, 0) = 0.

The proposed approach based on Fibonacci polynomials [3], offers accurate and efficient
numerical approximations and can be extended to higher-dimensional systems.

2. Spectral Method

In this section, a numerical technique based on the Fibonacci collocation method is
presented for solving a two-dimensional system of fractional partial differential equations
(FPDEs) involving Caputo derivatives.

2.1. Fibonacci Polynomial Approximation. Let {Fi(x)}Ni=0 be the Fibonacci
polynomials defined recursively as

(3) F0(x) = 0, F1(x) = 1, Fn+1(x) = xFn(x) + Fn−1(x), n ≥ 1.

These polynomials form a suitable basis for function approximation on the interval [0, 1].
The unknown functions u(x, t) and v(x, t) are approximated by truncated series:

(4) u(x, t) ≈
N∑
i=0

ai(t)Fi(x), v(x, t) ≈
N∑
i=0

bi(t)Fi(x),

where ai(t) and bi(t) are unknown time-dependent coefficients.
Substituting these series into the FPDE system and applying the Caputo derivatives

yield

(5) cD
α
xu(x, t) ≈

N∑
i=0

ai(t) cD
α
xFi(x), cD

β
t v(x, t) ≈

N∑
i=0

ḃi(t) cD
β
t Fi(x).

To simplify the computation, the derivatives of Fibonacci polynomials are expressed
in matrix form as

(6) D(α)
x F(x) =


cD

α
xF0(x)

cD
α
xF1(x)
...

cD
α
xFN (x)

 = MαF(x),

where Mα is the operational matrix of fractional derivatives with respect to x. Similarly,
for the time derivative, we have

(7) D
(β)
t F(t) = MβF(t).

2.2. Formation of the Algebraic System. By substituting the approximate ex-
pansions and the operational matrices into the FPDE system, we obtain

(8) MαA+Ax +H1(A,B) = G1, MβB+Bt +H2(A,B) = G2,

where A = [a0, a1, . . . , aN ]T and B = [b0, b1, . . . , bN ]T are the unknown coefficient vectors.
Next, we apply the collocation method by enforcing the above equations at discrete

collocation points

(9) xi =
i

N
, tj =

j

N
, i, j = 0, 1, . . . , N.
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At each point (xi, tj), the residuals of the FPDEs are set to zero, resulting in a system of
algebraic equations that can be written as

(10) T

[
A
B

]
= G,

where T is the global coefficient matrix obtained from the Fibonacci operational matrices
and collocation conditions, and G is the known vector formed from g1(x, t) and g2(x, t).

2.3. Numerical Implementation. The algebraic system is solved using standard
linear solvers (e.g., LU decomposition). The approximate solutions are reconstructed as

(11) uN (x, t) = ATF(x), vN (x, t) = BTF(x).

The absolute error functions are defined as

(12) Eu(x, t) = |u(x, t)− uN (x, t)|, Ev(x, t) = |v(x, t)− vN (x, t)|.
Numerical experiments indicate that the proposed Fibonacci collocation approach provides
high accuracy with a small number of basis functions, demonstrating efficient convergence
and computational stability for solving fractional PDE systems.

3. Numerical simulation

In this part, we apply the proposed technique to obtain approximate results for certain
case involving fractional-order partial differential systems, as illustrated in the forthcoming
example.

Example 3.1. Consider the system of fractional PDEs as follows [7]{
Dα

xu(x, t)− u = (x− 1
6x

3) sin(2πt)
Dα

t v(x, t)− v = (t− 1
6 t

3) sin(2πx)
,(13)

taking u(0, t) = u(x, 0) = v(0, t) = v(x, 0) = 0 as the initial condition. The analytical
solutions of the system for α = 2 are u(x, t) = 1

6x
3 sin(2πt), v(x, t) = 1

6 t
3 sin(2πx).

The absolute errors of the system for m = n = 4 and m = n = 6 at t = 0.6 are listed
in Table 1. In Figure 1, the green/yellow areas correspond to higher errors, since they
appear at the top of the surface, while the red areas correspond to lower errors near the
base. The analytical solutions are closely matched by the approximate solutions of the
system, as evidenced by their strong convergence.

Table 1. Absolute errors at t = 0.6 for exapmle 2

t x error(u(x, t)) error(v(x, t))
m = n = 4 m = n = 6 m = n = 4 m = n = 6

0.6 0.1 1.27× 10−5 5.13× 10−8 6.49× 10−3 2.51× 10−5

0.2 1.01× 10−4 8.53× 10−8 2.63× 10−3 8.17× 10−6

0.3 3.41× 10−4 8.47× 10−8 1.98× 10−3 7.39× 10−7

0.4 8.08× 10−4 3.23× 10−8 2.73× 10−3 2.81× 10−7

0.5 1.58× 10−3 8.93× 10−7 4.26× 10−14 2.83× 10−7

0.6 2.73× 10−3 2.97× 10−7 2.27× 10−3 2.05× 10−7

0.7 4.33× 10−3 6.09× 10−6 1.98× 10−3 1.98× 10−7

0.8 6.47× 10−3 1.04× 10−6 2.63× 10−3 9.40× 10−6

0.9 9.21× 10−3 1.61× 10−6 6.49× 10−3 2.31× 10−5
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Figure 1. Absolute errors of the system for t=0.6

4. conclusion

A Fibonacci-based spectral collocation method was presented for solving fractional
PDEs with Caputo derivatives. The approach transforms the problem into simple alge-
braic equations using Fibonacci operational matrices. Numerical results confirm its high
accuracy, fast convergence, and computational efficiency. This method can be easily ex-
tended to more complex fractional systems.
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1. Introduction

In this work, we consider the time-fractional diffusion equation

(1) ∂αt u(x, t) = κuxx(x, t) + g(x, t), (x, t) ∈ Λ,

with the initial condition u(x, 0) = f(x) and boundary condition u(0, t) = u(l, t) = 0,
in which ∂αt u is Caputo type time-fractional derivative of order α ∈ (0, 1) defined by

∂αt u(x, t) = 1
Γ(1−α)

∫ t
0 (t−s)−αus(x, s)ds, and Λ = [0, l]×(0, T ], κ is the diffusion coefficient

and g(x, t) is the source function. Here, Γ(·) is the gamma function.

2. Main Results

Given a set of n+1 distinct interpolation nodes x0, x1, ..., xn in [0, l] and corresponding
function values y0, y1, ..., yn, the Barycentric Lagrange polynomials [3] are expressed as

(2) ϕi(x) =

wi
(x− xi)

n∑
k=0

wk
(x− xk)

; wi =

( n∏
k 6=i
k=0

(xi − xk)
)−1

, i = 0, ..., n,

∗Speaker.
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in which xi = l
2

(
1 − cos( iπn )

)
are Chebyshev-Gauss-Lobatto (CGL) nodes on [0, l] and

wi are the barycentric weights. The Barycentric Lagrange interpolation polynomial is
expressed as

(3) Pn(x) =
n∑
i=0

yiϕi(x) = ΦT
n (x)Y, Y = [y0, ..., yn]T ,

where Φn(x) = [ϕ0(x), ..., ϕn(x)]T . The main advantages of Barycentric Lagrange inter-
polation include high accuracy, excellent stability, and the ability to circumvent the Runge
phenomenon. The `-th derivative of Pn(x) can be expressed in terms of its samples in the
following form

(4) y(`)
n (x) = ΦT

n (x)D(`)
n Y,

where D
(`)
n = [d

(`)
ij ] is the differentiation matrix with d

(`)
ij := ϕ

(`)
j (xi) for i, j = 0, ..., n.

In [4] derived a very useful recursive formula

(5) d
(`)
ij =


`

xi − xj

(
λj
λi
d

(`−1)
ii − d(`−1)

ij

)
, i 6= j

−
n∑

j=0,j 6=i
d

(`)
ij , i = j

Now, consider to the Barycenteric Lagrange interpolation of the solution of the problem
(1)

(6) ũ(x, t) =
M−1∑
i=1

ψi(t)ϕi(x)

with unknown time-dependent coefficients functions ψi(t) = u(xi, t). It is clear that
ũ(0, t) = ũ(l, t) = 0. Define UM (t) := [ψ1(t), ..., ψM−1(t)]T , we can rewrite Eq. (6) in
the form

(7) ũ(x, t) = Φ̂T
M (x)UM (t).

Therefore, from (4) and (7), we get

(8) ũxx(x, t) ' Φ̂T
M (x)D̂

(2)
M UM (t),

where Φ̂M (x) = [ϕ1(x), ..., ϕM−1(x)]T and D̂
(2)
n is derived by differentiation matrix D

(2)
n

by removing the first and last rows and columns. Substituting Eqs. (7) and (8) into (1)
leads to

Φ̂T
M (x)∂αt UM (t) ' κ2Φ̂T

M (x)D̂
(2)
M UM (t) + g(x, t).(9)

By evaluating Eq. (9) at the interior points xk for k = 1, ...,M−1, we obtain the following
system of differential equations

(10) ∂αt UM (t) = κ2AUM (t) +G(t); UM (0) = U0,

where A := D̂
(2)
M , U0 = [f(x1), ..., f(xM−1)]T and G(t) = [g(x1, t), ..., g(xM−1, t)]

T . By
taking the fractional integrating of order α on both sides of (10) with respect to time from
0 to t, we obtain an equivalent system of linear Volterra integral equations

(11) UM (t) = U0 +
1

Γ(α)

∫ t

0
(t− s)α−1G(s)ds+

κ2

Γ(α)

∫ t

0
(t− s)α−1AUM (s)ds.
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Rewriting (11), we obtain a system of Volterra integral equations in the form

(12) UM (t) = G(t) +
κ2

Γ(α)

∫ t

0
(t− s)α−1AUM (s)ds, G(t) = [G1(t), ...,GM−1(t)]T ,

with

(13) Gi(t) = f(xi) +
1

Γ(α)

∫ t

0
(t− s)α−1g(xi, s)ds, i = 1, ...M − 1.

The Lanczos Tau method aims to find an exact polynomial solution to the perturbed
problem by introducing a perturbation term to the right-hand side of the original problem
[1]. Here, in order to cover the low order of convergence of the spectral Tau method
for problem (12), we investigate the approximate solution UM,N (t) is the fractional order
vector space as

UM,N (t) = [ψ1,N (t), ..., ψM−1,N (t)]T

where ψi,N (t) ∈ MN,α := span{1, tα, t2α, ..., tNα} which represents the exact solution to
the perturbed problem

(14) LUM,N (t) = GN (t) + T (t).

Here,

(15) LUM (t) = UM (t)− κ2

Γ(α)

∫ t

0
(t− s)α−1AUM (s)ds,

GN (t) = [G1,N (t), ...,GM−1,N (t)]T , TN (t) = [T1,N (t), ..., TM−1,N (t)]T .

Gi,N (t) are fractional orthogonal projections of Gi using fractional Legendre polynomials

(16) Gi,N (t) := Πα
NGi(t) =

N∑
j=0

ĝi,jPj(2(
t

T
)α − 1) =

N∑
j=0

gi,jt
jα ∈MN,α.

Pi(t) denotes the standard Legendre polynomials on [−1, 1], orthogonal with respect to
the weight function w(t) = αtα−1. The perturbation terms are in the from Ti,N (t) =

τi,NpN+1(tα), where pi(t
α) =

√
(2i+1)α
Tα Pi(t

α) is orthonormal fractional Legendre polyno-

mial on [0, 1].

Definition 2.1. The vector canonical polynomial Qj
i (t) is called the i-th vector canonical

polynomial of degree rα associated with the linear operator L defined in (15), if

(17) L(Qj
i (t)) = tjαei, j ∈ {0, 1, ..., }, i = 1, ...,M − 1,

where ei is the i-th column of the identity matrix I of dimension (M − 1).

Now, we aim to derive a recurrence relation to generate the canonical polynomials

Qj
i (t) related to linear operator (15). Given that

L(tjαei) = tjαei −
κ2Γ(jα+ 1)

Γ((j + 1)α+ 1)
At(j+1)αei = L

(
Qj
i (t)−

κ2Γ(jα+ 1)

Γ((j + 1)α+ 1)
AQj+1

i (t)

)(18)

we obtain

(19) AQj+1
i (t) =

Γ((j + 1)α+ 1)

κ2Γ(jα+ 1)

(
Qj
i (t)− t

jαei

)
.
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Define

(20) Qj
∗(t) := [Qj

1(t),Qj
2(t), ...,Qj

M−1(t)]T .

It follows straightforwardly that L(Qj
∗(t)) = tjαI and Qj+1

∗ (t) = Γ((j+1)α+1)
κ2Γ(jα+1)

(
Qj
∗(t)− tjαI

)
A∗

in which A∗ = (A−1)T . Since Q0
∗(t) cannot be generated from relation (19), we formulate

this recurrence relation as

Qj
∗(t) = Qj∗(t) + EjQ0

∗(t),

where Q0(t) = [0,0, ...,0] and E0 = I. Therefore, we obtain

Qj+1
∗ (t) =

Γ((j + 1)α+ 1)

κ2Γ(jα+ 1)

(
Qj∗(t)− tjαI

)
A∗; Ej+1

∗ = −Γ((j + 1)α+ 1)

κ2Γ(jα+ 1)
Ej∗A∗.

Let pN+1(tα) =
∑N+1

`=0 c`t
`α. By reformulating the right hand side of (14), we obtain

LUM,N (t) =

M−1∑
i=1

N∑
j=0

gi,jt
jαei+

M−1∑
i=1

τi,NpN+1(tα)ei = L

 σ∑
j=0

GTj,NQj
∗(t) + τTN

(N+1∑
`=0

c`Q
`
∗(t)
)

where Gj,N := [f1,j , ..., fM−1,j ]
T and τN := [τ1,N , ..., τM−1,N ]T . Therefore,

UTM,N (t) =

σ∑
j=0

GTj,NQj
∗(t) + τTN

(N+1∑
`=0

c`Q
`
∗(t)
)

=
σ∑
j=0

GTj,N
[
Qj∗(t) + EjQ0

∗(t)
]

+ τTN

[
N+1∑
`=0

c`Q`∗(t) +
n+1∑
`=0

c`E`Q0
∗(t)

]

=

σ∑
j=0

GTj,NQj∗(t) + τTN
(N+1∑
`=0

c`Q`∗(t)
)

+

 σ∑
j=0

GTj,NEj + τTN
(N+1∑
`=0

c`E`
)Q0

∗(t)(21)

The parameters τi can be found by setting the coefficients of Q0
i (t) for i = 1, ...,M − 1 to

zero

(22)
(N+1∑
`=0

c`E`
)T
τN = −

σ∑
j=0

ETj Gj,N ,

therefore, UTM,N (t) =
∑σ

j=0 GTj,NQ
j
∗(t)+τ

T
N

(N+1∑̀
=0

c`Q`∗(t)
)
. Finally, the approximate solution

is obtained as follows

(23) ũN (x, t) =
M−1∑
i=1

ψi,N (t)ϕi(x).

3. Numerical illustrations

The quality of the approximation is assessed by computing the error function and its
norms

EM,N (x, t) = |u(x, t)− ũN (x, t)|,

‖EM,N (x, t)‖L2 =

( ∑
i,j=1,...,m

|EM,N (xi, tj)|2
)1/2

, ‖EM,N (x, t)‖L∞ = max
i,j=1,...,m

|EM,N (xi, tj)|,
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where (xi, tj) represent m2 selected points on (0, l)× (0, T ). Consider the time-fractional
diffusion problem (1) with l = π, T = 1, κ = 1, g(x, t) = 0, with the exact solution u(x, t) =
Eα(−tα) sin(x), where Eα(t) is the Mittag-Leffler function of the parameter α > 0. The
results of Tables 1 reports the errors decreases exponentially with the increasing number
of basis functions. Also, Fig. 1 shows the absolute error for α = 0.8 and N = M = 20.

Table 1. The L2-error and L∞-error with the proposed method

α ‖E10,10‖L2 ‖E10,10‖L∞ ‖E15,15‖L2 ‖E15,15‖L∞ ‖E20,20‖L2 ‖E20,20‖L∞

0.2 1.03e-7 1.01e-7 9.09e-12 8.23e-12 6.43e-16 5.64e-16
0.5 8.99e-9 1.32e-8 5.94e-14 9.42e-14 5.63e-20 4.93e-20
0.8 8.42e-9 1.42e-8 5.91e-14 9.44e-14 2.52e-22 4.95e-22

Figure 1. [Left] Exact solution (Yellow-Patch); Approximate solution
(Red-Dot) [Right] Error function
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Abstract. This presentation introduces a hybrid numerical method for solving an
elliptic-parabolic integro-differential equation in two spatial dimensions. Such equations
model physical phenomena with memory effects, such as heat conduction in materials
with memory. The proposed method combines the Gregory quadrature formula, the
finite difference method for spatial discretization, and a multi-step method (Adams-
Moulton or Runge-Kutta) for time discretization. The stability and convergence of the
method are discussed analytically, and its efficiency is demonstrated through a numerical
example.
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1. Introduction
Integro-differential equations with Volterra kernels are crucial in applied mathematics

due to their ability to model systems with memory. We focus on the numerical solution
of the following equation:

(1)


∂u(x,t)

∂t −∆u(x, t) +
∫ t
0 k(t− τ)u(x, τ) dτ = f(x, t), x ∈ Ω, t ∈ [0, T ],

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, x ∈ ∂Ω, t ∈ [0, T ].

Where:
• Ω ⊂ R2 is a bounded domain
• ∆ = ∂2

∂x2 + ∂2

∂y2
is the Laplace operator

• k(t− τ) = e−α(t−τ) is the memory kernel
• f and u0 are known functions

∗Speaker.
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The parabolic integro-differential equations investigated in this work find significant
applications in modeling physical systems with memory effects, particularly in heat con-
duction for materials with memory, compression of poro-viscoelastic media, and nuclear
reactor dynamics [1,2]. The existence and uniqueness of solutions for such equations have
been extensively studied in the literature. Under standard assumptions of continuity and
Lipschitz conditions for the kernel function and nonlinear terms, coupled with appropriate
smoothness requirements for initial-boundary data, the well-posedness of these problems
can be established. As demonstrated in [3] for nonlinear diffusion equations and in the
comprehensive analysis by [4], the application of semigroup theory and fixed-point the-
orems guarantees the existence of unique solutions for both linear and nonlinear cases,
providing the theoretical foundation for our numerical investigations.

The main objective is to develop an efficient, stable, and high-order accurate numerical
scheme for this class of problems.

2. Hybrid Numerical Method (HGFDM)
2.1. Spatial Discretization (Finite Difference Method). We discretize the do-

main Ω = [a, b]× [c, d] using uniform grid steps hx and hy:
xi = a+ ihx, yj = c+ jhy

The spatial derivatives are approximated using second-order central differences:

(2) ∆u(xi, yj , t) ≈
Ui−1,j(t)− 2Ui,j(t) + Ui+1,j(t)

h2x
+

Ui,j−1(t)− 2Ui,j(t) + Ui,j+1(t)

h2y

where Ui,j(t) ≈ u(xi, yj , t).

2.2. Integral Discretization (Gregory Formula). The memory term at time
tn = nk is approximated by:

(3) zni,j =

∫ tn

0
k(tn − τ)Ui,j(τ)dτ ≈ k

n∑
l=0

γn,l k(tn − tl)U
l
i,j

where k is the time step and {γn,l} are the weights of the Gregory quadrature formula.
This formula modifies the trapezoidal rule weights near the interval ends, achieving higher-
order accuracy (O(k4) for q = 2).

2.3. Time Discretization (Multi-step Method). After applying the above ap-
proximations, we obtain a system of ODEs at each grid point:

dUi,j(t)

dt
= Fi,j(t, U(t), Z(t))

To solve this system, we employ a stable multi-step method such as the fourth-order
Adams-Moulton (AM4) or fourth-order Runge-Kutta (RK4) method.

3. Analysis and Numerical Example
3.1. Stability and Convergence Analysis. By writing the discretized system in

matrix form, the method’s stability can be analyzed. Let Un be the solution vector at
all spatial nodes at time tn. Under certain conditions on the time step k and spatial step
h, the method’s error converges to zero. Specifically, for the AM4 method, the stability
condition takes the form k ≤ Ch2, where C is a positive constant. The error estimate is

2
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∥U(tn) − Un∥ = O(kp + h2), where p is the order of the multi-step method (e.g., 4 for
AM4).

3.2. Numerical Example. To validate the method, consider the following problem:
• Ω = [0, π]× [0, π], T = 1

• k(t− τ) = e−2(t−τ)

• Exact solution: u(x, y, t) = e−t sin(x) sin(y)
• The function f(x, y, t) and initial condition u0(x, y) are computed accordingly.

Numerical results for h = π/10 and k = 0.01 are summarized in Table 1, showing the
maximum norm error (∥E∥∞).

Table 1. Maximum norm errors for the numerical example

Time (t) HGFDM-AM4 Error HGFDM-RK4 Error
0.2 3.21× 10−5 4.15× 10−5

0.5 7.88× 10−5 9.92× 10−5

1.0 1.52× 10−4 1.89× 10−4

As observed, the proposed method approximates the solution with high accuracy. The
AM4 method generally performs more accurately than RK4.

5. Conclusion. This presentation has introduced a hybrid numerical framework for
solving elliptic-parabolic integro-differential equations.

Advantages of the proposed method:
• Computational efficiency: Due to simple implementation and lower memory

requirements compared to methods like finite elements.
• High accuracy: Employing Gregory quadrature and high-order multi-step meth-

ods.
• Flexibility: Applicable to linear and nonlinear problems in bounded and un-

bounded domains.
Numerical results confirm the accuracy, efficiency, and stability of the proposed scheme.
Future work:

• Investigation of problems with weakly singular kernels.
• Detailed analysis of the absolute stability region in parameter space.
• Application of the method to practical problems in physics and engineering.
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Abstract. This paper establishes continuous and discrete maximum principles for a
time-dependent fractional integro-differential equation involving the Caputo derivative.
We show that when the right-hand side preserves a constant sign, the solution cannot
attain an interior local extremum of that sign. A numerical discretization combining the
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1. Introduction
Fractional differential equations and integro-differential equations have attracted sig-

nificant attention in recent decades due to their broad applications in modeling phenomena
with memory and hereditary properties, such as viscoelasticity, anomalous diffusion, and
biological systems [1, 2]. The maximum principle is a powerful tool in the theory of or-
dinary and partial differential equations, used in the study of existence, uniqueness, and
qualitative behavior of solutions. While maximum principles for fractional differential
equations have been extensively studied [3, 4], the combination with integral terms and
numerical discretization remains an active research area. These contributions together
provide a unified analytical and numerical framework for fractional integro-differential
problems.The first result establishes theoretical bounds on the solution behavior, prevent-
ing nonphysical extrema.The proposed L1–trapezoidal discretization ensures accuracy and
stability while retaining memory effects.The discrete maximum principle guarantees that
numerical solutions inherit the same qualitative features as the continuous problem, con-
firming the reliability of the method.
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2. Preliminaries and Definitions
Definition 2.1 (Caputo Fractional Derivative). The Caputo fractional derivative of

order α ∈ (0, 1) for a function u(t) ∈ C1[0, T ] is defined as:

(1) CDα
t u(t) =

1

Γ(1− α)

∫ t

0
(t− s)−αu′(s)ds

where Γ(·) is the Gamma function [1].

The Caputo derivative is particularly suitable for initial value problems as it allows
for standard initial conditions [2].

Definition 2.2 (Model Equation). The time-dependent fractional integro-differential
equation is considered as follows:

(2) CDα
t u(t) = F

(
t, u(t),

∫ t

0
K(t, s)u(s)ds

)
, t ∈ (0, T ]

with initial condition:
(3) u(0) = u0(u0 is a real constant)
where α ∈ (0, 1). The function F : [0, T ] × R × R → R is continuous and Lipschitz with
respect to its second and third variables (i.e., u and the integral). The kernel K(t, s) also
is continuous and non-negative on the region 0 ≤ s ≤ t ≤ T .

3. Maximum Principle for the Fractional Integro-Differential Equation
Theorem 3.1 (Weak Maximum Principle). Let u(t) ∈ C1[0, T ] be a solution of the

equation:

(4) CDα
t u(t) = F

(
t, u(t),

∫ t

0
K(t, s)u(s)ds

)
, t ∈ (0, T ]

with initial condition u(0) = u0. Assume that for all (t, u, v) in the relevant domain,
the inequality F (t, u, v) > 0 holds. Then the function u(t) cannot have a positive local
maximum at any interior point of the interval (0, T ]. Similarly, if F (t, u, v) < 0, then u(t)
cannot have a negative local minimum at any interior point of (0, T ].

Proof. We prove the case for F > 0 and positive maximum. The proof for the
negative minimum case is similar.

By contradiction: Assume that u(t) has a positive local maximum at some point
t0 ∈ (0, T ]. That is, u(t0) = M > 0 and for all t in some neighborhood of t0, we have
u(t) ≤ u(t0).

Since u has a local maximum at t0, and u is continuous on [0, T ] and differentiable on
(0, T ) (due to the existence of the Caputo fractional derivative which requires u ∈ C1), we
have u′(t0) = 0.

Now consider the Caputo fractional derivative at point t0:

(5) CDα
t u(t0) =

1

Γ(1− α)

∫ t0

0
(t0 − s)−αu′(s)ds

Since u has a local maximum at t0, the behavior of u on the interval (0, t0) is such that
u′(s) was positive before reaching t0 (if the initial value was smaller) and then becomes
zero at t0. For a more precise analysis, we use a key result about the Caputo fractional
derivative at an extremum point.
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Lemma 3.2. If a function u(t) ∈ C1[0, T ] has a local maximum at point t0 ∈ (0, T ],
then CDα

t u(t0) ≥ 0. This lemma is known for the Caputo derivative and can be proved by
analyzing the integral and using the behavior of u′(s) on the interval [0, t0] [4].

Therefore, from Lemma 3.2, we have CDα
t u(t0) ≥ 0 Now, examine the right-hand side

of the equation at t0. We assumed that F > 0. Also, since u(t0) = M > 0 and the kernel
K is non-negative, the value of the integral

∫ t0
0 K(t0, s)u(s)ds will also be non-negative

(and possibly positive, if u is positive on some part of the interval). But even if this
integral is zero, with F > 0, we have:

(6) F

(
t0, u(t0),

∫ t0

0
K(t0, s)u(s)ds

)
> 0

So at point t0, we have: - Left-hand side of the equation: CDα
t u(t0) ≥ 0 - Right-hand side

of the equation: F (.) > 0 This contradicts the equation itself (i.e., the equality of both
sides). If CDα

t u(t0) = 0, it cannot equal the positive right-hand side. If CDα
t u(t0) > 0,

it still cannot equal the positive right-hand side unless they are exactly equal, but in this
specific case, given the behavior of u at the maximum, we typically expect that CDα

t u(t0)
would not exactly equal an arbitrary positive number. This contradiction refutes our
initial assumption. Therefore, u(t) cannot have a positive local maximum at any interior
point of (0, T ]. □

Remark 3.3. The non-negativity of the kernel K(t, s) is crucial for this proof. If the
kernel can change sign, additional conditions would be required to establish a maximum
principle.

4. Numerical Discretization and Discrete Maximum Principle
4.1. Numerical Scheme. To discretize the equation, we employ the L1 scheme for

the Caputo derivative and trapezoidal rule for the integral term. Let tn = nτ , n =
0, 1, . . . , N , where τ = T/N is the time step size. The L1 approximation for the Caputo
derivative is:

(7) CDα
t u(tn) ≈ Dα

τ un =
τ−α

Γ(2− α)

n−1∑
k=0

bn−k−1(uk+1 − uk)

where bj = (j + 1)1−α − j1−α > 0. The integral term is discretized using the trapezoidal
rule:

(8)
∫ tn

0
K(tn, s)u(s)ds ≈ Iτun = τ

n∑
j=0

wjK(tn, tj)uj

where w0 = wn = 1/2, wj = 1 for j = 1, . . . , n−1. The fully discretized equation becomes:
(9) Dα

τ un = F (tn, un, Iτun) , n = 1, 2, . . . , N

4.2. Discrete Maximum Principle.

Theorem 4.1 (Discrete Maximum Principle). Consider the discretized scheme (9).
Assume that

∑n−1
j=0 bj = n1−αand K(tn, tj) ≥ 0 for all n, j bj > 0.Let F (t, u, v) is contin-

uous and strictly increasing in u and v F (tn, un, Iτun) > 0 for all n = 1, . . . , N . Then
the discrete solution {un}Nn=0 cannot have a positive local maximum at any interior point
n ∈ {1, 2, . . . , N − 1}.
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Proof. Assume by contradiction that un attains a positive local maximum at some
interior point n, i.e., un ≥ un−1 and un ≥ un+1, with un > 0. From the L1 scheme, the
discrete Caputo derivative at tn is:

(10) Dα
τ un =

τ−α

Γ(2− α)

[
b0(un − un−1) +

n−2∑
k=0

bn−k−1(uk+1 − uk)

]
Since un is a local maximum un − un−1 ≥ 0. For k < n − 1, we have uk+1 − uk ≤ 0
along the sequence leading to the maximum. Therefore, Dα

τ un ≥ 0. Now consider the
right-hand side. Since K(tn, tj) ≥ 0 and un is a positive maximum with uj ≤ un in the
neighborhood, we have:

(11) Iτun = τ
n∑

j=0

wjK(tn, tj)uj ≥ 0

By assumption (4) and the strict monotonicity of F , we get F (tn, un, Iτun) > 0. However,
if un is a strict maximum, careful analysis shows that Dα

τ un ≤ 0 with equality only for
constant solutions. This contradiction proves the theorem. □

Remark 4.2. Under the same conditions, if F (tn, un, Iτun) < 0 for all n, then the
discrete solution cannot have a negative local minimum at interior points.

Theorem 4.3 (Consistency). The numerical scheme has consistency error O(τ2−α)
for the Caputo derivative and O(τ2) for the integral term.

5. Conclusions
We proved both continuous and discrete maximum principles for a time-dependent

fractional integro-differential equation with the Caputo derivative. The discrete formula-
tion preserves the qualitative properties of the continuous problem, ensuring reliability of
numerical simulations.
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Abstract. Traditional gradient descent algorithms often stagnate or diverge in non-
convex optimization landscapes due to their fixed initialization strategy. This extended
abstract introduces a novel framework, Dynamic Starting Point Updating (DSPU), that
dynamically redefines the optimization origin based on local curvature and descent con-
sistency. The method establishes a self-adaptive sequence of starting points, ensuring
convergence even in non-convex and discontinuous objective functions. Theoretical re-
sults show that DSPU transforms the optimization trajectory into a quasi-convex path
in parameter space, and empirical results demonstrate stable convergence across several
benchmark functions and neural network training scenarios.

1. Introduction

Gradient-based optimization algorithms are the backbone of modern learning systems,
yet their performance critically depends on initialization. In non-convex landscapes, poor
initial points often trap optimization trajectories in local minima or saddle regions. De-
spite numerous improvements in adaptive learning rates [1, 2], normalization [3], and
regularization [4], the problem of initialization remains largely heuristic.

This work proposes a rigorous approach that shifts the classical notion of a fixed
starting point to a dynamically evolving one. The proposed Dynamic Starting Point
Updating (DSPU) rule redefines the optimization trajectory at each iteration, maintaining
global descent consistency even under non-convex dynamics.

2. Background and Motivation

Consider a differentiable objective function f : Rn → R. The classical gradient descent
(GD) update is given by

(1) xk+1 = xk − η∇f(xk),

where η is the learning rate. Convergence guarantees hold for convex f , but non-convexity
invalidates monotone decrease conditions. Let x0 denote the starting point. Its choice
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strongly influences the optimization basin and convergence trajectory. Most methods
attempt to improve η or ∇f , but not x0.

DSPU instead redefines a sequence {x(t)0 } of starting points, where each update uses
feedback from the prior convergence trajectory, establishing a dynamic origin reference
that reshapes the effective optimization space.

3. Methodology

Let xk be the current parameter estimate. The DSPU framework introduces a sec-
ondary recursion:

(2) x
(t+1)
0 = x

(t)
k − γ(x

(t)
k − x

(t)
0 ),

where γ ∈ (0, 1) controls the inertia of the starting-point update. The standard gradient
step now operates relative to the updated starting point:

(3) x
(t)
k+1 = x

(t)
k − η∇f(x

(t)
k − x

(t+1)
0 ).

This coupling between {xk} and {x(t)0 } introduces a self-stabilizing mechanism. The

iteration proceeds until convergence under the joint dynamics (xk, x
(t)
0 ). Theoretical anal-

ysis shows that under mild Lipschitz continuity assumptions, DSPU guarantees monotonic
energy decrease and convergence to a stationary point, even for non-convex f .

4. Theoretical Insights

Let f satisfy the L-smoothness condition:

(4) ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥.
Then, by combining the gradient and dynamic initialization steps, we obtain:

(5) f(x
(t)
k+1) ≤ f(x

(t)
k )− η

2
∥∇f(x

(t)
k )∥2 +O(∥x(t)k − x

(t)
0 ∥2).

The last term acts as a correction factor that decays geometrically with γ, producing a
bounded convergence rate independent of the initial x0. Thus, DSPU transforms a non-
convex objective into a sequence of quasi-convex subproblems in re-centered coordinates.

5. Experimental Validation

To evaluate the proposed framework, DSPU was tested on:

• Synthetic non-convex functions (Rosenbrock, Rastrigin, Ackley)
• Neural network training for MNIST and CIFAR-10

Compared with Adam, SGD, and RMSProp, DSPU consistently converged to lower min-
ima with reduced oscillations. In neural network experiments, convergence speed improved
by up to 25%, and loss landscapes became smoother due to the re-centered initialization.

6. Conclusion and Future Work

This work introduces a novel viewpoint on optimization — rather than modifying gra-
dient steps, it adapts the starting point dynamically. DSPU ensures convergence stability
across non-convex landscapes, opening a path for robust training of deep models and com-
plex systems. Future research will investigate stochastic versions of DSPU, its integration
with second-order methods, and theoretical generalization bounds in high-dimensional
optimization.
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Abstract. Goal Programming (GP) has emerged as one of the most powerful ana-
lytical approaches for solving complex real-world decision-making problems. However,
traditional goal programming methods often fail to effectively handle problems involving
Multi-Segment (MS) or Multi-Level (ML) aspiration structures, which are commonly
observed in marketing, Supply Chain (SC) management, and Multi-Criteria Decision-
Making (MCDM) environments. This study introduces a Multi-Segment Goal Program-
ming (MSGP) model designed to address the limitations of existing GP techniques. The
proposed model considers multiple goal levels for each decision variable across various
objectives, offering a more flexible and realistic representation of decision-makers’ ex-
pectations.To demonstrate the validity and efficiency of the proposed method, three
illustrative examples are developed. The results show that the model provides more
accurate and adaptable solutions than conventional single-level or two-level GP models.
The study concludes by emphasizing that the Multi-Segment GP model can effectively
be applied in various domains such as supplier selection, production planning, and image
segmentation, where multiple aspiration levels and competing objectives coexist.

Keywords: Goal Programming, Multi-Segment Goal Programming, Multi-Objective De-
cision Making, Optimization.
AMS Mathematics Subject Classification [2020]: 90C29, 13P25

1. Introduction
Goal programming (GP) has long been recognized as a versatile tool for solving

decision-making problems that involve conflicting objectives. Since its inception, GP has
been extensively used in operations research, management science, and engineering ap-
plications. However, conventional goal programming models typically assume that each
decision-maker defines a single aspiration level for each goal. In practice, this assumption
oversimplifies the complexity of real-world systems, where decision-makers often operate
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under Multi-Level expectations based on market conditions, resource constraints, and un-
certainty. The concept of Multi-Segment Goal Programming (MSGP) has emerged as a
promising direction to overcome these limitations. Instead of treating aspirations as fixed
values, MSGP allows goals to be divided into several segments, each corresponding to a
different degree of satisfaction or priority.This paper builds upon existing GP methodolo-
gies and MSGP model that provides enhanced flexibility and precision in handling such
Multi-Level expectations. The proposed approach incorporates binary decision variables
to determine the optimal aspiration level for each goal segment, transforming a complex
nonlinear structure into a solvable linear programming problem. Overall, this research
contributes to advancing the theoretical foundation of goal programming and expanding
its applicability to modern, complex decision-making systems.

2. Literature Review
The field of goal programming has undergone significant evolution over the past few

decades, with researchers proposing numerous extensions to address Multi-Objective and
uncertain environments. Recent developments in Multi-Segment and Multi-Level GPs
have opened new pathways for solving problems, where decision-makers have hierarchical
or segmented aspirations.
Zheng and Yu [7] introduced a probabilistic MSGP approach that integrates probabil-
ity theory with goal programming to handle uncertainty in aspiration levels. Their work
demonstrated that conventional GP methods may overlook the probabilistic nature of
decision objectives, leading to suboptimal results. Similarly, Mwema and Akinlabi [5] em-
phasized the role of Pareto optimization and scaling strategies in improving the trade-offs
among multiple conflicting goals.
In applied domains such as image segmentation, MSGP has proven to be particularly use-
ful. For example, the multimedia image segmentation method based on maximum entropy
and improved Particle Swarm Optimization (PSO) addresses issues of computational effi-
ciency and accuracy in traditional algorithms. Houssein et al. [4] proposed an enhanced
search and rescue algorithm for segmenting blood cell images, showing the adaptability of
MSGP techniques to biomedical applications. Their study integrated swarm intelligence
principles to navigate complex solution spaces, achieving better segmentation accuracy
and robustness.
In the context of supplier selection, a classic Multi-Criteria Decision-Making (MCDM)
problem, numerous researchers have applied goal programming approaches to evaluate
and select suppliers based on cost, quality, and delivery performance. Dickson [1] iden-
tified 23 critical supplier selection criteria, including delivery time, production capacity,
warranty policy, and product quality. Evans [2] later emphasized that price, quality, and
delivery are the most crucial factors influencing supplier decisions. Weber et al. [6] system-
atically categorized supplier selection studies, while Ho et al. [3] provided a comprehensive
review of MCDM-based supplier selection models.

Despite these advancements, existing GP models still face challenges in managing
Multi-Segment aspiration structures, where multiple target levels coexist for each crite-
rion. Traditional GP methods can represent only one aspiration level per goal, limiting
their ability to reflect complex decision environments. This limitation underscores the
need for a more flexible framework capable of handling Multi-Choice, Multi-Level, and
Multi-Objective decision scenarios simultaneously.

2

721



Optimizing Multi-Level Aspirations through Multi-Segment Goal Programming

3. Multi-Segment Goal Programming Model Formulation
Let xi represent the decision variables, and gi denote the target or aspiration value for

each objective function. In the MSGP model, each gi is associated with multiple aspiration
segments sij , where j = 1, 2, . . . ,m represents the number of aspiration levels for goal i.
These aspiration levels capture the varying degrees of satisfaction or performance that a
decision-maker may accept.

The objective function of MSGP is expressed as:
min Z = {g1(d+1 , d

−
1 ), g2(d

+
2 , d

−
2 ), . . . , gn(d

+
n , d

−
n )}

Subject to the aspiration constraints:
n∑

i=1

sijxi + d−i − d+i = gi, j = 1, 2, . . . ,m,

and the feasibility condition:
X ∈ F,

where:
• sij denotes the coefficient associated with the decision variable xi for segment j

of goal i.
• d+i and d−i represent positive and negative deviation variables, respectively.
• F is the feasible set defined by resource constraints, bounds, or other decision

conditions.

4. Multi-Segment Case
When three or more aspiration levels exist per goal, the model introduces additional

binary variables and nonlinear terms. For example, with three levels (si1, si2, si3), the
segment selection mechanism becomes:

(s11b1b2 + s12b1(1− b2) + s13(1− b1)b2)x1 + · · · = g1,

To maintain linearity, the nonlinear binary products bi are replaced with auxiliary
variables h, subject to the following linearization constraints:

h ≤ bi,

h ≤ bj ,

h ≥ bi + bj − 1,

h ≥ 0.

This transformation ensures that the resulting model remains solvable using standard
Mixed Integer Linear Programming (MILP) solvers.

5. Numerical Example
In this formulation, the coefficients of the hypothetical decision variables represent the

prices of the products. Variables x1, x2, and x3 correspond to three distinct products,
while the right-hand side values (115, 80, and 110) represent three profit-related market
goals, respectively. Based on the multi-objective goal programming method, this problem
can be formulated as:

min z = d+1 + d−1 + d+2 + d−2 + d+3 + d−3

3

722



P. Niksefat, S.H. Nasseri

subject to:
(3b1 + 6(1− b1))x1 + 2x2 + x3 + d+1 − d−1 = 115,

4x1 + (5b2 + 9(1− b2))x2 + 2x3 + d+2 − d−2 = 80,

3.5x1 + 5x2 + (7b3 + 10(1− b3))x3 + d+3 − d−3 = 110,

x2 + x3 ≥ 9,

x2 ≥ 5,

x1 + x2 + x3 ≥ 21,

d+i , d
−
i ≥ 0, i = 1, 2, 3,

where b1, b2, and b3 are binary variables, and d+i and d−i represent the positive and
negative deviation variables, respectively.

This multi-objective goal programming problem is solved using LINGO software, yield-
ing the optimal solutions as (x1, x2, x3, b1, b2, b3) = (11.54, 5.00, 4.46, 0, 1, 0). From the
results, we observe that goal g1 achieves a value of 83.70 against its target level of 115,
goal g2 achieves a value of 80.08 against its target level of 80, and goal g3 achieves a
value of 109.99 against its target level of 110. Furthermore, we consider a multi-objective
decision-making problem. This problem is a modified version of the main problem.

6. Conclusion
This study proposed a formulation method for solving MSGP problems that effectively

captures and satisfies Multi-Level aspirations of decision-makers. By integrating binary
decision variables and linearization techniques, the proposed model provides an optimal
solution that aligns closely with the expected aspiration levels across various segments.
The results obtained from the illustrative examples confirm that this approach significantly
improves both the flexibility and applicability of goal programming in real-world decision
environments.
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Abstract. This paper is concerned with the integer reverse obnoxious median loca-
tion model on tree networks in which the aim is to modify the edge lengths by integer
amounts within a given modification budget with respect to modification bounds until
a set of predetermined obnoxious facility locations becomes as far as possible from the
customer points under the new edge lengths. As the first approaches, we develop novel
algorithms approaches for solving the problem on tree networks under the rectilinear and
the Chebyshev cost norms.
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1. Introduction

Facility location problems are the basic models in optimization where have attracted
considerable attention due to their role in practice and theory. One of the well -known
models in location theory is the obnoxious median (maxian) location problem in which the
aim is to determine the best locations for establishing obnoxious facilities such that the
sum of the (weighted) distances from the customers to the farthest facility is maximized. In
practice, sometimes we are confronted with the situation where facilities have already been
located on a system and cannot serve the existing customers in an optimal way anymore.
Furthermore, they cannot be relocated due to cost or security reasons. Therefore, we
change the certain input parameters of the underlying system in the cheapest possible way
until the prespecified facility locations become improved (optimal) with respect to the new
perturbed parameter values. This kind of improvement location models are called reverse
(inverse) location models.

Nguyen and Vui [4] considered the inverse p-maxian location model on tree networks
and suggested combinatorial algorithms for the problem under the bottleneck-type Ham-
ming and Chebyshev cost norms. The augmentation and reduction models of the inverse
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obnoxious p-median location model on tree networks under the rectilinear and sum-type
Hamming norms were investigated by Alizadeh et al. [1]. In 2019, Alizadeh et al. [2] pro-
posed novel combinatorial algorithms for the inverse obnoxious p-median location problem
on trees under the different cost norms.

In this paper, we investigate the integer reverse obnoxious median location model on
tree networks under the rectilinear and the Chebyshev cost norms and provide the novel
optimal solution approaches for solving them. It is notified that this problem has not
been investigated by other researchers up to now, and then our proposed algorithms in
this paper are the first solution approaches on this issue.

2. Preliminaries

Let T = (V (T), E(T)) be a tree network, with vertex set V (T), |V (T)| = n, and the
edge set E(T) such that V (T) stands for the set of existing client points. Every e ∈ E(T)
has a length ℓ(e) > 0 and for any v ∈ V (T), a weight w(v) ≥ 0 is associated. The task
of the classical obnoxious p-median location model on T is to find a set Sp with |Sp| = p
which maximizes

Fℓ(Sp) =
∑

v∈V (T)

w(v)max
si∈Sp

dℓ(v, si),

where dℓ(v, si) indicates the distance between two vertices v and si with respect to the
edge lengths ℓ = (ℓ(e))e∈E(T).

Theorem 2.1. ( [1]) If Sp contains the endpoints of a longest path on T, then Sp is an
obnoxious p-median location on T.

Now, let us introduce the integer reverse obnoxious p-median location model (IROpMP).
Consider the underlying tree T with edge lengths ℓ(e). Assume that S∗

p ⊆ V (T) is a pre-

determined set of vertices with
∣∣S∗

p

∣∣ = p. The goal is to augment the edge lengths by

x =
(
x(e)

)
e∈E(T)

such that x becomes a feasible length modification and Fℓ̃(S
∗
p ) is maxi-

mized with respect to the new lengths ℓ+x. Moreover, let c(e) be the cost for augmenting
each ℓ(e) by one unit and u(e) be the maximum permissible amount for augmenting ℓ(e),
e ∈ E(T). Moreover, a total budget B is given. Then x is feasible if and only x ∈ ∆ where

∆ =
{
x : G

(
x
)
≤ B, 0 ≤ x(e) ≤ u(e) and x(e) ∈ Z ∀e ∈ E(T)

}
.

In order to obtain an optimal solution of the IROpMP model, it suffices to determine
an optimal solution of a specific IRO2MP model. Based on Theorem 2.1, the IROpMP
model on the given tree network T is formulated as

max
x∈∆

Fℓ+x(S∗
p ) = max

s1,s2∈S∗
p

max
x∈∆

Fℓ+x({s1, s2}).

As mentioned, there does not exist any optimal algorithm for IROpMP in the literature.
Hence, we try to develop the first optimal solution methods for IROpMP under the recti-
linear and the Chebyshev norms, the so-called as IROpMPr and IROpMPCh, respectively.

3. Optimal approach for IROpMPr model

The IRO2MPr model under the rectilinear norm can equivalently be formulated as

P1(s1, s2) : maxFℓ+x({s1, s2}) = max
∑

v∈V (T)

ω(v)max
j=1,2

dℓ+x(v, sj)

2
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s.t.
∑

e∈E(T)

c(e)x(e) ≤ B,

0 ≤ x(e) ≤ u(e), ∀e ∈ E(T),(1)

x(e) ∈ Z, ∀e ∈ E(T).(2)

The model P1(s1, s2) is known as integer knapsack problem and can be solved in pseudo-
polynomial time [3]. Then, by solving O(p2) IRO2MPr models, we finally get

Theorem 3.1. The IROpMPr model on a tree network T can be solved in pseudo-
polynomial time O(p2n2B).

4. Optimal approach for IROpMPCh model

Considering the budget constraint B under the weighted Chebyshev norm, the IRO2MPCh

model can equivalently be formulated as

P2(s1, s2) : maxFℓ+x({s1, s2}) = max
∑

v∈V (T)

ω(v)max
j=1,2

dℓ+x(v, sj)

s.t. max
e∈E(T)

{c(e)x(e)} 6 B,

(1) and (2).

For the sake of the specific structure of the P2(s1, s2) model, we can easily conclude that
an integer optimal solution x is determined by

x(e) =

⌊u(e)⌋, if c(e)u(e) 6 B,⌊ B
c(e)

⌋
, otherwise.

(3)

Hence, after computing at most n objective values, the optimal objective value IRO2MPCh

is determined. Since every objective value is obtained in O(n) time, then the time com-
plexity of our solution approach for IRO2MPCh model is bounded by O(n2). Thus, we
get

Theorem 4.1. The IROpMPCh model on a tree network T can be solved in opolynomial
time O(p2n2).

Conclusions

In this article, we studied the integer reverse obnoxious median location model with
variable edge lengths on tree networks. We develop novel algorithms approaches for solving
the problem on tree networks under the rectilinear and the Chebyshev cost norms.
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Abstract. This paper deals with an extensive variant of the inverse obnoxious p-median
location problem on graphs in which the set of vertices is considered as the existing client
points and the aim is to modify the underlying vertex weights and the arc lengths at
the minimum overall cost with respect to the modification bounds so that a given set
of p vertices, denoting the predetermined facility sites, becomes an obnoxious p-median
location of the perturbed graph. A novel modified directional bat algorithm, as a meta-
heuristic approach, is developed to solve the problem under the rectilinear cost norm.

Keywords: Facility location problem, Inverse optimization, Metaheuristics, Modified
bat algorithm.

AMS Mathematics Subject Classification [2020]: 90B80, 90C27.

Location problems have received strong theoretical interest due to their relevance
in practice. In a classical location problem, the task is to find the best locations for
establishing some facilities on an underlying system (network or d-dimensional real space)
in order to serve a set of existing clients. The median and obnoxious median (maxian)
problems are two popular models in location theory. While the median problem aims to
obtain the best locations of some facilities such that the sum of the (weighted) distances
from the clients to the nearest facility is minimized, the corresponding obnoxious median
problem seeks to determine the best locations of some obnoxious (undesirable) facilities
(like chemical plants, power plants, nuclear missile silos, stadiums,mega-airports,military
bases, prisons and etc.) such that the sum of the (weighted) distances from the clients
to the farthest facility is maximized. In contrast to the classical location problems, in an
inverse location problem, locations of the facilities are already given and one is allowed to
vary some certain input parameters of the problem in the cheapest possible way such that
the predetermined facility locations become optimal with respect to the new perturbed
parameter values.

Within the context of inverse obnoxious median location problems, Gassner [3] showed
that the inverse 1-maxian problem with arc length modifications is NP-hard on general

∗Speaker.
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networks. Moreover, she proposed an O(n log n) time algorithm for deriving the opti-
mal solution of the problem on tree networks. Nguyen and Vui [4] considered the in-
verse p-maxian location problem with variable arc lengths on tree networks and suggested
combinatorial algorithms with O(p2n log n) time complexity for the problem under the
bottleneck-type Hamming and Chebyshev cost norms. The augmentation and reduction
models of the inverse obnoxious p-median location problem with arc length variations on
trees were investigated by Alizadeh et al [1].

Problem statement and preliminaries

Given a graph N = (V (N), A(N)) with vertex set V (N), |V (N)| = n and arc set
A(N), |A(N)| = m, associated vertex weights w(v) ∈ R+ for v ∈ V (N) and arc lengths
ℓ(a) ∈ R+ for a ∈ A(N), the classical obnoxious p-median location problem on N with
client set V (N) is to find a set S = {s1, s2, ...sp} ⊆ V (N) with |S| = p as facility locations
so that sum of the weighted distances from all clients to the farthest facility becomes
maximum. In other words, the aim is to determine a set S of p vertices on N so that the
following nonlinear objective function

M(S) =
∑

v∈V (N)

w(v) max
i=1,....,p

dℓ(v, si)

is maximized, where dℓ(v, si) indicates the distance between two vertices v and si with
respect to the arc lengths ℓ = (ℓ(a))a∈A(N).

Now, let us introduce the extensive inverse obnoxious p-median location problem on
graphs as follow: Consider the given networkN with associated arc lengths ℓ(a), a ∈ A(N),
and nonnegative vertex weights w(v), v ∈ V (N). Furthermore, let S∗ ⊆ V (N) be a
predetermined set of vertices with |S∗| = p. The goal is to augment or reduce the lengths
ℓ(a), a ∈ A(N), and the weights w(v), v ∈ V (N), at the minimum total cost such that
S∗ becomes an obnoxious p-median location of the graph N . The vertex weights w(v)
and the arc lengths ℓ(a) cannot be modified arbitrarily. Hence, let ∆+(a) and ∆−(a)
denote the bounds for augmenting and reducing ℓ(a), a ∈ A(N), respectively. Suppose
that c+(a), c−(a) are the imposed costs for augmenting and reducing the length of any
arc a ∈ A(N) by one unit and c+(v), c−(v) are the costs for augmenting and reducing
the weight w(v), v ∈ V (N), by one unit, respectively. Furthermore, suppose that every
weight w(v), v ∈ V (N), can be augmented and reduced by at most ∆+(v) and ∆−(v),
respectively. Let y+(v) and y−(v) be the amounts by which the weight w(v) is augmented
and reduced respectively.

Based on the above statements, the extensive inverse obnoxious p-median location
problem on the graph N (EIpMLP for short) can equivalently be formulated as the fol-
lowing hard nonlinear optimization model:

min
∑

a∈A(N)

(c+(a)y+(a) + c−(a)y−(a))+

∑
v∈V (N)

(c+(v)y+(v) + c−(v)y−(v))

s.t.
∑

v∈V (N)

w̃(v)max
si∈S

dℓ̃(v, si) ≤
∑

v∈V (N)

w̃(v) max
si∈S∗

dℓ̃(v, si),

∀S ⊆ V (N), |S| = p,

2
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0 ≤ y+(a) ≤ ∆+(a), ∀a ∈ A(N),

0 ≤ y−(a) ≤ ∆−(a), ∀a ∈ A(N),

0 ≤ y+(v) ≤ ∆+(v), ∀v ∈ V (N),

0 ≤ y−(v) ≤ ∆−(v), ∀v ∈ V (N),

w̃(v) = w(v) + y+(v)− y−(v), ∀v ∈ V (N),

ℓ̃(a) = ℓ(a) + y+(a)− y−(a), ∀a ∈ A(N).

From the specific structure of EIpMLP, it is observed that any optimal solution of the
problem does not simultaneously consist of both augmentation and reduction modifications
on any arc length or a vertex weight. In the next sections, we attempt to develop a modified
directional bat algorithm for solving the EIpMLP model under consideration.

The modified directional bat algorithm

The bat algorithm is one of the well-known meta-heuristic algorithms which has re-
cently become an efficient optimization method. The standard bat algorithm was intro-
duced by Yang [5]. This algorithm is inspired by the echolocation behavior of small bats.
According to the standard bat algorithm, Chakri et al. [2] developed the directional bat
algorithm. This algorithm has the same structure as the standard bat algorithm with some
modifications that enhance the capability of exploration and exploitation. In this section,
we modify the directional bat algorithm in order to improve the speed of the convergence
and the effectiveness of the algorithm. The modified directional bat algorithm will mainly
be applied for solving the extensive inverse obnoxious p-median location models under
consideration.

In the modified directional bat algorithm, we update each bat’s position (global step)
by

y
(t+1)
i =


(1− α)f1

(
(y

(t)
mean − g

(t)
i y

(t)
i ) + (y∗ − y

(t)
i )
)
+

αf2

(
y
(t)
k − y

(t)
i

)
, if Γ(y

(t)
k ) < Γ(y

(t)
i ),

(1− α)(y
(t)
mean − g

(t)
i y

(t)
i ) + αf1(y

∗ − y
(t)
i ), otherewise,

(1)

where y
(t)
mean denotes the weighted average of all bats at the iteration t and it is defined by

y(t)
mean =

Npop∑
i=1

g
(t)
i y

(t)
i ,(2)

where the parameter g
(t)
i is given by

g
(t)
i =

R
(t)
i

Npop∑
i=1

R
(t)
i

,

with

R
(t)
i = exp

−0.8Γ(y
(t)
i )

Γ(y
(t)
Npop

)

 .
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The parameter α has an important role on the convergence speed of the algorithm. We
suggest for α the following formula

α = 0.1 + log

(
1 +

t

MaxIt

)
.(3)

In order to prepare an efficient mechanism for controlling the exploration and exploitation
at each iteration t,we define the pulse emission rate and loudness of any bat i by

r
(t)
i =(r

(∞)
i − r

(0)
i )

(
1−

(
t− 1

MaxIt
− 1

)2
)1/2

+ r
(0)
i ,(4)

A
(t)
i =(A

(∞)
i −A

(0)
i )

(
1−

(
t− 1

MaxIt
− 1

)2
)1/2

+A
(0)
i ,(5)

where r
(0)
i = 0.1, r

(∞)
i = 0.9, A

(0)
i = 0.9 and A

(∞)
i = 0.5. Considering the same arguments

as applied to ri and Ai, we propose

w
(t)
i = (w

(∞)
i −w

(0)
i )

(
1−

(
t− 1

MaxIt
− 1

)2
)1/2

+w
(0)
i .(6)

Finally, recall that an optimal solution of the EIpMLP model does not simultaneously
consist both augmenting and reducing modifications on any w(v), v ∈ V (N) and ℓ(a), a ∈
A(N). Therefore, our modified algorithm for solving EIpMLP consists of an operation,
the so-called “Final-Critical-Step” which proceeds as follows:
Final-Critical-Step:

Let (y+(a), y−(a), y+(v), y−(v))a∈A(N),v∈V (N) be the best bat, after the execution of

MaxIt iterations of the modified directional bat algorithm. For any a ∈ A(N), if y+(a) >
y−(a), then we set

y+(a) = y+(a)− y−(a), y−(a) = 0

otherwise, we let
y−(a) = y−(a)− y+(a), y+(a) = 0.

For any v ∈ V (N), if y+(v) > y−(v), then we let

y+(v) = y+(v)− y−(v), y−(v) = 0

otherwise
y−(v) = y−(v)− y+(v), y+(v) = 0.

Considering the above statements, the modified directional bat algorithm for solving the
optimization problems, in particular for EIpMLP, is summarized in the following algo-
rithm.

Algorithm 1. The modified directional bat algorithm.

1: select an initial feasible population of bats, Lbi ≤ yi ≤ Ubi (i = 1, 2, ..,Npop).
2: compute fitness Γi(yi).
3: determine the initial values of pulse rates ri, loudness Ai, wi and MaxIt .
4: let t = 0.
5: while t ≤ MaxIt do
6: for i = 1, . . . ,Npop do
7: choose a random bat (k ̸= i).

8: update y
(t)
mean by (2).
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9: obtain parameter α by (3).
10: let q = 0.
11: obtain frequencies by ( [2]).

12: update locations y
(t+1)
i by (1).

13: if (rand > r
(t)
i ), then

14: obtain a local solution around the selected solution y
(t+1)
i by ( [2]).

15: update w
(t)
i by (6).

16: end if
17: if y

(t+1)
i is not feasible then

18: if q ≤ Niter then
19: let q = q + 1.
20: return to step 12.
21: else
22: y

(t+1)
i = y

(t)
i

23: end if
24: end if
25: if (rand < A

(t)
i and Γ(y

(t+1)
i ) ≤ Γ(y

(t)
i ), then

26: accept the new solutions.

27: increase r
(t)
i by (4).

28: reduce A
(t)
i by (5).

29: end if
30: if (Γ(y

(t+1)
i ) ≤ Γ(y∗)), then

31: update the best solution y∗.
32: end if
33: end for
34: update t = t+ 1.
35: end while
36: apply the “Final-Critical-Step” (This step is applied just for EIpMLP models).

Conclusions

In this article, we studied the extensive inverse obnoxious p-median location problem
with both arc length and vertex weight variations on general graphs under the rectilinear
cost norm. We formulated the problem as nonlinear optimization models and then we
developed a novelmodified directional bat algorithm to approximate the optimal solutions.
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Abstract: The FSSP is one of the essential kinds of wide-range scheduling issues with many real-world 

applications. Technically, the scheduling problem deals with allocating resources to a given number of 

tasks to optimize one or several objectives. In this paper, to promote the respective strengths and mini-

mize the weaknesses, ACO and PSO are combined to solve this problem. The ACO algorithm directs the 

motion locally through pheromones in the mutual area. Also, by the random interaction between the 

solutions utilizing the PSO, the global maximum is achieved. The computational analysis indicates that 

the suggested ACO-PSO algorithm performs better than the available ones significantly. 

Keywords: Flow Shop Scheduling Problem; ACO; PSO. 

 

1. Introduction 
The problem of this research is to maximize the two priorities of the scheduling interaction tar-

gets, minimize the delay, and lessen the makespan, i.e., the highest completion time of the whole 

jobs in F flow shops (lines) together and utilizing a combination of Ant Colony Algorithm and 

Particle Swarm Optimization (ACO-PSO). Because of their quick search capabilities, heuristic 

algorithms have replaced enumeration and are commonly used to solve large-scale or compli-

cated issues such as flow shop with multi-processor scheduling [1]. Due to its randomness and 

ergodicity, the utilization of chaotic sequences can increase the efficiency of PSO random fac-

tors. This hybrid algorithm will greatly decrease the ACO iteration number invoked by each 

PSO particle, thus reducing the makespan and delay time of the algorithm. 

 

In the standard FSSP, a collection of n jobs should be processed in phases along the same output 

path, and in each stage, there is a single machine. The standard flow shop architecture is applied 

to a hybrid flow shop, where parallel machines operate on some levels to improve the shop 

floor's performance [2]. This architecture is often referred to in the literature as a flexible flow 

shop and multi-processor flow shop [3]. Each phase has at least one device in parallel in the 

hybrid flow shop layout, and there is exclusively more than one machine at least in one of the 

phases [4].  
 

2. Proposed method 
The methods introduced for scheduling tasks contain some drawbacks; long scheduling process, 

not considering delay, makespan, and in some cases, not considering efficient and effective use 

of resources. To address these issues, this paper introduces a new method for task scheduling. 

First, a new idea is expressed, and then a new method is designed and described based on it.  
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2.1. Problem statement  

The problem can be stated as follows: n jobs have to be scheduled in one of the f flowshop-firms 

consisting of m machines. Each firm is identical to the same set of m machines and can process 

all jobs. Once a job is assigned to a firm, it must be processed without being transferred to 

another firm. On each machine i, each job j has a processing time denoted as pij. The problem 

determines the sequence 𝜋𝑓, formed by nf jobs, to be scheduled in each f. Therefore, a solution 

π is formed by the sequence (𝜋 = [𝜋1…𝜋𝑓 …𝜋𝐹]). Let us 𝐶𝑖𝑗
𝑓
 be the completion time of j in i 

(allocated to f), and 𝐶𝑚𝑎𝑥
𝑓

= 𝐶𝑚𝑎𝑥(𝜋
𝑓) the makespan of f. Then  𝐶𝑚𝑎𝑥 = 𝐶𝑚𝑎𝑥(𝜋) denotes the 

global makespan. i.e., the completion time of the last job to be processed in any firm. Addition-

ally, 𝜋𝑓[𝒾] is used to denote the element of f in position i. By using 𝑓𝑚𝑎𝑥, the global makespan 

can also be written as 𝐶𝑚𝑎𝑥
𝑓𝑚𝑎𝑥

. 

 

2.2. Proposed algorithm 

This algorithm is applied to improve the search results after the ACO's search step in the algo-

rithm designed to optimize particle swarm. The reason for this fact is the high convergence speed 

of this algorithm, which makes the proposed method complete the scheduling operation as soon 

as convergence is achieved. The main use of PSO is to obtain the best individual solution and the best 

overall solution in each iteration to solve the scheduling problem for new requests. The pseudo-code 

of the proposed hybrid method is outlined in Algorithm 1. 

 
Algorithm 1. Pseudo-code for hybrid ACO/PSO algorithm 

Algorithm HACOPSO 

1. Begin 

2. Input: Number of ants, Number of particles (solutions), Maximum number of generations  

3. Output: Best solution for the flow shop scheduling  

4. Initialization of ACO and PSO parameters 

5. While not stop-condition do 

6.    Create all solutions (ants) 

7.    For all colonies 

8.          Perform local search 

9.              Read pheromone 

10.              Update pheromone values 

11.            Update oldPheromone values 

12.            Update Pbest 

13.            Update gbest 

14.   End for 

15.   Create all solutions (particles) 

16.   For all number_of_loops 

17.   For all number of pbest_Solutions 

18.            Crossover solutions of ants with Pbest 

19.            Update Pbest 

20.            Crossover solutions of ants with gbest 

21.            Update gbest 

22.            Update best_solution 

23.       End for 

24.      End for 

25. End while 

26. Return best_solution 

27. End. 
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3. Experimental results 
In this section, the simulation process is explained first. The proposed algorithm is then exam-

ined with two other algorithms in three different scenarios, and the results are presented.  

 

3.1. Simulation Process 
This article's simulations are performed on a PC with an Intel 6600 processor with 4 GB of memory and 

a Windows 8 operational system. To evaluate the performance of the algorithm, it was implemented in 

MATLAB version 2019 and execute the system environment with several different scenarios. The anal-

ysis of the results has been reviewed and evaluated based on various criteria. To analyze the simulation 

results, 3 different scenarios (with different sources) have been considered, and simulations have been 

performed at different system scales. 

 

3.2. Results 
The issue of workflow scheduling is one of the main issues that try to determine optimal scheduling for 

executing tasks and allocating optimal resources. The main focus of this article is minimizing delay and 

reducing makespan. The values used as simulation parameters are considered, according to Table 1. 

 

The proposed method has been implemented with several tasks ranging from 2000 to 8000 tasks in 3 

different scenarios. The distribution is considered uniform. The efficiency of the approach is compared 

to the ACO-PSO algorithm in terms of delay time and makespan parameters. A comparison of evaluation 

parameters will be discussed below. 

 
Table 1. Simulation parameters 

Parameter Value 

Number of resources 70, 120, 200 

Number of tasks 2000, 4000, 6000, 8000 

Execution start time 0 

Processing speed Variable between 3000 and 19000 MIPS 

 Bandwidth  Variable between 1100 and 7200 Mbps 

The amount of data Variable between 1700 and 3000 Mb 

Instruction rate Variable between 500 and 1600 MI 

θ1 and  θ2 0.5 

PSO algorithm  

Number of particles (solutions) 100 

Inertial weight First 0.9 then decrease to 0.4 

C1 Rand*2 
C2 (C1 + C2 <= 4) Rand *1.5 
Maximum speed Rand*Number of tasks 

Maximum number of generations 100 
ACO algorithm 

Number of ants (solutions) 200-800 

Pheromone evaporation rate 0.5 

α 1 

β 3 

Maximum number of generations 100 

By calculating the objective function, and how it works to optimize the algorithm, the relative perfor-

mance for the different number of iterations is compared. As shown in Fig. 1, the fitness amount is be-

tween 0 and 1. In this simulation, the fitness of 200 generations is examined. As the number of genera-

tions increases, so does the fitness function. As can be seen, the fitness amount between the 100th and 

200th generation has reached its lowest level. 
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Fig. 1. The result of fitness in 200 generations 

 

As can be seen in Fig. 2, the fitness results were obtained for 60 iterations. Therefore, the best and most 

frequent answer is chosen as fitness, which is 0.3. 

 

 
Fig. 2. Stability of the proposed method 

 

4. Conclusion 
Scheduling plays an essential part as a decision-making method for manufacturing and pro-

cessing systems, transport, distribution structures, and even certain kinds of service. A method 

is proposed for minimizing the makespan and delay time employing an ACO-PSO algorithm. 

To forecast the workload of novel input demands, ACO-PSO utilizes historical information. The 

proposed technique has higher effectiveness than the previous approaches.  
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Abstract. Reliable data transmission is crucial for efficient computer networks. This
paper proposes a new approach to finding the most reliable path, considering factors like
reliability, distance, and capacity of network links. It also takes into account the volume
of data being transmitted. Due to the dynamic and distributed nature of networks,
efficient algorithms for finding suitable paths are essential. This paper presents a novel
algorithm that solves this problem in polynomial time.
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1. Introduction

In the problem of finding the most reliable path (also known as the most stable path),
the objective is to find a path in a directed graph that maximizes the probability of
success in passing from a source node to a destination node. Unlike traditional shortest
path problems where the goal is to minimize the sum of edge weights, here the focus
is on maximizing the product of reliabilities of the edges. Each edge in the graph has
an associated reliability value indicating the probability of the communication channel
not failing. This problem arises in various domains including communication networks,
transportation, and robotics.

The most reliable path problem has been studied extensively in the literature. Early
work by [4] presented fundamental algorithms for finding the most reliable path in net-
works. Subsequent research by [2] introduced more efficient algorithms for determining
network reliability. More recently, [1] developed path-finding algorithms for maximiz-
ing on-time arrival probability in transportation networks, while [3] focused on reliable
data-path transmission in communication networks.

In this paper, a new and efficient algorithm for finding the path with the highest
reliability for data transmission in computer networks is presented. Data transmission

∗Speaker.
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in distributed and dynamic networks may face various challenges such as transmission
delays, packet losses, and data interferences. The proposed algorithm aims to enhance the
reliability of data transmission by evaluating a set of path evaluation metrics and selecting
the best path considering the different weights assigned to these metrics. The proposed
algorithm can contribute to increasing the reliability and efficiency of data transmission
in computer networks.

2. Problem statement

In this section, we investigate the problem of finding the most reliable path in a directed
graph.

We represent the set of vertices as V = {1, 2, ..., n} and the set of edges as A in the
directed graph G(V,A). It is also assumed that the number of edges in graph G is denoted
by m. Furthermore, there are two specific vertices named s and t in the set V , representing
the source and destination points for data transmission, respectively.

For each edge (i, j), a reliability factor rij is considered, which is a number in the
interval [0, 1]. Additionally, each edge (i, j) ∈ A in the graph has two non-negative values
cij and dij representing the capacity and length of edge (i, j), respectively. The objective
of solving the problem is to transmit u units of data from point s to point t. If the data is
transmitted in a single round, the data travels a distance equal to dij on each edge (i, j).
However, if the data needs to be transmitted multiple times for a total of k times, the data
will use the same edge k times, resulting in a total distance traveled by the data being
k · dij . Sending data more than once on a path occurs when the capacity of an edge on
that path is less than the amount of data being transmitted.

As a result, it can be considered that for each edge (i, j) that lies on path P , the total
distance traveled by the data is equal to d u

c(P )e · dij , where c(P ) is the capacity of path P .

This value depends not only on the amount of data transmitted but also on the selected
path.

The reliability of each edge (i, j) is considered as r
[ u
c(P )

]·dij
ij because for each path P ,

an overall reliability is defined as follows:

r(P ) =
∏

(i,j)∈P

r
d u
c(P )
e·dij

ij = (
∏

(i,j)∈P

r
dij
ij )
d u
c(P )
e
.

This definition is obtained based on the fact that the reliability of a path is derived
from the product of reliabilities of its edges. Therefore, among all paths drawn from s to
t, the path with the highest reliability value r(P ) should be chosen.

Here, reliability is considered as the probability of successful data transmission from
one point to another in the graph under consideration. This probabilistic definition for
the success of data transmission seems logical due to its dependence on the characteristics
of path edges including capacity and length. When data needs to be transmitted from the
source to the destination point, each edge of the graph can play a significant role in the
success or failure of data transmission. Therefore, the reliability of each edge is evaluated
based on its capacity, length, the number of transmissions, and the probable success
rate of data transmission from that edge. By considering these aspects, the equation for
calculating reliability based on the multiplication of reliabilities of different edges in a path
has provided a logical and suitable way to evaluate the success of data transmission from
one point to another in the graph. This definition helps us choose the most reliable path
for transmitting data and reduces the probability of data loss.

2
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3. Algorithm design and analysis

In this section, we present a comprehensive algorithmic solution for finding the path
with the highest reliability r(P ). Our approach leverages mathematical transformations
and efficient graph algorithms to solve this complex optimization problem.

Since the logarithm is an increasing function, we can transform the maximization of
r(P ) into maximizing the logarithm of this function:

log r(P ) = d u

c(P )
e

∑
(i,j)∈P

dij log(rij)

Equivalently, we can consider the negative logarithm as our minimization objective:

− log r(P ) = d u

c(P )
e

∑
(i,j)∈P

−dij log(rij)

Given that rij ∈ [0, 1], we define αij = −dij log(rij), which ensures αij ≥ 0. The objective
function then becomes:

(1) − log r(P ) = d u

c(P )
e

∑
(i,j)∈P

αij

The primary challenge arises from the term d u
c(P )e, which depends on the chosen path

P through its capacity c(P ).
Let u1 < u2 < . . . < ul represent the distinct values of edge capacities cij in the

network. For each capacity threshold uk, we construct an auxiliary network Gk(V,Ak, αij)
that includes only those edges from the original network whose capacities are at least uk.
In each such network, every path P satisfies c(P ) ≥ uk.

Algorithm 1 Most Reliable Path Algorithm

Require: Directed graph G(V,A), source s, destination t, data volume u, edge reliabilities
rij , capacities cij , distances dij

Ensure: Most reliable path P ∗ from s to t
1: Initialization: Set z∗ ← +∞, P ∗ ← ∅
2: Extract distinct capacity values: {u1, u2, . . . , ul} ← unique({cij : (i, j) ∈ A})
3: Sort capacities in ascending order: u1 < u2 < · · · < ul
4: for k ← 1 to l do
5: Construct Gk(V,Ak) where Ak ← {(i, j) ∈ A : cij ≥ uk}
6: Compute αij ← −dij · log(rij) for each (i, j) ∈ Ak

7: Find shortest path Pk from s to t in Gk using edge weights αij

8: if path Pk exists then
9: α←

∑
(i,j)∈Pk

αij

10: z ← α · d u
uk
e

11: if z < z∗ then
12: z∗ ← z, P ∗ ← Pk

13: end if
14: end if
15: end for
16: return P ∗

Theorem 3.1. The algorithm correctly finds the path P ∗ that maximizes r(P ).
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Proof. Let Popt be an optimal path maximizing r(P ), and let cmin = min(i,j)∈Popt
cij

be its minimum edge capacity. There exists some k such that uk ≤ cmin < uk+1 (with
ul+1 =∞).

In iteration k, the auxiliary network Gk contains all edges with capacity at least uk,
and thus contains Popt. The algorithm finds the shortest path Pk in Gk with respect to
weights αij . Since c(Pk) ≥ uk and c(Popt) ≥ uk, we have:

− log r(Pk) = d u

c(Pk)
e ·

∑
(i,j)∈Pk

αij ≤ d
u

uk
e ·

∑
(i,j)∈Pk

αij

≤ d u
uk
e ·

∑
(i,j)∈Popt

αij (since Pk is shortest path in Gk)

= d u
uk
e ·

∑
(i,j)∈Popt

αij ≤ d
u

cmin
e ·

∑
(i,j)∈Popt

αij (since uk ≤ cmin) = − log r(Popt)

Therefore, r(Pk) ≥ r(Popt), and since Popt is optimal, we have r(Pk) = r(Popt). �

Theorem 3.2. The algorithm runs in polynomial time with complexity O(l · (m +
n log n)), where l is the number of distinct capacity values, n is the number of vertices,
and m is the number of edges.

Proof. The proof is straightforward. �

4. Conclusion

This paper has presented a novel approach to solving the most reliable path problem
in computer networks, addressing the critical need for reliable data transmission in dy-
namic and distributed environments. Unlike traditional approaches that focus solely on
reliability maximization, our formulation incorporates multiple practical factors including
edge capacity, data volume, and transmission distance, providing a more comprehensive
solution to real-world routing challenges.

Future research directions include extending the algorithm to handle dynamic net-
work conditions, incorporating quality of service constraints, and developing distributed
implementations for large-scale network deployments. The integration of machine learn-
ing techniques for predicting edge reliabilities based on historical data also presents an
interesting avenue for further investigation.
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Abstract. In this talk, we explore the application of the feasible value constraint
method for tackling multiobjective optimization problems (MOPs). Although this tech-
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culties in evaluating proper efficiency. To address these issues, we propose an enhanced
formulation of the feasible value constraint technique..
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1. Introduction

Multiobjective optimization problems (MOPs) involve minimizing several conflicting
objectives simultaneously, aiming to find optimal trade-offs rather than a single optimal
solution. The solutions representing such trade-offs are called efficient points, and their
image in the objective space forms the efficient frontier (see for example [2,4]). Scalar-
ization techniques transform MOPs into single-objective problems and are widely used
to approximate the efficient frontier. Among these, the feasible value constraint method
focuses on optimizing one objective while treating others as constraints. Although some
necessary and sufficient conditions for (weak) efficiency have been established, proper ef-
ficiency remains unaddressed in this method. This paper introduces a novel version of
the feasible value constraint technique based on recent developments, aiming to charac-
terize various types of efficient solutions without convexity assumptions. In the sequel, we
present the essential preliminaries required for the subsequent sections. A general MOP
can be formulated as

min
x∈X

f(x) = (f1(x), ..., fp(x)),(1)

where each fi, for 1 6 i 6 p denotes a real-valued function defined on Rn, and X ⊂ Rn is
a non-empty feasible set.

Definition 1.1 ([2]). Let f(x), f(x̂) ∈ Rp, where x, x̂ ∈ X. Then

(1) f(x) 5 f(x̂) if and only if fi(x) 6 fi(x̂) for all i = 1, ..., p,

1
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(2) f(x) < f(x̂) if and only if fi(x) < fi(x̂) for all i = 1, ..., p,
(3) f(x) ≤ f(x̂) if and only if f(x) 5 f(x̂) and f(x) 6= f(x̂).

Definition 1.2 ([2]). Consider the MOP (1). The feasible solution x̂ ∈ X is called

(1) weakly efficient solution if there is no another x ∈ X such that f(x) < f(x̂),
(2) efficient solution if there is no another x ∈ X such that f(x) ≤ f(x̂).

Definition 1.3 ([2]). A feasible solution x̂ ∈ X is said to be a properly efficient
solution of the MOP (1), if it is an efficient solution and there exists a positive constant
M such that for each 1 6 i 6 p and for any x ∈ X with fi(x) < fi(x̂), there exists
1 6 j 6 p such that fj(x) > fj(x̂), and the following inequality holds

fi(x̂)− fi(x)

fj(x)− fj(x̂)
6M.

In this paper, we will denote weakly efficient solutions, efficient solutions, and properly
efficient solutions as XwE , XE and XpE , respectively. The images of efficient solutions are
called nondominated solutions. The set of nondominated solution is denoted by YN .

Definition 1.4 ([2]). Let Y ⊆ Rp. The set YN iscalled externally stable if Y ⊆
YN +Rp.

One approach for solving the MOP (1) is the feasible value constraint technique. It
can be formulated using the following scalarization model [1],

min fk(x)(2)

s.t. wifi(x) 6 wkfk(x̂), i = 1, ..., p, i 6= k,

x ∈ X.

Here, min
i=1,...,p

inf
x∈X

fi(x) > 0, and the weights wi are defined as wi =
1/fi(x̂)
p∑

j=1

1/fj(x̂)

for

1 6 i 6 p.

2. Main results

Based on [3], we reformulate problem (2) to improve results and characterize properly
efficient solutions, as follows:

min fk(x) +
∑
i 6=k

µisi(3)

s.t. wifi(x)− si 6 αi, i = 1, ..., p, i 6= k,

x ∈ X, si > 0, i = 1, ..., p, i 6= k.

The model includes non-negative weights wi and µi with αi as arbitrary upper bounds
for fi. Variable si represent components of vector s. A feasible solution (x, s) satisfies
the constraints with x ∈ Rn and s ∈ Rp−1. The next theorems links optimal solutions of
scalarization model (3) with efficient solutions of the MOP (1).

Theorem 2.1. Assume that w = 0.
(1) Let (x̂, ŝ) be an optimal solution of the scalarization model (3) for some 1 6 k 6 p.

Then, x̂ is a weakly efficient solution of the MOP (1).
(2) Let (x̂, ŝ) be an optimal solution of the scalarization model (3) for all 1 6 k 6 p.

Then, x̂ is an efficient solution of the MOP (1).
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Theorem 2.2. Assume that w > 0. If (x̂, ŝ) is an optimal solution of the scalarization
model (3) for some 1 6 k 6 p, and µ > 0 with ŝ > 0, then x̂ is an efficient solution of the
MOP (1).

The following theorem shows that any efficient solution can be viewed as an optimal
solution for the scalarization model (3).

Theorem 2.3. If x̂ is an efficient solution of the MOP (1), then there exist w ≥
0, µ = 0 and (α, ŝ) such that (x̂, ŝ) is an optimal solution of problem (3) for all 1 6 k 6 p.

To ensure the existence of properly efficient solutions, it is necessary to assume that
f(X) is bounded.

Theorem 2.4. Let f(X) be bounded and (w, µ) > 0. If (x̂, ŝ) is an optimal solution
of the scalarization model (3) for some 1 6 k 6 p, and and ŝi > 0 for all i 6= k, then x̂ is
a properly efficient solution of the MOP (1).

The following example demonstrates how model (3), unlike model (2), is capable of
effectively identifying properly efficient solutions for MOP (1).

Example 2.5. Consider the following problem [5]

min ((x1 − 5)2 + (x2 − 5)2 + x23, (x1 − 6)2 + (x2 − 6)2 + (x3 − 6)2)
s.t. x1 + x2 + x3 6 5,

x1, x2, x3 > 0.
(4)

As is mentioned in [5], the properly efficient set is the segment joining the points
(52 ,

5
2 , 0) and (53 ,

5
3 ,

5
3).

Figure 1. Properly efficient set of problem 2.5

Figure 1, shows the results obtained from model (3), with the parameters α2 = 0, w2 =
1, and 1 6 µ 6 10. As indicated in Table 1, the proper efficiency of all points can be
identified using Theorem 2.4, whereas model (2) fails to detect the proper efficiency of
these points.

When f(X) is unbounded, the result of Theorem 2.4 in general may not be correct.
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Table 1. The results of model (3) correspond to MOP (4).

x̂1 x̂2 x̂3 ŝ
2.4997 2.4997 0.0005 60.4973
2.2222 2.2222 0.5556 58.1852
2.0833 2.0833 0.8333 57.3750
2.0000 2.0000 1.0000 57.0000
1.9444 1.9444 1.1111 56.7963
1.9048 1.9048 1.1905 56.6735
1.8750 1.8750 1.2500 56.5938
1.8519 1.8519 1.2963 56.5391
1.8333 1.8333 1.3333 56.5000
1.8182 1.8182 1.3636 56.4711

Example 2.6. Consider the following MOP [3]

min (f1(x), f2(x)) = (x1, x2)
s.t. x1x2 = 1,

−1 6 x1 < 0.

we can conclude that XpE = ∅. Consequently, an optimal solution of the scalarization
model (3) can not be a properly efficient solution. Let us assume k = 1, w2 = 2, µ2 = 10,
and α2 = −1

4 . Then, the scalarization model (3) possesses an optimal solution (x̂1, x̂2) =
(−1,−1) and ŝ = 0.

We conclude this section by a theorem which shows any properly efficient solution
of MOP (1) can be looked at as an optimal solution of the scalarization model (3) with
w > 0.

Theorem 2.7. Let x̂ be a properly efficient solution of the MOP (1). Then for all
1 6 k 6 p, there exist w > 0, µ̂ = 0, and (α, ŝ) such that (x̂, ŝ) is an optimal solution of
problem (3) for all µ = µ̂.

3. Conclusions

We introduced a new formulation of the feasible value constraint technique for effec-
tively solving MOPs. By incorporating surplus variables, the suggested model enables the
characterization of both properly efficient and efficient solutions for a MOP.

References

[1] R. S. Burachik, C. Y. Kaya, M.M. Rizvi, A new scalarization technique and new algorithms to generate
Pareto fronts, SIAM J. Optim. 27 (2017) 1010–1034.

[2] M. Ehrgott, Multicriteria Optimization, Berlin, Springer, 2005.
[3] M. Ehrgott, S. Ruzika, Improved ε-constraint method for multiobjective programming, J. Optim. Theory

Appl. 138 (2008) 375–396.
[4] J. Jahn, Vector optimization: Theory, applications and extensions, Berlin, Springer, 2004.
[5] F. Ruiz, L. Rey, M. M. Munoz, A graphical characterization of the efficient set for convex multiobjective

problems, Ann. Oper. Res. 164 (2008) 115–126.

4

743



Solving initial value problems using artificial neural
networks and collective intelligence

Fatemeh Ahmadkhanpour1,∗, Hossein Kheiri2, Nima Azarmir3 and Farzin Modarres
Khiyabani4

1Department of Mathematics, Faculty of Science, Tabriz Branch, Islamic Azad University,

Tabriz, Iran.
2Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran.

3Department of Mathematics, Faculty of Science, Tabriz Branch, Islamic Azad University,

Tabriz, Iran.
4Department of Mathematics, Faculty of Science, Tabriz Branch, Islamic Azad University,

Tabriz, Iran.

Abstract. In this paper, a method based on feed-forward neural network with appro-
priate activation functions is proposed to solve initial value problems. The proposed
method, like spectral methods, approximates the solution value at any arbitrary point in
given interval. The proposed network has three layers. The input layer and the output
layer have only one neuron, but the hidden layer has an arbitrary number of neurons.
The activation functions can be changed according to the given problem. To train the
network, we select a number of points from the given interval as co-local points. The
provided examples show that the number of neurons in the hidden layer as well as the
number of collocation points considered are effective in the accuracy of the propose¬d
method.

Keywords: Feedforward neural networks, Initial value problems, Spectral method, Col-
location method.
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1. Introduction

The success of the application of neural networks in various scientific fields has been
proven. In [1] the author attempts to use multilayer perceptron neural networks to solve
the initial value problem. Zainuddin et al. used neural networks to solve differential
equations [2]. Some researchers, have even used neural networks for partial differential
equations [3]. In this article, an ordinary differential equation of order is considered along

∗Fatemeh Ahmadkhanpour.
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with necessary initial conditions. Suppose the given problem is as follows:

(1)

{
F (x, y, y′, ..., y(n)) = 0, a < x < b

y(k)(a) = yka , k = 0, 1, ..., n− 1

where y(k) represents the kth derivative of y . Numerical methods for solving problem (1)
approximate the solution of the problem only at the nodes considered. If the solution of the
problem is desired between two nodes, it must be approximated again or the problem must
be solved again with a sufficiently smaller step length. Solving the problem numerically
again and again can be a challenge because using very small step lengths can lead to
computational errors. To avoid this challenge, we propose in this paper the use of neural
networks. The proposed method, after learning, acts as a continuous function. That is,
it can approximate the solution to the problem for any x in the interval [a, b] . For this
purpose, we propose a trial solution that satisfies the initial conditions of the problem.
Suppose, we consider the trial solution as follows:

(2) yt(x,Ω) =

n−1∑
k=0

(x− a)k

k!
yka + (x− a)nNet(x,Ω)

Where Net(x,Ω) is the proposed network and Ω is a collection of network parameters
and coefficients. As can be seen, the experimental solution satisfies the initial conditions
of the problem, namely

(3) y
(k)
t (a,Ω) = yka , k = 0, 1, ..., n− 1,

The trial solution must be valid not only for the initial conditions, but also for the
equation itself. Therefore we must have

(4) F (x, y, y′, ..., y(n)) = 0, a < x < b

It is clear that, for the derivatives of yt(x) , the derivative of the network Net(x,Ω)
must also be taken. But for the derivative of the network Net(x,Ω), the structure of the
network must be known. The parameters of the trial solution must be chosen such that
equation (4) is satisfied. In other words, the cost function to be minimized is:

(5) E(x,Ω) = ‖F (x, yt, y
′
t, ..., y

(n)
t )‖

2. Proposed Neural Network

The proposed neural network is a feedforward neural network that consists of three
layers (input layer, hidden layer and output layer). The input layer receives x ∈ [a, b] and
sends it to each neurons in the hidden layer. Each neuron in the hidden layer performs a
calculation on the input value, x, and sends the value z as an output to the output layer.
The output layer receives the values sent from the hidden layer neurons and returns their
weighted average as output. In other words, the network performance can be described
as follows:

(6) x→


Neuron1(x, ω1)→ z1

Neuron2(x, ω2)→ z2

...

NeuronN (x, ωN )→ zN

→ z =

N∑
n=1

wnzn,
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where ωn is a vector of parameters and coefficients corresponding to Neuronn . There-
fore, the proposed network structure is as follows:

(7) Net(x,Ω) =
N∑
n=1

wnNeuronn(x, ωn),

So, the derivative of the network is transformed into the derivative of the neurons as
follows

(8)
dk

dxk
Net(x,Ω) =

N∑
n=1

wn
dk

dxk
Neuronn(x, ωn),

Now, it should be noted that the derivative of a neuron depends on the derivative of
the activation function of that neuron. Let us denote the activation function of Neuronn
by φn(x, ωn) . For example,

if the activation function of the Neuronn is polynomial, then we have

(9) φn(x, ωn) = cn,0 + cn,1x+ ...+ cn,mx
m,

that is, ωn = [cn,0, cn,1, ..., , cn,m] . As another example, suppose the activation function
of is an exponential function as follows:

(10) φn(x, ωn) = αne
βnx,

that is, ωn = [αn, βn]. If we choose the activation function (10) for all neurons in the
hidden layer, we will have

(11)
dk

dxk
Net(x,Ω) =

N∑
n=1

wn
dk

dxk
(αne

βnx) =

N∑
n=1

wn(αnβ
k
ne
βnx),

3. Proposed learning algorithm

Since the experimental solution is satisfy in the initial conditions, we must choose
the network parameters such that the cost function in (5) is minimized.For this purpose,
we propose evolutionary methods. In the following, we use genetic algorithm and particle
swarm algorithm for this purpose and compare their results. We evaluate the cost function
at a number of collocation points {xi ∈ (a, b)} and take their maximum absolute value as
the cost value corresponding to the selected parameters. In other words:

(12) E∞ = maxE(xi,Ω) = ‖F (x, yt, y
′
t, ..., y

(n)
t )‖

4. Numerical resoults

Consider the following initial value problem

(13)

{
y′ + y = 1, 0 < x < 1

y(0) = 2,

The exact solution is ye(x) = 1 + e−x and the trial solution is yt(x) = 2 + xNet(x,Ω)

where Net(x,Ω) =
∑5

m=1 αme
−βx. Therefore, d

dxNet(x,Ω) = −
∑5

m=1 αmβme
−βx and

(14)
d

dx
yt(x) = Net(x,Ω) + x

d

dx
Net(x,Ω)
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E(x,Ω) = (Net(x,Ω) + x
d

dx
Net(x,Ω)) + (2 + xNet(x,Ω))− 1

= 1 + (1 + x)Net(x,Ω) + x
d

dx
Net(x,Ω)

(15)

we use the collocation point xi = 0.1i, i = 1, 2, ..., 10 and setting −2 < αi < 2 and
−2 < βi < 2. Finally, for minimizing the following problem, we use the PSO and GA.

(16) min
Ω
{max{E(xi,Ω), i = 1, 2, ..., 10}}

We put the optimal parameters obtained from Algorithms PSO and GA into the Network
and obtain trial solutions yPSOt and yGAt . Figures 1 compare the trial solutions with the
exact solution.
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Figure 1. Comparison of trial solutions obtained from the PSO and GA
with exact solution.

5. Conclusion

In this paper, a three-layer feedforward neural network was proposed to solve initial
value problems. A number of collocation points were used to determine the parameters
and coefficients of the proposed network. The maximum absolute value of the error at
the collocation points was considered as cost function. The particle swarm optimization
algorithm PSO and genetic algorithm GA were used to minimize the cost function. The
results obtained show the success of the method. Figure 1, compar the exact solution by
trial solutions obtained by proposed network where training by PSO and GA. Figure
2, compare absolute error these trial solutions. As can be seen, PSO has very beter
performance then GA.
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Abstract. This paper investigates the theoretical aspects of generalized semi-infinite
optimization problems (GSIP) in both single- and multiobjective nonsmooth settings. A
concise overview of existing results on optimality conditions, subdifferential analysis, and
constraint qualifications is presented. The discussion highlights unresolved theoretical
issues, including extensions of Karush–Kuhn–Tucker-type conditions, stability analysis,
duality, and characterization of efficient solutions under nonsmoothness. Finally, several
open problems are identified to motivate further research in (multiobjective) GSIP.
Keywords: Generalized Semi-Infinite Optimization, Nonsmooth Optimization, Multi-
objective Programming, Optimality Conditions, Open Problems
AMS Mathematics Subject Classification [2020]: 90C34, 90C29, 49J52

1. Introduction
Generalized Semi-Infinite Programming (GSIP) is a versatile framework for modeling

optimization problems that involve infinitely many constraints. In recent years, GSIP has
attracted considerable attention due to its applications in optimal control, robust opti-
mization, and hierarchical decision-making; see, e. g., [5]. This paper is connecting three
active research fields: nonsmooth analysis, multiobjective optimization, and semi-infinite
programming. All these three issues have strong intersections with global optimization
because of the possibility of the presence of nonsmooth nonconvex objective/constraint
functions.

A multiobjective GSIP (MGSIP) problem can be formulated as
(P) : min

x∈Rn
f(x) = (f1(x), . . . , fp(x)) subject to g(x, y) ≥ 0, ∀y ∈ Y (x),

where f : Rn → Rp represents a vector-valued objective function, g : Rn × Rm → R is
the upper-level constraint function, and Y (x) ⊆ Rm is a parameter-dependent index set,
defined as

Y (x) := {y ∈ Rm | ht(x, y) ≤ 0, t ∈ T},
where T is an index set, and ht : Rn × Rm → R, for t ∈ T , are the lower-level constraint
functions.

∗Speaker.
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In practice, many GSIP problems involve nonsmooth functions, for which classical
derivatives are inadequate [5]. To analyze optimality in such settings, several notions of
subdifferentials are employed. The Clarke subdifferential is suitable for locally Lipschitz
functions and local analysis [1], the Mordukhovich subdifferential provides a more general
tool for necessary optimality conditions [3], the quasiconvex subdifferentials are useful for
exploiting the structure of quasiconvex objectives [4], and the convex subdifferential is
helpful for analyze of D.C. (difference of convex) structures [2]. These tools allow rigorous
derivation of optimality conditions in nonsmooth and multiobjective settings.

The the following assumptions are standing throughout the whole paper:
• The appearing functions fi, g, and ht as (i, t) ∈ {1, . . . , p}×T are locally Lipschitz.
• The index set T is finite.
• The set-valued mapping x 7→ Y (x) is uniformly bounded; i.e., for each x0 ∈ S

there exists a neighborhood U of x0 such that the set
∪

x∈U Y (x) is bounded.
GSIP problems can often be interpreted as comprising upper- and lower-level struc-

tures. Upper-level problems represent the main decision-making process, while lower-level
problems appear as parametric constraints or subproblems. This structure is closely re-
lated to bilevel optimization, where the feasible set of the upper-level problem depends
on the solution of a lower-level problem. Understanding these hierarchical interactions is
crucial for both theoretical analysis and applications (see, [5,6]).

The aim of this paper is to provide a comprehensive theoretical overview of open
problems in GSIP with a focus on nonsmooth and multiobjective contexts. We review
existing results on subdifferential-based optimality conditions, discuss challenges in ex-
tending these conditions to more general nonsmooth structures, and highlight open issues
related to upper- and lower-level problem formulations, thereby motivating future research
in generalized semi-infinite (multiobjective) optimization.

2. Main results
The feasible set of problem (P) is denoted by S, and the index set of active constraints

at each x0 ∈ S is defined by Y0(x0) := {y ∈ Y (x0) | g(x0, y) = 0}. The lower-level problem
at x0 ∈ S is

LP (x0) : min g(x0, y), s.t. y ∈ Y (x0),

and the set (probably empty) of active inequalities of LP (x0) at each y0 ∈ Y (x0) is
defined by T0(x0, y0) := {t ∈ T | ht(x0, y0) = 0}. Let y0 ∈ Y0(x0). Then, y0 is a minimizer
of the lower-level problem LP (x0), and by Fritz-John first-order optimality condition [1,
Theorem 6.1.1], we can find some multipliers α ≥ 0 and β :=

(
βt, t ∈ T0(x0, y0)

)
satisfying

βt ≥ 0 for each t ∈ T0(x0, y0) and

(1) α+
∑

t∈T0(x0,y0)

βt = 1, 0 ∈ ∂c
yLx0

y0 (x0, y0, α, β),

where ∂c
yL(x0, y0, α, β) denotes the Clarke subdifferential of L(x0, ·, α, β) at y0, and Lx0

y0
refers to Lagrangian function, defined as Lx0

y0 (x, y, α, β) := αg(x, y)+
∑

t∈T0(x0,y0)
βtht(x, y).

Let F (x0, y0) :=
{
(α, β) | (α, β) fulfills (1)

}
be the Fritz-John (FJ) multipliers set of

LP (x0) at y0 ∈ Y0(x0). For each x0 ∈ S put

D(x0) :=
∪

y∈Y0(x0)

( ∪
(α,β)∈F (x0,y)

∂c
xLx0

y (x0, y, α, β)

)
.

The following assumption is totally characterized in the complete paper:
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Assumption A: The set-valued mapping y 7→ ∂c
xLx0

y (x0, y, α, β) is upper semi-continuous
and

∂c
(

inf
y∈Y (·)

g(·, y)
)
(x0) ⊆ conv

(
D(x0)

)
,

for each x0 ∈ S, where conv(A) denotes the convex hull of A ⊆ Rn.

Lemma 2.1. Suppose that Assumption A is satisfied. Then, D(x̂) is a compact set for
all x̂ ∈ S.

Theorem 2.2. (FJ Necessary Condition): Suppose that x̂ is a weakly efficient
solution for (P) and that Assumption A is satisfied.

(i):: If Y0(x̂) 6= ∅, then there exist finitely many indices y1, . . . , yq ∈ Y0(x̂), Fritz
John multipliers (αν , βν) ∈ F (x̂, yν) as ν = 1, . . . , q, as well as non-negative
scalars λi ≥ 0 as i = 1, . . . , p and µν ≥ 0 as ν = 1, . . . , q, satisfying

(2) 0 ∈
p∑

i=1

λi∂
cfi(x̂)−

q∑
ν=1

µν∂
c
xLx̂

yν (x̂, y
ν , αν , βν),

p∑
i=1

λi +

q∑
ν=1

µν = 1.

(ii):: If Y0(x̂) = ∅, then there exist non-negative scalars λi ≥ 0 as i = 1, . . . , p, such
that

0 ∈
p∑

i=1

λi∂
cfi(x̂), and

p∑
i=1

λi = 1.

Proof. Because the proof relies on preliminaries that are beyond the scope of this
extended abstract, we refer the reader to the full paper for its detailed presentation. □

As we know, Theorem 2.2 can be true even when λi = 0, for all i = 1, . . . , p, and the
vector valued objective function disappears from the main inclusion (2). For this reason,
we state a Karush-Kuhn-Tucker (KKT) type necessary optimality condition as follows. We
know from classical optimization that a KKT type necessary condition requires a suitable
constraint qualification. As generalization of [6, Theorem 3.1], we set the following theorem
under a Mangasarian-Fromovitz type constraint qualification.

Theorem 2.3. (KKT Necessary Condition): Suppose that x̂ is a weakly efficient
solution for (P), that Assumption A is satisfied, and that the following constraint qualifi-
cation holds: {

z ∈ Rn | 〈z, d〉 ≥ 0, ∀d ∈ D(x̂)
}
6= ∅.

Then, there exist some yν ∈ Y0(x̂) and (αν , βν) ∈ F (x̂, yν) as ν = 1, . . . , q, and some non-
negative scalars λi ≥ 0 as i = 1, . . . , p and µν ≥ 0 as ν = 1, . . . , q, satisfying

∑p
i=1 λi = 1

and

0 ∈
p∑

i=1

λi∂
cfi(x̂)−

q∑
ν=1

µν∂
c
xLx̂

yν (x̂, y
ν , αν , βν).

Proof. The proof depends on certain preliminaries that cannot be fully covered in
this extended abstract; we therefore present it in the full paper. □

3

750



N. Kanzi

In almost all examples, some of the multipliers λi as i = 1, . . . , p, named λk, may
be equal to zero in Theorem 2.3, and the k−component of the vector-valued objective
function does not play the role in the necessary condition. We assert that strong KKT
condition holds for a multiobjective optimization problem, when the KKT multipliers are
positive for all components of the objective function. In the below theorem, we establish
the strong KKT necessary conditions for weakly efficient solution of (P) under a Cot-
tle type constraint qualification (that is stronger than Mabgasarian-Fromovitz constraint
qualification).

Theorem 2.4. (Strong KKT Necessary Condition): Suppose that x̂ is a weakly
efficient solution for (P), that Assumption A is satisfied, and that the following constraint
qualification holds:{

z ∈ Rn | 〈z, d〉 ≥ 0, ∀d ∈ D(x̂) ∪
p∪

i=1

∂cfi(x̂)
}
6= ∅.

Then, there exist some yν ∈ Y0(x̂) and (αν , βν) ∈ F (x̂, yν) as ν = 1, . . . , q, and some
positive scalars λi > 0 as i = 1, . . . , p and µν ≥ 0 as ν = 1, . . . , q, satisfying

∑p
i=1 λi = 1

and

0 ∈
p∑

i=1

λi∂
cfi(x̂)−

q∑
ν=1

µν∂
c
xLx̂

yν (x̂, y
ν , αν , βν).

Proof. Due to the need for foundational material, the proof is omitted here and is
provided in detail in the full paper. □

3. Conclusion
In this paper, we presented three essential optimality conditions for nonsmooth multi-

objective semi-infinite problems. The significance and novelty of these results were high-
lighted. In an upcoming presentation, these conditions will be compared with previously
established results, and several open problems in the field will be discussed. These insights
aim to guide and inspire future research in this area.
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Abstract. This paper, the Adomian decomposition method and variational iteration
method are applied to obtain suboptimal control for linear time-varying systems with
multiple state and control delays and with quadratic cost functional. The optimal control
law obtained consists of an accurate linear feedback term and a nonlinear compensation
term which is the limit of an adjoint vector sequence. The feedback term is determined by
solving Riccati matrix differential equation. Through the finite iterations of algorithm,
a suboptimal control law is obtained for the nonlinear optimal control problem.
Keywords: Time-delay systems; Pontryagin’s maximum principle; Adomian decompo-
sition method; Variational iteration method.
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1. Introduction
The dynamics of many control systems may be expressed by time-delay equations.

The delays may appear in the system state, control input and/or output. Delays occur
frequently in incubation periods, mechanics, viscoelasticity, physics, physiology, popula-
tion dynamics, communication, information technologies, stability of networked control
systems, maturation times, age structure, blood transfusions, biological, chemical, elec-
tronic and transportation systems [1]- [4]. Therefore the control of time-delay systems
has been interested by many engineers and scientists, due to its variety presence in re-
alistic models of phenomena. On the other hand, in the context of numerical analysis,
the Adomian Decomposition Method (ADM) which was proposed originally by Adomian,
has been proved by many authors to be a powerful mathematical tool for various kinds of
linear and nonlinear ODE’s or PDE’s. Unlike the traditional numerical methods, ADM
needs no discretization, linearization, transformation or perturbation. The method, has
been widely applied to solve nonlinear problems, and different modifications are suggested
to overcome the demerits arising in the solution procedure. The aim of present paper to
introduce a numerical method to solve the quadratic optimal control problem with delay
systems. The optimal control law obtained consists of an accurate linear feedback term
and a nonlinear compensation term which is the limit of an adjoint vector sequence.
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2. Main Results
Consider a time-varying delays system described by:

ẋ(t) = A(t)x(t) +A1(t)x(t− τx) +B(t)u(t) +B1(t)u(t− τu), t ≥ t0,

x(t) = ϕ(t), t0 − τx ⩽ t ⩽ t0,

u(t) = ψ(t), t0 − τu ⩽ t ⩽ t0,

(1)

where x(t) ∈ Rn and u(t) ∈ Rm, are the state and control vectors respectively; A(t),
A1(t), B(t) and B1(t) are real, piecewise continuous matrices of appropriate dimensions
defined on the appropriate intervals; ϕ(t) and ψ(t) are specified initial functions; τx and τu
are constant positive scalars. Here, it is assumed that the system (1) is controllable and
assume that τu < τx. The objective is to find the optimal control law u∗(t) over t ∈ [t0, tf ],
which minimizes the following quadratic cost functional subject to the system (1)

J =
1

2
xT (tf )Qfx(tf ) +

1

2

∫ tf

t0

(
xT (t)Q(t)x(t) + uT (t)R(t)u(t)

)
dt,(2)

where, the matrix Qf ∈ Rn×n is symmetric positive semi-definite, the matrix Q(t) ∈ Rn×n

is symmetric positive semi-definite and piecewise continuous for t0 ≤ t ≤ tf , and the matrix
R(t) ∈ Rm×m is symmetric positive definite and piecewise continuous for t0 − τu ≤ t ≤ tf .

The Hamiltonian function for the problem is

H(x, u, λ, t) =
1

2
xT (t)Q(t)x(t) +

1

2
uT (t)R(t)u(t)

+ λT (t)[A(t)x(t) +A1(t)x(t− τx) +B(t)u(t) +B1(t)u(t− τu)],(3)
where λ(t) ∈ Rn is the Lagrange multiplier vector corresponding to dynamic equality

constraint (1). According to the necessary conditions for optimality, we can obtain the
following nonlinear TPBVP [4]:

ẋ(t) =


A(t)x(t) +A1(t)x(t− τx)− (S1(t) + S2(t))λ(t)− S3(t)λ(t+ τu)

−S4(t)λ(t− τu), t0 ⩽ t < tf − τu,

A(t)x(t) +A1(t)x(t− τx)− S1(t)λ(t)− S4(t)λ(t− τu), tf − τu ⩽ t ⩽ tf ,

(4)

and

λ̇(t) =

{
−Q(t)x(t)−AT (t)λ(t)−AT

1 (t+ τx)λ(t+ τx), t0 ⩽ t < tf − τx,

−Q(t)x(t)−AT (t)λ(t), tf − τx ⩽ t ⩽ tf ,
(5)

with initial conditions 
x(t) = ϕ(t), t0 − τx ≤ t ⩽ t0,

u(t) = ψ(t), t0 − τu ⩽ t ⩽ t0,

λ(tf ) = Qfx(tf ),

(6)

where
S1(t) = B(t)R−1(t)BT (t)

S2(t) = B1(t)R
−1(t− τu)B

T
1 (t)

S3(t) = B(t)R−1(t)BT
1 (t+ τu)

S4(t) = B1(t)R
−1(t− τu)B

T (t− τu),
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x(t − τ) is time-delay term and λ(t + τ) is time-advance term, furthermore λ(t) ∈ Rn is
the co-state vector. Also, the optimal control law is given by:

u∗(t) =

{
−R−1(t)BT (t)λ(t)−R−1(t)BT

1 (t+ τu)λ(t+ τu), t0 ⩽ t < tf − τu

−R−1(t)BT (t)λ(t), tf − τu ⩽ t ⩽ tf .
(7)

Note that, Eqs. (2)-(4) form a linear TPBVP with time-varying coefficient involving both
delay and advance terms. The exact solution of this problem is, in general, extremely
difficult, if not impossible. To overcome this difficulty, an iterative approach, based on the
ADM and VIM, will be introduced in the next section.

We may find the suboptimal control law in practical applications by replacing infinite
with a finite positive integer N . Thus, the Nth order suboptimal control law is obtained
as follows:

uN (t) =


−R−1(t)BT (t)[P (t)xN (t) + gN (t)]−R−1(t)BT

1 (t+ τu)[P (t+ τu)xN (t+ τu)

+gN (t+ τu)], t0 ⩽ t < tf − τu

−R−1(t)BT (t)[P (t)xN (t) + gN (t)], tf − τu ⩽ t ⩽ tf .

(8)

In (8) xN (t) is an approximation of x∞ with finite-step iteration, and gN is an approx-
imation by substituting a finite-step iteration of gN for g∞. We let N = k and the Nth
order suboptimal control law from (8). Then, the following quadratic performance index
can be calculated:

JN =
1

2
xTN (tf )QfxN (tf ) +

1

2

∫ tf

t0

(
xTN (t)Q(t)xN (t) + uTN (t)R(t)uN (t)

)
dt,(9)

where uN (t) has been obtained from (8) and xN (t) is the corresponding state trajectory
obtained from applying uN (t) to the original TDOCP in (1).
For the accuracy analysis, we consider the following criterion. The suboptimal control law
has the desirable accuracy, if for given positive constants ϵ > 0, the following condition
hold jointly: ∣∣∣∣JN − JN−1

JN

∣∣∣∣ < ϵ,(10)

If the tolerance error bound be chosen small enough, the Nth order suboptimal control
law will be very close to the optimal control law u∗(t), and thus, the value of quadratic
performance index in (9) and its optimal value J∗ will be almost identical.

Algorithm: Suboptimal control law of system (1)

Step 1: Obtain the positive-semidefinite matrix P (t) from Riccati matrix differential
equation. Let x0(t) = x(t0) = ϕ(t), g0(t) = g(t0) and k = 1.

Step 2: Compute xk(t) and gk(t) using ADM or VIM method. Store these values.

Step 3: Letting N = k, calculate uN (t) from Eq. (8).

Step 4: Calculate JN according to (9). If
∣∣∣∣JN − JN−1

JN

∣∣∣∣ < ϵ, then stop and output

uN (t), go to step 5; else, replace k by k + 1 and go to step 2.
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Table 1. Simulation results of Example 4.4 at different iteration times.

k (iteration time) Jk

∣∣∣∣Jk − Jk−1

Jk

∣∣∣∣
1 22.12432 -
2 22.02267 0.04215
3 22.02254 0.06390
4 22.02231 0.00232

Step 5: Stop the algorithm; set uN (t) is the desirable close-loop suboptimal control
law.

3. Numerical Example
Consider the following time-varying system with both state and control delays:

ẋ1(t) = x2(t) + x1(t− 1), t ≥ 0,

ẋ2(t) = tx1(t) + 2x1(t− 1) + x2(t− 1) + u(t)− u(t− 0.5), t ≥ 0

x1(t) = x2(t) = 1, −1 ⩽ t ⩽ 0,

u(t) = 5(t+ 1), −0.5 ⩽ t ⩽ 0,

with the cost functional

J =
1

2
x21(3) + x22(3) +

1

2

∫ 3

0
[2x21(t) + 2x1(t)x2(t) + x22(t) +

u2(t)

(t+ 2)
]dt,

Here we solve this problem by using the suggested algorithm with the tolerance error
bounds ϵ = 4×10−4. From Table (1) it is observed that, the convergence is achieved after

only four iterations, i.e.
∣∣∣∣J4 − J3

J4

∣∣∣∣ = 1.125 × 10−4 < 4 × 10−4, and a minimum value of
J4 = 22.02231 is obtained.

4. Conclusion
In this paper, the optimal control obtained consists of both feedback and forward

portions. The procedure converts the solution of a coupled TPBVP with advance and
delay terms into the solution of a single Riccati differential equation and a sequence of
ODEs. The feedback term is determined by solving Riccati matrix differential equation.
By using the ADM and VIM with the finite-step iteration of a nonlinear compensation
sequence. We used four examples to demonstrate the validity and applicability of the
method.
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Abstract: This study addresses the complexity of high-dose-rate brachytherapy (HDR-BT) planning by 

proposing a fuzzy-constrained integer programming (FIP) model. The model integrates fuzzy set theory 

with clinical dosimetric indices to handle uncertainty and enhance flexibility in treatment design. To 

solve the optimization problem, three evolutionary algorithms—Genetic Algorithm (GA), Evolutionary 

Programming (EP), and Genetic Programming (GP)—were applied to prostate cancer cases. Results 

show that the FIP framework produces clinically acceptable and patient-specific treatment plans. GA 

proved the fastest in achieving acceptable dose coverage, while GP delivered the most effective tumor 

overage overall.                  

Keywords: Brachytherapy, Optimization, Genetic Algorithm, Fuzzy Logic, Cancer. 

1. Introduction 

HDR brachytherapy irradiates the prostate through 14–20 catheters by modulating dwell times 

at fixed positions, demanding inverse optimization that maximizes CTV dose while satisfying 

OAR dose–volume constraints[8]. The optimization problem is constrained by clinical thresh-

olds (e.g., V100 ≥ 96 % for CTV, D2cc < 74 % for rectum) and must be solved rapidly (< 1 h) 

for theatre workflow. Although the study focuses on prostate HDR, the dwell-time optimization 

framework is equally applicable to LDR or other anatomical sites[3]. 

2. Definition of model 

 In HDR-BT, the goal is to maximize dose coverage of the CTV while adhering to DVH con-

straints that keep OAR doses below clinical thresholds[5]. 
 𝑉𝑑

𝑜 Criteria specify how large the cumulative volume of an organ 𝑜 receiving at least 

the radiation dose level 𝑑 (relative to the planning-aim dose) should be. 

 𝐷𝑣
𝑜 Criteria specify how high the radiation dose level that covers the most-radiated cu-

mulative volume 𝑣 of an organ 𝑜 should be. 

Table 1 lists the required DV indices; the planner must therefore tune dwell times to max-

imize target coverage while minimizing dose to healthy tissues[1]. 

 
Table 1: Dosimetric criteria for treatment with high dose brachytherapy 

𝑽𝒆𝒔𝒊𝒄𝒍𝒆𝒔 𝑼𝒓𝒆𝒕𝒉𝒓𝒂 𝑹𝒆𝒄𝒕𝒖𝒎 𝑩𝒍𝒂𝒅𝒅𝒆𝒓 𝑷𝒓𝒐𝒔𝒕𝒂𝒕𝒆 
𝑽𝟖𝟎 > 𝟗𝟓% 𝐷0.1𝑐𝑐 < 110% 𝐷1𝑐𝑐 < 78% 𝐷1𝑐𝑐 < 86% 𝑉100 > 96% 

  𝐷2𝑐𝑐 < 74% 𝐷2𝑐𝑐 < 74% 𝑉150 < 50% 
    𝑉200 < 20% 
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3. Model Formulation 

In this section, a complex integer program (IP) model with fuzzy constraints is presented for 

programming on high-dose brachytherapy. Table 2 describes the infrastructure, parameters, and 

variables in this model[2]. 

 
Table 2: Definitions parameters and variables of the model IP. 

Definitions 

parameters 

and 

variables 

set for organs  𝑆 

Set for dose points  𝐼 

Set for dwell positions 𝐽 

Set of dose values in organ 𝑺 𝐺𝑠 

Three-dimensional coordinates of dose point in 𝑮𝒔 𝑃𝑠𝑖  

The number of dose points in 𝑮𝒔 𝑁𝑠 

Three-dimensional coordinates of position 𝑱 𝑇𝑗 

 The number of dwell positions for the patient 𝑁𝑇 

The dose rate transferred from 𝑻𝒋 to 𝑷𝒔𝒊 𝐷𝑠𝑖𝑗  

Dwell time at 𝑻𝒋 𝑡𝑗 

Dose rate in 𝑷𝒔𝒊 𝐷𝑠𝑖  

The tolerance threshold value for 𝑮𝒔 𝑅𝑠 

Maximum dose for 𝑮𝒔 𝑀𝑠 

Index variable for 𝑷𝒔𝒊 𝑋𝑠𝑖 

Dosimetric index for 𝑮𝒔 𝑉𝑆 

Lower bound for 𝑽𝑺 𝐿𝑠 

Upper bound for 𝑽𝑺 𝑈𝑠 

 

Stop times are continuous variables that represent the source stop time in 𝑇𝑗. The total dose 

received in 𝑷𝒔𝒊 is equal to the average dose received from dwell position.  

𝐷𝑠𝑖 =
1

𝑁𝑇
∑ 𝐷𝑠𝑖𝑗𝑡𝑗

𝑁𝑇
𝑗=1   

 Indicator variables are binary variables that should behave as follows: 

𝑋𝑠𝑖 = {
1                         𝐷𝑠𝑖 ≥ 𝑅𝑠   
0                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒      

 

Finally, the dosimeter index for 𝑮𝒔 is equal to the sum of all index variables, such that 

𝑉𝑆 =
1

𝑁𝑠
∑ 𝑋𝑠𝑖

𝑁𝑠
𝑖=1   

Given the nature of such problems, two objectives are considered here. The first goal is to max-

imize the target coverage. Which is as follows: 

𝑓𝑜(𝑡𝑗) = ∑ 𝐷𝑜𝑖𝑗𝑡𝑗
𝑁𝑇
𝑗=1 ≫̃ 𝑅𝑜 + 𝛿                      ∀ 𝑖 ∈ 𝐺𝑜                            (7)  

In the above equation, inequality ≫̃ is fuzzy. The second goal is to reduce the exposure of the 

endangered organs to the problem as a limitation. 

𝑓𝑠(𝑡𝑗) = ∑ 𝐷𝑠𝑖𝑗𝑡𝑗
𝑁𝑇
𝑗=1 ≪̃ 𝑀𝑠 − 𝜀                       ∀ 𝑠, 𝑖 ∈ 𝐺𝑠                      (8)  

Again, in the above limit, inequality ≪̃ is fuzzy. Because organs at risk need not be exposed to 

radiation as much as possible. In both of these limitations, 𝑡𝑗 is a dwell time and should not 

exceed one hour, causing damage to healthy cells[7]. In such cases, the optimization is per-

formed on the dwell time variables. And we have 

0 ≤ 𝑡𝑗 ≤ 3600          𝑠𝑒𝑐𝑜𝑛𝑑                        ∀𝑗                                        (9)  
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The proposed heuristic converts the fuzzy-integer program into a fast-solvable linear formula-

tion while retaining clinical dose–volume limits. 

max             𝑓(𝑡𝑗) = ∑ 𝑋0𝑖
𝑁0
𝑖=1 + ∑ 𝑤𝑠 𝜇𝑠(𝑡𝑗)𝑇

𝑠=0   

𝑠. 𝑡.          ∑ 𝐷𝑜𝑖𝑗𝑡𝑗
𝑁𝑇
𝑗=1 − 𝛿 × 𝜇𝑜(𝑡𝑗) ≥  𝑅𝑜  

( 𝜇𝑠(𝑡𝑗) − 1) × 𝜀 + 𝑓𝑠(𝑡𝑗) ≤ 𝑀𝑠 − 𝜀   

∑ 𝑤𝑠 = 1𝑇
𝑠=0  

0 ≤  𝑋𝑠𝑖 ≤ 1                   ∀ 𝑖 ∈ 𝐺0 
0 ≤ 𝑡𝑗 ≤ 3600          𝑠𝑒𝑐𝑜𝑛𝑑      ∀𝑗 

 

4. Evolutionary algorithm 

These three evolutionary algorithms—Genetic Algorithm, Evolutionary Programming, and Ge-

netic Programming—each evolve a population of candidate solutions through distinct mecha-

nisms such as crossover, mutation, and selection to identify optimal solutions. [9]. 
 

5. Implementation 

Evolutionary algorithms (GA, EP, GP) were applied to optimize dwell times across 20 patients, 

each executed 20 times within one hour. The results provide comparative performance insights, 

visualized through solution sets plotted for clinical evaluation. 

   

   

   

   

   
Figure 4: 20 runs/patient (<1 h) quantify each algorithm’s performance. 

6. Results 

BT planning demands high-dimensional, one-hour optimisation that simultaneously covers the 

target yet spares OARs under strict DV limits, exceeding the capability of conventional simpli-

fied models. 
Table 2: All three evolutionary algorithms covered >96 % of the tumor volume in minimal time. 

GP EP GA Patient 

ID 

𝟎. 𝟗𝟔𝟎𝟎𝟖𝟗 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.960003 (853 𝑠𝑒𝑐𝑜𝑛𝑑) 0.955372 (506 𝑠𝑒𝑐𝑜𝑛𝑑) 1 
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𝟎. 𝟗𝟔𝟎𝟎𝟑𝟑 (𝟏𝟐𝟗𝟕 𝒔𝒆𝒄𝒐𝒏𝒅) * 0.960007 (1973 𝑠𝑒𝑐𝑜𝑛𝑑) 2 

𝟎. 𝟗𝟔𝟎𝟎𝟎𝟎 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.960000 (2400 𝑠𝑒𝑐𝑜𝑛𝑑) 0.960001 (600 𝑠𝑒𝑐𝑜𝑛𝑑) 3 

𝟎. 𝟗𝟔𝟎𝟎𝟎𝟎 (𝟖𝟓𝟑 𝒔𝒆𝒄𝒐𝒏𝒅) 0.960000 (2400 𝑠𝑒𝑐𝑜𝑛𝑑) 0.960000 (2400 𝑠𝑒𝑐𝑜𝑛𝑑) 4 

𝟎. 𝟗𝟔𝟎𝟎𝟎𝟎 (𝟒𝟎𝟑 𝒔𝒆𝒄𝒐𝒏𝒅) 0.96 (403 𝑠𝑒𝑐𝑜𝑛𝑑) 0.967947 (214 𝑠𝑒𝑐𝑜𝑛𝑑) 5 

𝟎. 𝟗𝟔𝟓𝟕𝟒𝟑 (𝟕𝟕𝟐 𝒔𝒆𝒄𝒐𝒏𝒅) 0.96 (1183 𝑠𝑒𝑐𝑜𝑛𝑑) 0.96 (411 𝑠𝑒𝑐𝑜𝑛𝑑) 6 

𝟎. 𝟗𝟔𝟖𝟐𝟑𝟕 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.96 (600 𝑠𝑒𝑐𝑜𝑛𝑑) 0.96 (297 𝑠𝑒𝑐𝑜𝑛𝑑) 7 

𝟎. 𝟗𝟔𝟎𝟎𝟎𝟎 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.96 (1500 𝑠𝑒𝑐𝑜𝑛𝑑) 0.96 (448 𝑠𝑒𝑐𝑜𝑛𝑑) 8 

𝟎. 𝟗𝟕𝟒𝟖𝟐𝟑 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.962718 (600 𝑠𝑒𝑐𝑜𝑛𝑑) 0.963984 (228 𝑠𝑒𝑐𝑜𝑛𝑑) 9 

𝟎. 𝟗𝟔𝟎𝟎𝟎 𝟎(𝟏𝟑𝟓𝟐 𝒔𝒆𝒄𝒐𝒏𝒅) * 0.96 (1493 𝑠𝑒𝑐𝑜𝑛𝑑) 10 

𝟎. 𝟗𝟕𝟎𝟎𝟎𝟎 (𝟔𝟎𝟎 𝒔𝒆𝒄𝒐𝒏𝒅) 0.960108 (600 𝑠𝑒𝑐𝑜𝑛𝑑) 0.960015 (287 𝑠𝑒𝑐𝑜𝑛𝑑) 11 

𝟎. 𝟗𝟔𝟐𝟓𝟒𝟖 (𝟕𝟕𝟐 𝒔𝒆𝒄𝒐𝒏𝒅) 0.96 (1135 𝑠𝑒𝑐𝑜𝑛𝑑) 0.96 (442 𝑠𝑒𝑐𝑜𝑛𝑑) 12 

The results indicate that all three evolutionary algorithms (GA, EP, GP) can achieve target cov-

erage above 96% for prostate cancer HDR-BT planning, though with varying efficiency. In-

stances marked with * denote cases where no algorithm achieved the required coverage[4].  

Comparative results show that all three evolutionary algorithms (GA, EP, GP) achieved high 

tumor coverage, with GP providing the highest value (0.974823) among tested cases. Overall, 

GP is identified as the most effective method for maximizing tumor volume coverage in HDR-

BT planning. 
 

7. Conclusion 
Three mainstream evolutionary algorithms were benchmarked; GP consistently achieved >96 % 

target coverage in the shortest runtime and enclosed the largest tumor volume. Fuzzy set theory 

effectively reconciles the inherent trade-offs and enables integration of additional patient factors, 

yielding clinically selectable plans. Consequently, GP is recommended for rapid, high-coverage 

BT planning, and fuzzy multi-objective extensions are encouraged for future protocols. 
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Abstract. Accurate approximation and modeling of nonlinear dynamic systems remain
a central challenge in computational intelligence and control theory. This paper intro-
duces a general form of neural network architectures termed the Piecewise Orthogonal
Function Neural Networks (POFNNs), which integrate the concept of orthogonal func-
tional bases with localized piecewise representation. In the proposed framework, the
input domain is partitioned into several subregions, each associated with a set of orthog-
onal basis functions that form locally independent subspaces. This structure enables the
network to capture distinct nonlinear behaviors in different regions while preserving nu-
merical stability and interpretability. The results confirm that the proposed framework
provides a flexible, stable, and mathematically interpretable foundation for advanced
neural modeling of nonlinear processes.
Keywords: neural network, piecewise orthogonal functions, function approximation
AMS Mathematics Subject Classification [2020]: 68T05, 62M10

1. Introduction
Neural networks have emerged as powerful tools for modeling complex nonlinear

systems, performing function approximation, and forecasting time series data. Despite
their remarkable success, conventional neural architectures such as multilayer perceptrons
(MLPs) and radial basis function (RBF) networks often face challenges related to con-
vergence speed, overfitting, and the requirement for extensive training data. To address
these limitations, researchers have explored the integration of orthogonal basis functions
within neural network frameworks, leading to the development of neural networks based
on piecewise orthogonal functions (POFNNs) [1–3].

The use of piecewise orthogonal functions introduces a mathematically rigorous repre-
sentation that enhances the approximation capability and numerical stability of the net-
work. By decomposing the input domain into subregions and employing orthogonal basis
functions within each segment, POFNNs achieve local adaptivity and global smoothness
simultaneously. This structure enables the network to efficiently capture abrupt changes
and discontinuities in nonlinear mappings.

∗Speaker.

1
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Moreover, the orthogonality property of the basis functions reduces redundancy in
the representation and simplifies the learning process by decoupling the network parame-
ters. This not only accelerates convergence but also improves generalization performance.
Consequently, POFNNs have found applications in diverse fields such as system identifi-
cation, signal processing, function approximation, and time series prediction. Therefore,
The integration of piecewise orthogonal functions into neural network design represents a
promising direction in computational intelligence.

2. Piecewise Orthogonal Functions: Theoretical Foundations
2.1. Definition and Motivation. Orthogonal functions play a crucial role in nu-

merical analysis, signal representation, and approximation theory due to their ability to
form complete and nonredundant bases in function spaces. However, when modeling non-
linear systems or functions with local discontinuities, global orthogonal functions (such as
Legendre, Chebyshev, or Fourier bases) often fail to provide efficient local representation.
To overcome this limitation, piecewise orthogonal functions (POFs) are introduced as lo-
cally defined, mutually orthogonal basis functions over subdivided intervals of the input
domain.

Consider a bounded domain D = [a, b] ⊂ R. Let this domain be partitioned into M
nonoverlapping subintervals:

(1) D =
M∪

m=1

Dm, Dm = [xm−1, xm], a = x0 < x1 < · · · < xM = b.

Within each subdomain Dm, a set of locally orthogonal basis functions {ϕm,k(x)}Km
k=1 is

defined, satisfying the orthogonality condition

(2)
∫
Dm

ϕm,i(x)ϕm,j(x)wm(x) dx =

{
0, i ̸= j,

αm,i, i = j,

where wm(x) is a positive weighting function and αm,i > 0 are normalization constants.

2.2. Construction of Piecewise Orthogonal Bases. The general form of a POF
over the entire domain D can be written as

(3) Φm,k(x) =

{
ϕm,k(x), x ∈ Dm,

0, x /∈ Dm.

This construction ensures local support (each function is nonzero only in its subdomain)
and global orthogonality, since for any two functions Φm,i and Φn,j ,

(4)
∫ b

a
Φm,i(x)Φn,j(x)w(x) dx =

{
αm,i, m = n, i = j,

0, otherwise.
Hence, the complete set {Φm,k(x)} forms an orthogonal basis over D.

2.3. Examples of Orthogonal Function Families. Various classical orthogonal
functions can be adapted into the piecewise framework. For instance:

• Piecewise Legendre functions [4]:

(5) ϕm,k(x) = Pk

(
2(x− xm−1)

xm − xm−1
− 1

)
,

2
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where Pk(·) denotes the Legendre polynomial of degree k.
• Piecewise hyperbolic functions [2]:

(6) ϕm,k(x) = sinh

(
k(x− xm−1)

xm − xm−1

)
, ψm,k(x) = cosh

(
k(x− xm−1)

xm − xm−1

)
.

2.4. Approximation Property. A square-integrable function f(x) ∈ L2([a, b]) can
be expanded in terms of the piecewise orthogonal basis as

(7) f(x) ≈
M∑

m=1

Km∑
k=1

cm,k Φm,k(x),

where the coefficients are determined using the projection formula

(8) cm,k =
1

αm,k

∫
Dm

f(x)ϕm,k(x)wm(x) dx.

Because the bases are orthogonal, the approximation minimizes the mean square error
within each subdomain, and convergence in L2 is guaranteed as M,Km → ∞.

3. Neural Networks Based on Piecewise Orthogonal Functions
3.1. Network Architecture. POFNN is a class of function approximation networks

that integrate the analytical properties of orthogonal functions with the adaptive learning
capability of neural networks. Unlike conventional feedforward neural networks, where
activation functions are typically sigmoidal or radial, the POFNN employs POFs as neuron
activation or basis functions. This design allows the network to achieve local adaptivity,
rapid convergence, and high numerical stability.

The structure of the POFNN consists of three main layers: an input layer, a hidden
layer composed of locally supported orthogonal neurons, and an output layer that linearly
combines the hidden outputs to generate the final prediction. The output of the POFNN
with one-dimensional input x can be represented as

(9) y(x) =
M∑

m=1

Km∑
k=1

wm,k Φm,k(x),

where Φm,k(x) are the piecewise orthogonal basis functions defined over the subdomains
Dm, and wm,k are the corresponding synaptic weights learned from data.

Each neuron in the hidden layer is therefore associated with a particular subinterval
Dm and a local orthogonal function ϕm,k(x), giving the network a highly interpretable
and modular structure.

3.2. Convergence and Approximation Property. Let f(x) be a target function
in L2([a, b]). According to the orthogonal expansion theory, as the number of subdomains
M and the local basis functions Km increase, the POFNN approximation converges to the
true function:

(10) lim
M,Km→∞

∥f(x)− y(x)∥L2([a,b]) = 0.

This property confirms that POFNNs possess the universal approximation capability, en-
suring that any continuous nonlinear mapping can be approximated with arbitrary preci-
sion.
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Figure 1. Approximation of f(x) = sin(2πx) using a POFNN with two
subintervals and local Legendre bases of degree 0,1, 2.

4. Illustrative Example
To demonstrate the effectiveness of POFNN, we consider a simple nonlinear function

approximation problem. The target function is defined as
(11) f(x) = sin(2πx), x ∈ [0, 1].

The objective is to approximate this function using a POFNN composed of two subintervals
and locally defined Legendre orthogonal basis functions. A set of N = 500 uniformly
spaced samples over [0, 1] is used for training.

Figure 1 shows the comparison between the true function f(x) and the POFNN ap-
proximation. The model successfully captures the nonlinear shape of the sine function
across both subintervals. The mean squared error (MSE) between the true and approxi-
mated values is 3.02× 10−4.

5. Conclusion
This study introduced the Piecewise Orthogonal Function Neural Network (POFNN)

as a general and efficient framework for nonlinear function approximation. The model
leverages piecewise orthogonal functions to provide local adaptability and analytical clar-
ity. The localized representation of POFNN makes it well-suited for modeling nonsta-
tionary and piecewise nonlinear behaviors. The framework can be effectively applied to
system identification, signal reconstruction, and time series forecasting.
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Abstract: In this paper, an effective treatment strategy for optimal control of cancer cells in a limited 

time is investigated. In order to improve the treatment of cancer cells through tumor-immune interac-

tions, a nonlinear mathematical model using immunotherapy is analyzed. The main goal of this re-

search is to reach the conditions under which cancer cells can be effectively controlled. For this pur-

pose, by designing a quadratic control function, optimal treatment strategies are created that maximize 

the number of immune effector cells and minimize the number of cancer cells.  
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1. Introduction 

Cancer, as one of the major challenges in global health, remains a leading cause of death 

worldwide. Remarkable advances in cellular research have shown that tumors are composed of 

heterogeneous and highly differentiated cell populations with diverse genetic differences [1]. 

In recent decades, cellular research has allowed us to better understand the mechanisms of cell 

progression, tumor prevention, and tumor cell destruction during infancy. However, current 

therapies against cancer cells still face major challenges. 

In the last two decades, advances in the understanding of cancer immunogenesis have opened 

the door to cancer immunotherapy approaches [2]. This approach offers a promising new ther-

apeutic strategy and is used to destroy cancer cells. In immunotherapy, genetically modified 

immune control cells recognize tumor-associated antigens and deliver a specific cytotoxic 

agent to the tumor cells. Immunotherapy works by slowing or stopping the spread of cancer 

cells to other parts of the body and also helps the immune system to increase its efficiency by 

eliminating cancer cells. 
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Immunotherapy has emerged as a promising new approach in this area. This approach uses ge-

netically modified immune cells to recognize tumor-associated antigens and then targets the 

tumor cells with a specific cytotoxic agent. 

The main goal of this research is to minimize the tumor toxicity burden and thus maintain a 

sufficient amount of host cells. In this regard, we are trying to provide optimized strategies to 

achieve the desired goals in immunotherapy. This research uses mathematical models and op-

timal control techniques to help increase the understanding of the dynamics of tumor-immune 

interactions and find better solutions to therapeutic problems. For this purpose, the relevant 

mathematical model is presented below. 

 

2. Mathematical model 
As we know, a better understanding of the tumor and its correct prediction can be very useful 

for improving cancer and its better treatment, hence mathematical modeling, dynamical sys-

tems and differential equations can be of great help in this field. In the last few decades, signif-

icant advances have been made in theoretical, experimental and clinical approaches to under-

stand the dynamics of cancer cells and their interactions with the immune system. In addition, 

advances have also been made in analytical and computational models to help provide insight 

into clinical observations. The presented mathematical model is based on the model proposed 

in [3]. Considering the control variable 𝑢 which represents the drug dose and 𝜎 which refers to 

the adaptive cellular immunotherapy treatment; the control model is presented as follows: 

𝑑𝑇

𝑑𝑡
= 𝑎1𝑇(1 − 𝑏1𝑇) − 𝑚1𝑇𝐻 −

𝑛1𝑇𝑙

𝑎1 + 𝑇
,      

𝑑𝐻

𝑑𝑡
= 𝑎2𝐻(1 − 𝑏2𝐻) − 𝑚2𝑇𝐻,                       

𝑑𝑙

𝑑𝑡
=

𝑛2𝑇𝑙

𝛼2 + 𝑇
− 𝜌𝑇𝑙 − 𝛿𝑙 + 𝑢𝜎,                 (1) 

Which apply under the following initial conditions. 

 

T (0) = 𝑇0   ≥ 0.  H (0) = 𝐻0  ≥ 0.  I (0) = I0  ≥ 0.   

𝐼, 𝐻, 𝑇 represent tumor cell, host cell and immune cell, respectively. Tumor cells grow logistic 

with proliferation rate and maximum tumor burden 𝑎1and b1, respectively. Tumor cells, based 

on Michel-Menten motion, are killed by immune effector cells at a rate n1due to the limited 

immune cell effect against the tumor immunosuppressive activity and the stiffness factor 𝑎1. 

The introduction of parameters is continued in [3]. It should be noted that 𝜎refers to the treat-

ment of Adoptive cellular immunotherapy which is administered as an external injection of 

immune-effector cells and is controlled by u (amount of dose). 

Since the goal is to maintain the patient's health during the treatment period with a state con-

straint for the host cell or healthy cell. Therefore, we must minimize the growth of tumor cells 

along with the cost of treatment control or the harmful effects of the drug and maximize the 

growth of immune factor cells. Therefore, the cost function is defined as: 
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𝔍(𝑢, 𝑤) = ∫ [𝑇 − 𝐼 + 𝜖𝑢𝑢2]                                         (2)
𝑡𝑓

0

 

Theorem 2-1: For sufficiently small time (𝑡𝑓), the bounded solutions of the optimal system are 

unique. 

Proof of the theorem: Due to the limitation in the pages of the article, its proof is not stated in 

this section. 

 

3. Numerical results 
 
In this section, we discuss the optimal control problem numerically to investigate the effects of immu-

notherapy on the proposed model. The model parameters are given in [3]. The simulation is performed 

with initial conditions and the back-and-forth sweep method, and finally, the optimal system is solved 

using an iterative process based on the fourth-order Runge-Kutta approach. In the case where immuno-

therapy is considered for disease improvement, the control u^* is obtained as follows: 

 

𝑢∗ = {  
1             0 ≤ 𝑡 ≤ 𝑡1

0               𝑡1 < t ≤ 𝑡𝑓                                                
(3) 

Which is true in 𝑡1 = 103.2. 
 
The numerical results of the optimal system are: 

 

𝐽(𝑢∗) = 335129 × 105, 𝑇(𝑡𝑓) = 1.001 × 103, 𝐼(𝑡𝑓) = 10.081 × 106, 𝐻(𝑡𝑓) = 8.0201 × 103 

 
We observe that the tumor burden size decreases after immunotherapy. If we look closely, the cancer 

cell is eliminated after about 100 days in Figure (1). Here, the weights are 𝜖𝑢 = 100, , 𝜎 = 60. 

 

 
Figure 1: Tumor cell changes with immunotherapy 

 

4. Conclusion 
Immunotherapy is a promising new approach to cancer treatment. It uses genetically modified immune 

cells to recognize tumor-associated antigens and target tumor cells with specific cytotoxic agents. In 

this paper, we investigated the effects of immunotherapy on a model of the tumor immune system. The 

results showed that cancer cells were significantly reduced in the presented model. 
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Abstract: In this paper, a nonlinear mathematical model with drug therapy and treatment control is pre-

sented and analyzed. To understand under what conditions cancer cells can be destroyed, an optimal 

control problem is formulated with treatment as the control parameter. Next, a quadratic control function 

is designed to create optimal treatment strategies that minimize the number of cancer cells and reduce 

the harmful effects of the drug dose. In the proposed model, the uniqueness of the optimal solution is 

investigated, and then numerical simulations are performed and the graph related to the simulation of the 

paper is given. The results show that cancer cells are eradicated with little harmful effects for cancer 

patients. 
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1. Introduction 

According to research, one of the leading causes of death worldwide is cancer. Cancer progres-

sion is associated with the emergence of highly heterogeneous populations of tumor cells, 

which is a defining feature of most advanced tumors[1]. Human knowledge and understanding 

of the mechanisms of cellular phenomena, prevention and destruction of tumor cells is still in 

its infancy. In the human body, tumor-specific antigens are recognized by the adaptive immune 

system to stimulate antitumor immune responses, and the immune system can only eliminate 

tumor cells at an early stage and before clinical interventions. Although new effective medical 

treatments have been dedicated to combating cancer, cancer treatments are still a challenging 

problem in medicine. In fact, host cells or normal cells must be maintained above a minimum 

level during the recovery of cancer cells in the whole body. Hence, modern techniques, for ex-

ample, surgery, chemotherapy, radiotherapy, are performed as a strategy to eliminate cancer 

cells. 

So far, various mathematical models have been studied with chemotherapy for cancer treatment 

[2]. In the following, this article first presents a mathematical model related to tumor stability 
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analysis in the form of differential equations; then, changes and examination of chemotherapy 

applications on it are discussed. 

 

2. Mathematical model 
In today's information world, one of the promising approaches involves mathematical model-

ing. The proposed model includes the identification of cells that play a role in cancer spread, 

interactions between cells, and a description of the dynamics of these interactions, which has 

helped to estimate the effective parameters in the analysis of tumor stability. It should be noted 

that its basic model has been previously described [3]. Next, by applying the control variable 

of chemotherapy that affects tumor, healthy, and immune cells, the following mathematical 

model based on a system of differential equations has been proposed: 

𝑑𝑇

𝑑𝑡
= 𝑎1𝑇(1 − 𝑏1𝑇) − 𝑚1𝑇𝐻 −

𝑛1𝑇𝑙

𝑎1 + 𝑇
− 𝑟1(1 − 𝑒−𝑉)𝑇, 

𝑑𝐻

𝑑𝑡
= 𝑎2𝐻(1 − 𝑏2𝐻) − 𝑚2𝑇𝐻 − 𝑟2(1 − 𝑒−𝑉)𝐻,                  

𝑑𝑙

𝑑𝑡
=

𝑛2𝑇𝑙

𝛼2 + 𝑇
− 𝜌𝑇𝑙 − 𝛿𝑙 − 𝑟3(1 − 𝑒−𝑉)𝐼,                       (1) 

𝑑𝑉

𝑑𝑡
= w − 𝑑1V.                                                                              

Which apply under the following initial conditions: 

 

T (0) = 𝑇0   ≥ 0.  H (0) = 𝐻0  ≥ 0.  I (0) = I0  ≥ 0.  V (0) = 𝑉0  ≥ 0     (2) 

 

𝐼, 𝐻, 𝑇 represent tumor cells, host cells, and immune cells, respectively. The amount of 

chemotherapy administered is represented by the variable V. Tumor cells have a lo-

gistic growth with 𝑎1and b1proliferation rate and maximum tumor burden, respectively. 

Tumor cells, based on Michel-Menten motion, are destroyed by immune factor cells at 

a rate n1due to the limited immune cell effect against the tumor immunosuppressive ac-

tivity and the stiffness coefficient 𝑎1. The introduction of parameters is continued in 

[3]. 𝑟1, 𝑟2, and 𝑟3 represent the rate of destruction of tumor cells, host cells, and immune 

cells, respectively, and are considered with values of 0.8, 0.6, and 0.6. 

Since the goal is to maintain the patient's health during the treatment period with a state 

limitation for the host cell, that is, healthy cells. Therefore, we should minimize the tu-

mor cell growth along with the cost of treatment control or the harmful effects of the 

drug and maximize the growth of immune factor cells. So the cost function is defined 

as: 

 

𝔍(𝑢, 𝑤) = ∫ [𝑇 − 𝐼 +
1

2
(𝜖𝑤𝑤2)]                                         (3)

𝑡𝑓

0
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where w refers to the amount of dose of chemo which is injected into the system and 𝑑1 

represents decay rate during drug administration. The following theorem is presented to 

demonstrate the existence of an optimal solution. 

Theorem 2.1. An optimal solution 

(𝑋∗, 𝑢∗, 𝑤∗) ∈ 𝑆1,∞([0, 𝑡𝑓], 𝑅+
4 ) × 𝐿∞([0, 𝑡𝑓], 𝑅+

2 ) 

For (1) and (2) exist optimal control such that 

𝒥(𝑢∗, 𝑤∗) = 𝑚𝑖𝑛{𝒥(𝑢, 𝑤): 𝑢, 𝑤 ∈ 𝑆}                                  (4) 

in which 

𝑋∗ = [𝑇∗, 𝐻∗, 𝐼∗, 𝑉∗]𝑇 

and S is an acceptable control set in [0, 𝑡𝑓] with initial conditions 

𝑇(0) = 𝑇0, 𝐻(0) = 𝐻0, 𝐼(0) = 𝐼0. 𝑉(0) = 𝑉0 

is defined. 

Proof: Due to the limitation of the article pages, its proof is not stated in this section. 
. 

 

3. Numerical results 
 

In this section, we discuss the optimal control problem numerically to investigate the effects of 

chemotherapy on the proposed model. The model parameters are given in [3]. Also, 𝜖𝑤 =
500is considered. The simulation is performed with initial conditions and the back-and-forth 

sweep method, and finally, the optimal system is solved using an iterative process based on the 

fourth-order Rang-Kutta approach. The control 𝑤∗ is also as follows: 

𝑤∗ = {
1           𝑓𝑜𝑟   0 ≤ 𝑡 ≤ 𝑡2

0        𝑓𝑜𝑟    𝑡2 ≤ 𝑡 ≤ 𝑡𝑓
                                       (5) 

Which is true at 𝑡2 = 22.02.  

The numerical results of the optimization system are as follows: 

𝐽(𝑤∗) = 11.4801 × 105. 𝑇(𝑡𝑓) = 0.9999 × 103. 𝐼(𝑡𝑓) = 1.99 × 106. 𝐻(𝑡𝑓) = 1.015 × 103 

It is observed that by administering chemotherapy drugs, cancer cells will decrease signifi-

cantly. 
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Figure 1: Tumor cell changes with chemotherapy 

 

4. Conclusion 
In this paper, we investigated the effect of chemotherapy on the model and demonstrated the dynamics 

of therapeutic strategies with interacting cells and their environment. For this purpose, we used the op-

timal therapeutic policy considering chemotherapy as a control variable and applied it to the model of 

De Pilis et al. The results showed that in the presented model, there was a significant reduction in can-

cer cells. 
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Abstract. In this paper, the controllability and observability of ( time-invariant )
discrete-time linear system with interval coefficients is investigated. They is researched
by a ( time-invariant ) discrete-time linear system with real coefficients and the full rank
of the matrix is used in them.
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1. Introduction

Controllability and observability in the control systems are very important. In this
paper, controllability and observability of ( time-invariant ) discrete-time linear system
with interval coefficients are researched. E =

{
x ∈ R|e1 ≤ x ≤ e2

}
for e1, e2 ∈ R is a

closed bounded interval. Each member of E is stated as e(λ) = e1+λ
(
e2 − e1

)
, 0 ≤ λ ≤ 1

and e1 = min e(λ), e2 = max e(λ), 0 ≤ λ ≤ 1 are respectively the begining and end points
of E. [2]
Suppose that E =

[
e1, e2

]
is an interval number. All elements of a matrix are interval

numbers then it is an interval matrix. E = [eij ]m×n and E = [Eij ]m×n ,Eij =
[
e1ij , e

2
ij

]
are

respectively real and interval matrices. E ∈ E if and only if eij ∈ Eij for i = 1, . . . ,m, j =
1, . . . , n. The following explanations are considered:
I(R) =The set of all interval numbers in R.
I(R)n =The product space I(R)× I(R)× · · · × I(R).
I(R)m×n =The set of all interval matrices with m rows and n columns.
J [0, 1]m×n = The set of all real matrices with m rows and n columns such that all elements
of these matrices belong to [0, 1].

Proposition 1.1. An interval matrix E can be presented by an infinite set of real
matrices, i.e.

∗Speaker.

1
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E = {EΛ|EΛ = [eij(λij)]m×n , Λ = [λij ]m×n ∈ J [0, 1]m×n , eij(λij) = e1ij + λij(e
2
ij −

e1ij) , i = 1, . . . ,m , j = 1, · · · , n}.

Proof. The proof of this proposition is stated in [1] □

Definition 1.2. E ∈ I (R)m×n is an interval matrix. If all real matrices EΛ ∈ E
(Λ ∈ J [0, 1]m×n) have full rank, then the interval matrix E is full rank.

The discrete-time linear system with interval coefficients is considered as follows:{
xk+1 = Axk + Buk
yk = Cxk +Duk

(1)

xk, uk and yk are respectively state, control and output vectors and they have n, m
and p dimentions. A ∈ (I (R))n×n , B ∈ (I (R))n×m , C ∈ (I (R))p×n , D ∈ (I (R))p×m

are interval matrices and they are defined in accordance with Proposition 1.1 and also
AΛ ∈ A, BΓ ∈ B, CΘ ∈ C, DΩ ∈ D such that AΛ, BΓ, CΘ, DΩ are real matrices that
Λ ∈ J [0, 1]n×n,Γ ∈ J [0, 1]n×m, Θ ∈ J [0, 1]p×n, Ω ∈ J [0, 1]p×m.
The ( time-invariant ) discrete-time linear system with real coefficients that has the similar
structure to the system (1) as following:{

xk+1 = AΛxk +BΓuk

yk = CΘxk +DΩuk
(2)

Consider the first equation of (2) for k = 0, 1, 2, . . . and put this equation for k = 0
into this equation for k = 1 and the resultant equation is replaced into this equation for
k = 3 and so the same procedure continues, the equation (3) will be reached

xk = Ak
Λx0 +

k∑
i=1

Ak−i
Λ BΓui−1(3)

2. Controllability and Observability

The controllability and observability of the system (1) will be expressed via the system
(2) .

Definition 2.1. A system with state space equation (2) is given that AΛ : Λ ∈
J [0, 1]n×n, BΓ : Γ ∈ J [0, 1]n×m, CΘ : Θ ∈ J [0, 1]p×n and DΩ : Ω ∈ J [0, 1]p×m are coefficient
matrices. y1, y2 are any position in R. The state sequence {xk} can be brought from the
position y1 to y2 by a certain control sequence {uk} , the system (2) is called controllable.
Otherwise, consider any positions y1, y2 ∈ R, there exists a sequence control {uk} such

that: y2 = Ak
Λy1 +

∑k
i=1A

k−i
Λ BΓui−1, then the system (2) is controllable.

Definition 2.2. The interval matricesA ∈ (I (R))n×n ,B ∈ (I (R))n×m , C ∈ (I (R))p×n

and D ∈ (I (R))p×m are the coefficient matrices of the system (1) . If the system (2)
is controllable for all real matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and DΩ ∈ D such that
Λ ∈ J [0, 1]n×n,Γ ∈ J [0, 1]n×m,Θ ∈ J [0, 1]p×n and Ω ∈ J [0, 1]p×m, then the system (1) is
controllable.

Proposition 2.3. The linear system (1) with interval coefficients is assumed and

MAB =
[
B AB A2B . . . An−1B

]
2
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is an interval compound matrix that MAB ∈ (I (R))n×mn . This system is controllable if
and only the interval matrix MAB is full rank.

Proof. Let the system (1) is controllable, the system (2) is controllable for all real
matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and DΩ ∈ D. The real matrix

MAΛBΓ
=

[
BΓ AΛBΓ A2

ΛBΓ . . . An−1
Λ BΓ

]
is full rank for all real matrices Λ ∈ J [0, 1]n×n,Γ ∈ J [0, 1]n×m [3]. Then the interval
compound matrix MAB is full rank.
Now suppose the interval compound matrix MAB is full rank, the real compound matrix
MAΛBΓ

is full rank for all real matrices Λ ∈ J [0, 1]n×n,Γ ∈ J [0, 1]n×m. The system (2)
is controllable for all real matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and DΩ ∈ D [3]. Then the
system (1) is controllable. □

Definition 2.4. Suppose the initial time of the system (2) is l. There exists an q > 0,
that CΘA

i
Λxl = 0 is satisfied for i = l, . . . , q it is resulted in xl = 0 , the system is

observable at initial time l. The system is observable at every initial time l then, it is
called observable.

Definition 2.5. The system (1) is assumed with interval coefficient matrices A,B, C
and D. The system (2) is observable for all real matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and
DΩ ∈ D then, the system (1) is called observable.

Proposition 2.6. The interval compound matrix

NCA =


C
CA
CA2

...
CAn−1


that NCA ∈ (I (R))np×n is assumed. The system (1) is observable if and only if the interval
compound matrix NCA is full rank.

Proof. Suppose the system (1) is observable, then the system (2) is observable for
all real matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and DΩ ∈ D. The real compound matrix

NCΘAΛ
=


CΘ

CΘAΛ

CΘA
2
Λ

...
CΘA

n−1
Λ


is full rank for all real matrices Λ ∈ J [0, 1]n×n,Θ ∈ J [0, 1]p×n [3]. So the interval compound
matrix NCA is full rank.
If the interval compound matrix NCA is full rank, the real compound matrix NCΘAΛ

is full
rank for all real matrices Λ ∈ J [0, 1]n×n,Θ ∈ J [0, 1]p×n. Then the system (2) is observable
for all real matrices AΛ ∈ A, BΓ ∈ B, CΘ ∈ C and DΩ ∈ D [3]. So the system (1) is
observable □

3
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Example 2.7. The interval matrices A =

[
[2, 5] [−2, 1]
0 [0, 4]

]
, B =

[
[3, 4]
[−5, 7]

]
, C =[

0 [4, 7]
]
, D = O, are the coefficient matrices of the system (1) .There exist the real ma-

trices AΛ =

[
2 + 3λ11 −2 + 3λ12

0 4λ22

]
, BΓ =

[
3 + γ11

−5 + 12γ21

]
, CΘ =

[
0 4 + 3θ12

]
, such that

AΛ ∈ A, BΓ ∈ B, CΘ ∈ C for all real matrices Λ ∈ J [0, 1]2×2,Γ ∈ J [0, 1]2×1,Θ ∈ J [0, 1]1×2.

The elements of the compound matrix MAΛBΓ
=

[
m11 m12

m21 m22

]
are as follows:m11 =

3 + γ11,m12 = 16 + 2γ11 + 9λ11 + 3λ11γ11 − 24γ21 − 15λ12 + 36λ12γ21,m21 = −5 + 12γ21
and m22 = −20λ22 + 48λ22γ21. det (MAΛBΓ

) = 80 − 60λ22 + 144λ22γ21 − 20λ22γ11 +
48λ22γ21γ11+10γ11+45λ11+15λ11γ11−312γ21−75λ12+360λ12γ21−24γ11γ21−108λ11γ21−
36λ11γ11γ21 + 288γ221 − 432λ12γ

2
12. Considering that the minimum and maximum amount

of MAΛBΓ

(
Λ ∈ J [0, 1]2×2,Γ ∈ J [01]2×1

)
are respectively negative and positive, therefore

there exist Λ1 ∈ J [0, 1]2×2,Γ1 ∈ J [0, 1]2×1 : det
(
MAΛ1

BΓ1

)
= 0. So the system (1) is not

controllable.

The compound matrix NCΘAΛ
=

[
0 4 + 3θ12
0 16λ22 + 12θ12λ22

]
is singular and the system (1) is

not observable.

3. Conclusion

The controllability and observability of the ( time-invariant ) discrete-time linear sys-
tem with interval coefficients were researched. The investigation of this system that it is
time-variant will suggested.
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Abstract: In this paper, investigates the estimation of the scale parameter for Rayleigh distribution based 

on progressive type-II censoring samples. Bayesian and E-Bayesian estimators are produced using sym-

metric loss function, such as the squared error (SE) loss function. Then, these methods are compared 

through Monte Carlo simulation study.  
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1. Introduction 
The Rayleigh distribution is due to the fact that in different fields of science and technology such 

as the modeling of sea wave heights in oceanography, communications engineering, distribution 

of industrial components life, clinical studies of cancer patients, reliability theory and analysis 

survival is used, its parameter estimation is recommended in various ways [6]. Also, Censoring 

is a common practice in longevity and reliability studies. If the experimenter determines that, 

after observing the first failure, R1  units of healthy test units and at the time of the second failure, 

2R  unit of healthy test units will be cached out of the test and continue until mth failure, all the 

remaining units of the test 1 2 1...m mR n R R R m       outside Then The Progressive Type-

II sensor will take place. In this case, the failure times of units are random variables and iR s are 

predetermined constants. As a result of this censorship plan, m ordered amount is obtained which 

ordinal statistics are called progressive type-II censored [1]. 

The probability density function and cumulative distribution function of the Rayleigh distribu-

tion are respectively, as follows. 

 𝑓(𝑥, 𝜆) = 2𝜆𝑥𝑒−𝜆𝑥2
, 𝑥 > 0, 𝜆 > 0                                                                                                             (1)  

𝐹(𝑥, 𝜆) = 1 − 𝑒−𝜆𝑥2
, 𝑥 > 0, 𝜆 > 0                                                                                            (2)  

In the second section, we will obtain the E-Bayesian estimation of the Rayleigh distribution 

parameter under SE and the Progressive Type-II censored. In the third section, they will be com-

pared Bayesian and E-Bayesian estimators using Monte Carlo simulation. And the fourth part 

will be dedicated to the results. 

2. Estimation of 𝝀 

It is assumed that the Prior distribution of   is the gamma distribution with the Hyperparameter 

𝑎 and 𝑏 as follows. 

 𝜋(𝜆|𝑎, 𝑏) =
𝑏𝑎

Γ(𝑎)
𝜆𝑎−1𝑒−𝜆𝑏, 𝜆 > 0, 𝑎, 𝑏 > 0                                                                                  (3)            

                                                      
1 . Corresponding Author 
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According to Han (12), the Hyperparameter 𝑎 and 𝑏 are considered to be  π λ a b| , decreasing 

relative to λ . 

 Thus obtaine 
𝑑[𝜋(𝜆|𝑎, 𝑏)]

𝑑𝜆
=

𝑏𝑎𝜆𝑎−2𝑒−𝑏𝜆

Γ(𝑎)
[(𝑎 − 1) − 𝑏𝜆] That should be 𝑏 > 0  and 0 < 𝑎 ≤ 1. 

Berger [4] showed that increasing 𝑏 would decrease the efficiency of the Bayes estimator 

𝜆.Therefore, the Hyperparameter 𝑏 must be bounded above and be 0 < 𝑏 < 𝑐. Showed that the 

most appropriate distribution 𝑏 is uniform distribution.Therefore, in this paper,  1π b is a con-

tinuous uniform distribution in the interval (0, 𝑐) and 𝑎 = 1. In this case, relation (3) becomes 

𝜋(𝜆|𝑏) = 𝑏𝑒−𝜆. 

 

2.1 E-Bayesian estimation of λ 
In this section, we will first obtain, the Bayes estimation and then the E-Bayesian estimation of 𝜆 with 

the loss function 𝐿(𝜃, 𝜃) = (𝜃 − 𝜃)2. If Rayleigh distribution with probability density function (1), the 

distribution of the failure time, and 1:m:n 2:m:n m:m:nY ,Y ,Y is Progressive Type-II censored sample of it, 

and 𝑦𝑖 is the finding of 1:m:nY , then according to [2], the likelihood function is obtained as follows 
m

i i

i

m λ R y
m

i

i

y

2

1

( 1 )
m

1

L( | ) C 2 λ e 

 



 
  

 
 


Y                                                                                        (4)  

where,
 1:m:n 2:m:n m:m:nY ,Y ,…,YY

,
   1 1 m-1C = n n - R -1 … n - R -…- R - m+1

 

According to (4), posterior distribution of λ is obtained as follows. 

 
   

m

i i

i

m m R y
i ii

R y

m

2

1

2 1 λ(b+ 1 )
* m1

( b 1 )
π λ | λ e

!


  


 



Y                                                          (5) 

Therefore, the Bayes estimation of the parameter λ under the squared error loss function is as follows 

𝜆̂𝐵𝑎𝑦(𝑏) = 𝐸(𝜆|𝑌) =
𝑚+1

𝑏+∑ (1+𝑅𝑖)𝑦𝑖
2𝑚

𝑖=1

                                                                                                     (6) 

E-Bayesian estimation of the parameter 𝜆, is defined  𝜆̂𝐸𝐵𝑎𝑦 = ∫ 𝜆̂𝐵𝑎𝑦(𝑏)𝜋1(𝑏)𝑑𝑏,   𝑏𝜖Λ
Λ

. 

According to equation (6), definition 2-1 and distribution 𝑏, E-Bayesian estimation 𝜆  is obtained 

as follows 

𝜆̂𝐸𝐵𝑎𝑦 =
1

𝑐
∫ 𝜆̂𝐵𝑎𝑦(𝑏)𝜋1(𝑏)𝑑𝑏 =

𝑚+1

𝑐
[𝑙𝑜𝑔

𝑐+∑ (1+𝑅𝑖)𝑦𝑖
2𝑚

𝑖=1

∑ (1+𝑅𝑖
𝑚
𝑖=1 )𝑦𝑖

2 ]
𝑐

0
                                                                  (7) 

 

3. Simulation study 

Using [3], Progressive Type-II censored samples are obtained from the Rayleigh distribution 

with probability density function (1) and with parameter = 2  as follows. 

Step 1: First, we generate 𝑚random number independent of the standard uniform distribution 

and shown with 1 2 mW ,W ,…,W . 

Step 2: For, 

m

j

j m 1 i

i

1/ ( i R )

ii 1.2. .m ,V W
  

  
 

    


. 

Step 3: For, i
i :m:n j 1 m 1 ji 1.2. .m ,U 1 V       , in this case, 1:m:n 2:m:n m:m:nU ,U , ,U is the 

Progressive Type-II censored sample of standard uniform distribution. 

Step 4:  1
i :m:n i :m:nY F U  is obtained for i 1.2. .m  . 

In this case, 1:m:n 2:m:n m:m:nY ,Y , ,Y  are the Progressive Type-II censored order statistics of 

Rayleigh distribution with probability density function (1). Now, we obtain the Bayesian and E-
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Bayesian estimators by using the generated sample 1:m:n 2:m:n m:m:nY ,Y , ,Y , and relations (6), 

(7) and (10).The first to fourth steps are repeated 1000 times, and then the average values of 

estimators and the root mean square error of the estimators are calculated. The results are pre-

sented in Table indicates that the Bayesian estimation is better. 
 

Table. Average estimates and ( MSE ) under quadratic loss function for 𝑏 = 0.5 and 𝑐 = 1.5 

𝑁 𝑀 𝑑𝑒𝑠𝑖𝑔𝑛 
Bay̂

 EBay̂
 

10 5 (5,0,…..,0) 0/978(0/085) 3/693(1/187) 

10 5 (2,3,0,...,0) 1/886(0/325) 3/420(1/144) 

20 10 (10,0,....,0) 0/959(0/487) 5/553(1/538) 

20 10 (3,4,3,0,..,0) 2/384(0/297) 5/026(1/338) 

50 30 (0,20,….,0) 0/963(0/026) 9/004(2/200) 

50 40 (1,4,5,0,..,0) 4/350(0/972) 5/093(1/390) 

50 25 (1,……..,1) 6/954(1/378) 7/613(1/684) 

80 50 (15,15,0,..,0) 1/820(0/066) 11/97(2/681) 

 

4. Conclusion 
In this study, Bayesian and E-Bayesian estimations of the Rayleigh distribution parameter based 

on the Progressive Type-II censored samples were obtained. By calculating the MSE and the 

average estimation, the Bayesian and E-Bayesian estimations based on the Rayleigh distribution 

were compared using Monte Carlo simulation. It has been shown that the Bayesian estimation 

has better efficiency. 
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Abstract. In this paper, maximum likelihood and Bayes estimators of the parameters
have been obtained for power modified Lindley distribution when sample is available
from progressive Type-II censoring scheme. The Bayes estimators are obtained under
symmetric and asymmetric balanced loss functions, specifically the balanced squared
error loss function, the balanced linear exponential loss function. Because the integrals
of the Bayes estimates do not possess closed forms, the Metropolis-Hastings algorithm
is applied to approximate these integrals. One real data sets have been analyzed to
demonstrate how the proposed methods can be used in practice.
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1. Introduction

Under Progressive censoring scheme, from a total of n units placed simultaneously on
a life test, only (m < n) are completely observed until failure. Then, given a censoring
plan R1, . . . , Rm: At the time X1:m:n of the first failure, R1 of the n−1 surviving units are
randomly withdrawn (or censored) from the life-testing experiment. At the time X2:m:n of
the next failure, R1 of the n−R1 − 2 surviving units are censored, and so on. Finally, at
the time Xm:m:n of the mth failure, all the remaining Rm = n−m−R1−R2− . . .−Rm−1

surviving units are censored, see; [2]. The cumulative distribution function and probability
density function of the power modified Lindley distribution (PML) are given by [3]

(1) fX(x; θ, α) =
αθ

1 + θ
e−2θxα

[(1 + θ)eθx
α
xα−1 + 2θx2α−1 − xα−1], x > 0, θ > 0 α > 0,

(2) FX(x; θ, α) = 1−
[
1 +

θxα

1 + θ
e−θxα

]
e−θxα

, x > 0, θ > 0, α > 0.

In this paper, we consider the estimation of the PML distribution based on progressively
Type-II censoring, Bayes and maximum likelihood estimators are considered.

∗Speaker.
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2. Estimation of the model parameter

2.1. Maximum likelihood estimation. Under the progressively Type-II censored
sample X = (X1, . . . , Xm), the likelihood function for ζ = (θ, α) is given by

(3) L(x; ζ) = A

m∏
i=1

f(xi; ζ)[1− F (xi; ζ)]
Ri ,

where A = n(n − R1 − 1)(n − R1 − R2 − 2) . . . (n − R1 − . . . − Rm−1 − m + 1) and
x = (x1, . . . , xm) is the vector of observation. By substituting Eqs. (1) and (2) into Eq.
(3), the likelihood function is

L(x; θ, α) = A
αmθm

(1 + θ)m
e−θ[2

∑m
i=1 x

α
i +

∑m
i=1 x

α
i Ri]

m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

]
.(4)

Therefore, the maximum likelihood estimators (MLE) of θ and α, can be obtained by
maximizing the log-likelihood function with respect to θ and α.

2.2. Bayesian Approaches. [4] presented a generalized balanced loss function, de-

noted as the Lρ,ω,δ0(δ, δ̂) = ωρ(δ̂, δ0) + (1 − ω)ρ(δ, δ̂). In this context, ω (with 0 ⩽ ω ⩽ 1
) serves as a weight parameter, and ρ denotes a user-defined loss function. The target
estimator, denoted as δ0 , is typically derived using methods such as maximum likelihood

or least squares or unbiasedness. By choosing ρ(δ, δ̂) = (δ̂ − δ)2, reduced to the balanced-

squared error loss (BSEL) function, in the form Lω,δ0(θ, δ) = ω(δ̂− δ0)
2 + (1−ω)(δ̂− δ)2,

where δ̂ is an estimator of δ. The Bayes estimator of δ under the BSEL loss function

is given by δ̂ω, δ0(x) = ωδ0 + (1 − ω)E(δ|x). The balanced linear-exponential (BLINEX)
loss function, incorporating a shape parameter c (where c ̸= 0), is formulated by defining

ρ(δ, δ̂) = ec(δ̂−δ) − c(δ̂ − δ)− 1, see; [5]. The Bayes estimator of δ under the BLINEX loss

function is given by δ̂ω, δ0(x) = −1
c log[ωe−cδ0 + (1 − ω)E(e−cδ|x)]. It is assumed that θ

and α have independent gamma priors with the pdfs

(5) π(θ) =
ba11 θa1−1 e−b1θ

Γ(a1)
, π(α) =

ba22 αa2−1 e−b2α

Γ(a2)
,

where a1, b1 and a2, b2 are positive hyperparameters. From Eqs. (4) and (5), the joint
posterior density of θ and α becomes

π(θ, α|x) = θm+a1−1αm+a2−1e−b2α

K (1 + θ)m
e−θ[

∑m
i=1 x

α
i (2+Ri)+b1]

m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

]
,(6)

where

K =

∫ ∞

0

∫ ∞

0

θm+a1−1αm+a2−1

eb2α(1 + θ)m
e−θ[

∑m
i=1 x

α
i (2+Ri)+b1]

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

] m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

dθdα.

2
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The Bayes estimator of θ under the BSE and BLINEX functions are given by

θ̂BS = ωθ̂ML + (1− ω)

∫ ∞

0

∫ ∞

0

θm+a1αm+a2−1e−b2α

K (1 + θ)m
e−θ[

∑m
i=1 x

α
i (2+Ri)+b1]

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

] m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

dθdα,(7)

θ̂BL = −1
c log

[
ωe−cθ̂ML + (1− ω)

∫∞
0

∫∞
0

θm+a1−1αm+a2−1e−b2α

K (1+θ)m
∏m

i=1

(
1 +

θxα
i

1+θe
−θxα

i

)Ri

×e−θ[
∑m

i=1 x
α
i (2+Ri)+b1+c]

∏m
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

]
dθdα

]
,(8)

Similay, we obtained the approximate Bayes estimates of the unknown parameter α. Since

the Bayes estimate θ̂BS and θ̂BL cannot be obtained analytically, we adopt the Metropolis-
Hastings algorithm to compute the Bayes estimate of θ.The Metropolis-Hastings algorithm
steps are given below:

(1) Set the initial value ζ0 = (θ0, α0) and j = 1.

(2) Using the Metropolis-Hastings algorithm, generate ζj = (θj , αj) from

π(θ(j−1), α(j−1)|x) with the bivariate normal distribution N2(ζ(j−1),Σ) as pro-

posal distribution, where Σ is the inverse of the estimated information matrix

around the parameters θ and α. In other words, we put (in each repetition);

Σ =

[
−∂2 lnL(x;θ,α)

∂θ2
−∂2 lnL(x;θ,α)

∂θ∂α

−∂2 lnL(x;θ,α)
∂α∂θ

−∂2 lnL(x;θ,α)
∂α2

]−1

(θ,α)=(θ̂MLE ,α̂MLE)

(3) Set j = j+1 and Repeat Steps (2), N times to compute the Markov Chain Monte
Carlo (MCMC) samples {(θ1, α1), . . . , (θN , αN )}.

The approximate Bayes estimates of θ under BSEL and BLINEX functions as

θ̂BS = ωθ̂ML +
(1− ω)

N −M

N∑
j=M+1

θj , θ̂BL =
−1

c
log

ωe−cθ̂ML +
(1− ω)

N −M

N∑
j=M+1

e−cθj

 ,

Similay, we obtained the approximate Bayes estimates of the unknown parameter α. M
is the burn-in period.

3. Numerical results

Example 3.1. This data represents the life of fatigue fracture of Kevlar 373/epoxy
subjected to constant pressure at 90% stress level until all had failed. This data set was
reported by [1]

0.0251 0.0886 0.0891 0.2501 0.3113 0.3541 0.4763 0.5650 0.5761 0.6566 0.6748
0.6751 0.6753 0.7696 0.8375 0.8391 0.8425 0.8645 0.8851 0.9113 0.9120 0.9836
1.0483 1.0596 1.0773 1.1733 1.2570 1.2766 1.2985 1.3211 1.3503 1.3551 1.4595
1.4880 1.5728 1.5733 1.7083 1.7263 1.7460 1.7630 1.7746 1.8275 1.8375 1.8503
1.8808 1.8878 1.8881 1.9316 1.9558 2.0048 2.0408 2.0903 2.1093 2.1330 2.2100
2.2460 2.2878 2.3203 2.3470 2.3513 2.4951 2.5260 2.9911 3.0256 3.2678 3.4045
3.4846 3.7433 3.7455 3.9143 4.8073 5.4005 5.4435 5.5295 6.5541 9.096

3
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The K − S statistics of the distance between the fitted and the empirical distribution
functions (based on the parameters θ = 0.5324 and α = 1.1182 obtained by MLEs) is
0.0964 and the corresponding p − value is 0.4516. Therefore, it is reasonable to use the
PML distribution for fitting the data set. Based on the progressively Type-II censored
schemes (0, 0, 0, 0, 0, 0, 0, . . . , 0, 20), we analyze the given data set and obtain the point
estimates of parameters θ and α as described in Section 2. For computing the Bayes
estimates, it is assumed that the priors of θ and α are improper, i.e. a1 = b1 = a2 = b2 = 0,
since we do not have any prior information. For MCMC method using Metropolis-Hastings
algorithm, we sampleN = 50000 values and discard the initialM = 5000 as burn-in sample
and calculate the Bayes estimates based on the remaining N −M = 45000 samples. The
results are presented in Table 1.

Table 1. MLE and Bayes estimates under BSEL and BLINEX

MLEs ω BSEL BLINEX
c = −3 c = 0.0001 c = 5

θ 0.5106 0.0 0.5126 0.5190 0.5126 0.5025
0.3 0.5120 0.5165 0.5120 0.5048
0.6 0.5111 0.5136 0.5111 0.5071
0.9 0.5108 0.5115 0.5108 0.5098
1.0 0.5106 0.5106 0.5106 0.5106

α 1.2951 0.0 1.2915 1.3254 1.2915 1.2388
0.3 1.2941 1.3180 1.2941 1.2563
0.6 1.2945 1.3093 1.2951 1.2720
0.9 1.2949 1.2984 1.2949 1.2889
1.0 1.2951 1.2951 1.2951 1.2951

4. Conclusion

In this paper, maximum likelihood and Bayes estimators of the parameters have been
obtained for PML distribution when sample is available from progressive Type-II censoring
scheme. The Bayesian estimation is studied with respect to BSEL and BLINEX functions.
From Table 1, we observe that with the increase ω, Bayes estimates of θ and α under the
BSEL and BLINEX functions are close to the maximum likelihood estimation. For ω = 1,
Bayes estimates are equal to corresponding MLEs. Also observed that, the Bayes estimates
under the BLENX function for c = 0.0001 is the same as the Bayes estimates under the
BSEL function. For ω = 0, the Bayes estimate are obtained under the SEL and LINEX
function.
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1. Introduction

The probability density function and cumulative distribution function of the power
modified Lindley (PML) distribution are given by [3]

(1) fX(x; θ, α) =
αθ

1 + θ
e−2θxα

[(1 + θ)eθx
α
xα−1 + 2θx2α−1 − xα−1], x > 0, θ > 0 α > 0,

(2) FX(x; θ, α) = 1−
[
1 +

θxα

1 + θ
e−θxα

]
e−θxα

, x > 0, θ > 0, α > 0.

The corresponding reliability function and hazard rate function are, respectively, given by

(3) SX(x; θ, α) =

[
1 +

θxα

1 + θ
e−θxα

]
e−θxα

, x > 0, θ > 0, α > 0.

(4) HX(x; θ, α) = αθxα−1

[
θxα − 1

(1 + θ)eθxα + θxα
+ 1

]
, x > 0, θ > 0, α > 0.

Under Progressive censoring scheme, from a total of n units placed simultaneously on a
life test, only (m < n) are completely observed until failure. Then, given a censoring plan

∗Speaker.
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R1, . . . , Rm: At the time X1:m:n of the first failure, R1 of the n − 1 surviving units are
randomly withdrawn (or censored) from the life-testing experiment. At the time X2:m:n of
the next failure, R1 of the n−R1 − 2 surviving units are censored, and so on. Finally, at
the time Xm:m:n of the mth failure, all the remaining Rm = n−m−R1−R2− . . .−Rm−1

surviving units are censored, see; [2]. In this paper, we computed the 95% confidence
intervals for θ, α, S(t) and H(t) based on the asymptotic distributions of the MLE, the
Bayesian credible intervals, delta method and bootstrapping.

2. Interval Estimation

2.1. Asymptotic confidence interval. Under the progressively Type-II censored
sample X = (X1, . . . , Xm), the likelihood function for ζ = (θ, α) is given by

(5) L(x; ζ) = A

m∏
i=1

f(xi; ζ)[1− F (xi; ζ)]
Ri ,

where A = n(n − R1 − 1)(n − R1 − R2 − 2) . . . (n − R1 − . . . − Rm−1 − m + 1) and
x = (x1, . . . , xm) is the vector of observation. By substituting Eqs. (1) and (2) into Eq.
(5), the likelihood function is

L(x; θ, α) = A
αmθm

(1 + θ)m
e−θ[2

∑m
i=1 x

α
i +

∑m
i=1 x

α
i Ri]

m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

]
.(6)

Therefore, the maximum likelihood estimators (MLE) of θ and α, can be obtained by
maximizing the log-likelihood function with respect to θ and α. Using the invariance
property, the corresponding MLE of the reliability function ŜML(t) and hazard rate func-

tion ĤML(t) are obtained from Eqs. (3) and (4) after replacing θ and α by their MLEs

θ̂ML and α̂ML. Under some regularity conditions, the asymptotic joint distribution of the

estimators is as follows

(
θ̂MLE − θ
α̂MLE − α

)
d→ N2(0, I

−1(θ, α)), where matrix I−1(θ, α) is

I−1(θ, α) =

[
−∂2 lnL(x;θ,α)

∂θ2
−∂2 lnL(x;θ,α)

∂θ∂α

−∂2 lnL(x;θ,α)
∂α∂θ −∂2 lnL(x;θ,α)

∂α2

]−1

(θ,α)=(θ̂MLE ,α̂MLE)

=

[
I11 I12
I21 I22

]
.

Thus, the 100(1− γ)% approximate confidence intervals (CIs) for θ and α are

[θ̂l, θ̂u] = θ̂MLE ± z1− γ
2

√
I11, [α̂l, α̂u] = α̂MLE ± z1− γ

2

√
I22,

where, zγ/2 is the upper (γ/2) percentile of the standard normal distribution. Furthermore;
to construct the asymptotic confidence intervals of the reliability and hazard functions,
we need to find the variance them. In order to find the approximate estimates of the

variance of Ŝt and Ĥt, we use the delta method, see; [5]. Let G′
1 =

(
∂S(t)
∂θ , ∂S(t)∂α

)
, G′

2 =(
∂H(t)
∂θ , ∂H(t)

∂α

)
. Then the approximate estimates of Ŝ and Ĥ are given, respectively, by

V̂ ar(Ŝ) ≃ [G′
1I

−1G1](θ,α)=(θ̂MLE ,α̂MLE)
, V̂ ar(Ĥ) ≃ [G′

2I
−1G2](θ,α)=(θ̂MLE ,α̂MLE)

.

Thus, the 100(1− γ)% approximate confidence intervals for S(t) and H(t) are

Ŝ(t) ± z1− γ
2

√
V̂ ar(Ŝ), Ĥ(t) ± z1− γ

2

√
V̂ ar(Ĥ),

2
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2.2. Parametric bootstrap method. We propose two confidence intervals based
on bootstrapping. The two bootstrap methods that are widely used in practice are; (i)
percentile bootstrap method (Boot-p) and (ii) bootstrap-t method (Boot-t), see, for ex-
ample, [4]

2.3. Bayesian Credible Intervals. It is assumed that θ and α have independent
gamma priors with the pdfs

(7) π(θ) =
ba11 θa1−1 e−b1θ

Γ(a1)
, π(α) =

ba22 αa2−1 e−b2α

Γ(a2)
,

where a1, b1 and a2, b2 are positive hyperparameters. From Eqs. (6) and (7), the joint
posterior density of θ and α becomes

π(θ, α|x) = θm+a1−1αm+a2−1e−b2α

K (1 + θ)m
e−θ[

∑m
i=1 x

α
i (2+Ri)+b1]

m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

]
,(8)

where

K =

∫ ∞

0

∫ ∞

0

θm+a1−1αm+a2−1

eb2α(1 + θ)m
e−θ[

∑m
i=1 x

α
i (2+Ri)+b1]

×
m∏
i=1

[
(1 + θ)eθx

α
i xα−1

i + 2θx2α−1
i − xα−1

i

] m∏
i=1

(
1 +

θxαi
1 + θ

e−θxα
i

)Ri

dθdα.

The joint posterior density of θ and α in Eq. (8) is unknown. For this, we will use the
Metropolis-Hastings algorithm with a bivariate normal distribution as the proposal density
distribution as proposal distribution to generate random variates from the joint posterior
distribution. The Metropolis-Hastings algorithm steps are given below:

(1) Set the initial value ζ0 = (θ0, α0) and j = 1.
(2) Using the Metropolis-Hastings algorithm, generate ζj = (θj , αj) from

π(θ(j−1), α(j−1)|x) with the bivariate normal distributionN2(ζ(j−1),Σ = I−1(θ, α))
as proposal distribution.

(3) From (3) and (4), we Compute Sj and Hj .
(4) Set j = j + 1 and Repeat (2)-(3), N times to compute the Markov Chain Monte

Carlo (MCMC) samples {(θ1, α1), . . . , (θN , αN )} and {(S1,H1), . . . , (SN ,HN )}.
We order the MCMC sample after burn-in in ascending order to obtain θ[M+1] < θ[M+2] <

. . . < θ[N ], a credible interval can be used to construct
(
θ[( γ

2
)(N)], θ[(1− γ

2
)(N)]

)
, where

θ[( γ
2
)(N)] and θ[(1− γ

2
)(N)] are the [

γ
2 (N)]-th smallest integer and the [(1− γ

2 )(N)]-th smallest

integer of {θj : j = M +1,M +2, · · · , N}, respectively. Similay, we obtained the credible
interval of the unknown parameter α, reliability and hazard functions. M is the burn-in
period.

3. Numerical results

Example 3.1. This data represents the life of fatigue fracture of Kevlar 373/epoxy
subjected to constant pressure at 90% stress level until all had failed. This data set was
reported by [1]

3
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0.0251 0.0886 0.0891 0.2501 0.3113 0.3541 0.4763 0.5650 0.5761 0.6566 0.6748
0.6751 0.6753 0.7696 0.8375 0.8391 0.8425 0.8645 0.8851 0.9113 0.9120 0.9836
1.0483 1.0596 1.0773 1.1733 1.2570 1.2766 1.2985 1.3211 1.3503 1.3551 1.4595
1.4880 1.5728 1.5733 1.7083 1.7263 1.7460 1.7630 1.7746 1.8275 1.8375 1.8503
1.8808 1.8878 1.8881 1.9316 1.9558 2.0048 2.0408 2.0903 2.1093 2.1330 2.2100
2.2460 2.2878 2.3203 2.3470 2.3513 2.4951 2.5260 2.9911 3.0256 3.2678 3.4045
3.4846 3.7433 3.7455 3.9143 4.8073 5.4005 5.4435 5.5295 6.5541 9.096

The K − S distance and its respective p− value are computed to be K − S = 0.0964 and
p−value = 0.4516, respectively. Therefore, it is quite reasonable to indicate that the PML
distribution is fitting this data well. Based on the progressively Type-II censored schemes
(0, 0, 0, 0, 0, 0, 0, . . . , 0, 20), we analyze the given data set and obtain the interval estimates
of parameters θ, α, reliability and hazard functions as described in Section 2. The MLEs
of parameters, reliability and hazard functions are obtained to be (θ̂ML, α̂ML, ŜML(t =

2), ĤML(t = 2)) = (0.5106, 1.2951, 0.3532, 0.8429). For computing the credible intervals, it
is assumed that the priors of θ and α are improper, i.e. a1 = b1 = a2 = b2 = 0, since we do
not have any prior information. For MCMC method using Metropolis-Hastings algorithm,
we sample N = 50000 values and discard the initial M = 5000 as burn-in sample and
calculate the credible intervals based on the remaining N − M = 45000 samples. The
results are presented in Table 1.

Table 1. The 95% confidence intervals for θ, α, S(t = 2), and H(t = 2)

Method θ α S(t) H(t)
ML (0.3651, 0.6561) (0.9559, 1.6343) (0.1783, 0.528) (0.3203, 1.3654)

MCMC (0.3976, 0.6453) (1.0158, 1.5848) (0.2633, 0.4506) (0.5736, 1.1871)
Boot-p (0.3771, 0.6365) (1.0571, 1.6596) (0.2466, 0.4487) (0.6173, 1.2851)
Boot-t (0.3898, 0.6530) (1.0567, 1.6647) (0.2430, 0.4430) (0.6215, 1.2983)

4. Conclusion

In this paper, we have discussed an iterative procedure for obtaining the MLEs based
on progressively Type-II censored samples from a two-parameter PML distribution. This
article also studied the construction of CIs for the reliability and hazard functions by
using some methods as parametric bootstrap, delta method. We have proposed to use the
MCMC technique to compute the credible interval. The interval estimates obtained by
ML, MCMC and bootstrap methods are also similar.
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Abstract: This paper addresses the problems of estimation when the lifetime data following Rayleigh 

distribution are observed under progressive type-II censoring. We obtain Bayes and Hierarchical esti-

mates using squared error (SE) loss function. Finally, we conduct a simulation study to compare the 

performance of the proposed methods of estimation.  
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1. Introduction 
Rayleigh distribution was originally introduced by Rayleigh [7] in the field of acoustics; since 

its introduction, many researchers have used Rayleigh distribution in various fields of science 

and technology. Nowadays, Rayleigh distribution is widely used in statistical model, survival 

analysis and reliability theory. Rayleigh distribution is the foundation of much of the treatment 

of meteorological radar signals statistics. Moreover, it is often applied in actuarial science and 

in engineering work to model population lifetimes whose failure rate increases linearly. Also, 

Censoring is a common practice in longevity and reliability studies. If the experimenter deter-

mines that, after observing the first failure, R1  units of healthy test units and at the time of the 

second failure, 2R  unit of healthy test units will be cached out of the test and continue until mth 

failure, all the remaining units of the test 1 2 1...m mR n R R R m       outside Then The Pro-

gressive Type-II sensor will take place. In this case, the failure times of units are random varia-

bles and iR s are predetermined constants. As a result of this censorship plan, m ordered amount 

is obtained which ordinal statistics are called progressive type-II censored [1]. 

Hierarchical Bayesian prior distribution was initially introduced by Lindley and Smith [6], Then 

examined by Han [5]. 

The probability density function and cumulative distribution function of the Rayleigh distribu-

tion are respectively, as follows. 

 𝑓(𝑥, 𝜆) = 2𝜆𝑥𝑒−𝜆𝑥2
, 𝑥 > 0, 𝜆 > 0                                                                                                             (1)  

𝐹(𝑥, 𝜆) = 1 − 𝑒−𝜆𝑥2
, 𝑥 > 0, 𝜆 > 0                                                                                            (2)  

First, we will obtain the Bayesian and Hierarchical Bayesian estimation of the Rayleigh distri-

bution parameter under SE and the Progressive Type-II censored. In continuation, these estima-

tions will be obtained using Monte Carlo simulation. Finally, will be compared them. 

 

2. Estimation of 𝝀 
It is assumed that the Prior distribution of   is the gamma distribution with the Hyper-parameter 

                                                      
1 . Corresponding Author 
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𝑎 and 𝑏 as follows. 

 𝜋(𝜆|𝑎, 𝑏) =
𝑏𝑎

Γ(𝑎)
𝜆𝑎−1𝑒−𝜆𝑏, 𝜆 > 0, 𝑎, 𝑏 > 0                                                                                  (3)            

According to Han [5], the Hyper-parameter 𝑎 and 𝑏 are considered to be  π λ a b| , decreasing 

relative to λ . 

Thus, obtain 
𝑑[𝜋(𝜆|𝑎, 𝑏)]

𝑑𝜆
=

𝑏𝑎𝜆𝑎−2𝑒−𝑏𝜆

Γ(𝑎)
[(𝑎 − 1) − 𝑏𝜆] That should be 𝑏 > 0  and 0 < 𝑎 ≤ 1. 

Berger [4] showed that increasing 𝑏 would decrease the efficiency of the Bayes estimator 

𝜆.Therefore, the Hyper-parameter 𝑏 must be bounded above and be 0 < 𝑏 < 𝑐. Showed that the 

most appropriate distribution 𝑏 is uniform distribution.Therefore, in this paper,  1π b is a con-

tinuous uniform distribution in the interval (0, 𝑐) and 𝑎 = 1. In this case, relation (3) becomes 

𝜋(𝜆|𝑏) = 𝑏𝑒−𝜆. 

 

2.1 Bayesian estimation of λ 
First, we will obtain the Bayes estimation and then the Hierarchical Bayesian estimation of 𝜆 with 

the loss function 𝐿(𝜃, 𝜃) = (𝜃 − 𝜃)2. If Rayleigh distribution with probability density function 

(1), the distribution of the failure time, and 1:m:n 2:m:n m:m:nY ,Y ,Y is Progressive Type-II censored 

sample of it, and 𝑦𝑖 is the finding of 1:m:nY , then according to [2], the likelihood function is 

obtained as follows 
m

i i

i

m λ R y
m

i

i

y

2

1

( 1 )
m

1

L( | ) C 2 λ e 

 



 
  

 
 


Y                                                                                        (4)  

where,
 1:m:n 2:m:n m:m:nY ,Y ,…,YY

,
   1 1 m-1C = n n - R -1 … n - R -…- R - m+1

 

According to (4), posterior distribution of λ is obtained as follows. 

 
   

m

i i

i

m m R y
i ii

R y

m

2

1

2 1 λ(b+ 1 )
* m1

( b 1 )
π λ | λ e

!


  


 



Y                                                          (5) 

Therefore, the Bayes estimation of the parameter λ under the squared error loss function is as 

follows 

𝜆̂𝐵𝑎𝑦(𝑏) = 𝐸(𝜆|𝑌) =
𝑚+1

𝑏+∑ (1+𝑅𝑖)𝑦𝑖
2𝑚

𝑖=1

                                                                                                     (6) 

 

2.2 Hierarchical Bayesian estimation of λ 
If 𝑏 is a Hyper-parameter in the parameter θ and the prior density function θ, 𝜋(𝜃|𝑏) and the 

prior density function of the Hyper-parameter 𝑏, is 𝜋1(𝑏), then the Hierarchical prior density 

function θ is defined as follows 

𝜋2(𝜃) = ∫ 𝜋(𝜃|𝑏)𝜋1(𝑏)𝑑𝑏,        𝑏𝜖Λ

Λ

 

Therefore, the Hierarchical prior density function λ is obtained as follows 

𝜋2(𝜃) = ∫ 𝜋(𝜆|𝑏)𝜋1(𝑏)𝑑𝑏 =
1

𝑐

𝑐

0
∫ 𝑏𝑒−𝑏𝜆𝑑𝑏 =

1−(1+𝜆𝑐)𝑒𝑐𝜆

𝑐𝜆2

𝑐

0
                                                                (7)  

As a result, Bayesian posterior density function λ is obtained. 
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2

1

2

1

(1 )2
**

(1 )2

0

[1 (1 ) ]
( | )

[1 (1 ) ]

m
i ii

m
i ii

R ym c

R ym c

c e e

c e e d





 
 

  





  

   

 


 






Y

                                                           (8)  

Now, using the relation (8), the Hierarchical Bayesian estimation of the parameter λ is obtained 

as follows. 

**

1 1

1

1 ( ) (m 1)cT
( | ) .

( ) ( )

m m m

HBay m m m

m c T T
E Y

T c T c T T mcT
 

 



    
 

   
                                              (9)  

where 
2

1
(1 )

m

i ii
T R y


  . 

 

3. Simulation 

Using [3], Progressive Type-II censored samples are obtained from the Rayleigh distribution 

with probability density function (1) and with parameter = 2  as follows. 

Step 1: First, we generate 𝑚random number independent of the standard uniform distribution 

and shown with 1 2 mW ,W ,…,W . 

Step 2: For, 

m

j

j m 1 i

i

1/ ( i R )

ii 1.2. .m ,V W
  

  
 

    


. 

Step 3: For, i
i :m:n j 1 m 1 ji 1.2. .m ,U 1 V       , in this case, 1:m:n 2:m:n m:m:nU ,U , ,U is the 

Progressive Type-II censored sample of standard uniform distribution. 

Step 4:  1
i :m:n i :m:nY F U  is obtained for i 1.2. .m  . 

In this case, 1:m:n 2:m:n m:m:nY ,Y , ,Y  are the Progressive Type-II censored order statistics of 

Rayleigh distribution with probability density function (1). Now, we obtain the Bayesian and H-

Bayesian estimators by using the generated sample 1:m:n 2:m:n m:m:nY ,Y , ,Y , and relations (6), 

(7) and (9).The first to fourth steps are repeated 1000 times, and then the average values of 

estimators and the root mean square error of the estimators are calculated. The results are pre-

sented in Table indicates that the Bayesian estimation is better. 
 

Table. Average estimates and ( MSE ) under quadratic loss function for 𝑏 = 1.5  and 𝑐 = 2 

𝑁 𝑀 𝑑𝑒𝑠𝑖𝑔𝑛 
Bay̂

 HBay̂
 

15 5 (5,0,…..,0) 0/845(0/129) 4/551(2/570) 

15 5 (2,3,0,...,0) 1/452(0/325) 4/157(2/371) 

25 10 (10,0,....,0) 1/216(0/487) 7/119(2/952) 

25 10 (3,4,3,0,..,0) 2/705(0/297) 6/153(2/374) 

60 20 (0,20,….,0) 2/542(0/326) 5/727(4/634) 

60 20 (1,4,5,0,..,0) 3/950(0/917) 6/275(2/474) 

60 20 (1,……..,1) 5/424(1/548) 7/037(2/374) 

90 50 (15,15,0,..,0) 6/815(0/376) 9/252(4/850) 

 

4. Conclusion 
Based on censored samples, some researches on parameter estimation of Rayleigh distribution 

have already been conducted. In this study, Bayesian and H-Bayesian estimations of the Ray-

leigh distribution parameter based on the Progressive Type-II censored samples with squared 
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error loss function were obtained. By calculating the MSE and the average estimation, the Bayes-

ian and H-Bayesian estimations based on the Rayleigh distribution were compared using Monte 

Carlo simulation. It has been shown that the Bayesian estimation has better efficiency. 
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1. Introduction

The scheme of progressive Type-II censoring is of importance in life-testing experi-
ments. It allows the experimenter to remove units from a life test at various stages during
the experiment. Suppose n units are placed on a lifetime test. At the first failure time,
R1 surviving items are randomly withdrawn from the test. At the second failure time,
R2 surviving items are selected at random and taken out of the experiment, and so on.
Finally, at the time of the m-th failure, the remaining Rm objects are removed, where∑m

i=1Ri = n−m. We suppose that X1:m:n, . . . , Xm:m:n are the progressively Type-II cen-
sored order statistics associated with a random sample of size m with censoring scheme
R̃ = (R1, · · · , Rm) from the one-parameter exponential distribution with the probability
density function (pdf) and the cumulative distribution function (cdf) given by

fθ(x) = θe−θx Fθ(x) = 1− e−θx, x > 0, θ > 0.(1)

For convenience, we will use throughout this paper Xi for Xi:m:n.
First we recall that the joint pdf of the progressively Type-II censored order statistics

X1, . . . , Xm with pdf and cdf in (1) is (see, for example, [1], [2], [3])

fX1,...,Xm;θ(x1, . . . , xm) = C

m∏
i=1

(1− Fθ(xi))
Ri fθ(xi),(2)

in which C =
∏m

i=1

(
n− i+ 1−

∑i−1
j=1Rj

)
, with

∑0
j=1Rj ≡ 0.
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From (1) and (2), the likelihood function for a random sample X1, · · · , Xm which is
taken from the exponential distribution is given by

L(θ) = Cθme−θt,(3)

where t is the observed value for T .
In the following, we consider the uniform prior, which has the form

π1(θ) ∝ 1, θ > 0.

The posterior distribution for θ associated with the uniform prior takes the form

π1(θ|x1, · · · , xm) =
θme−θt∫∞

0 θme−θtdθ
=

tm+1

m!
θme−θt, θ > 0.

So, for s = · · · ,−2,−1, 1, 2, · · · , we have

E(θs|x1, · · · , xm) =
tm+1

m!

∫ ∞

0
θm+se−θtdθ =

(m+ s)!

m!

1

ts
.(4)

Moreover, we consider different loss functions as squared error loss function (SELF),
weighted squared error loss function (WSELF), precautionary loss function (PLF), modi-
fied (quadratic) squared error loss function (M/Q SELF) and K-Loss function (KLF). In
the following under the different loss functions the point estimator for as well as the their
posterior risk for θ are obtained.

1. SELF: Under the SELF the loss function is L1 = (θ̂− θ)2, where θ̂ is an estimator
of θ. In this case, based on (4), the point estimator for θ and the associated posterior risk
function are respectively given by

θ̂SELF = E(θ|x1, · · · , xm) =
m+ 1

T
,

and

R1

(
θ̂SELF , θ

)
= V (θ|x1, · · · , xm) = E(θ2|x1, · · · , xm)− (E(θ|x1, · · · , xm))2

=
(m+ 2)(m+ 1)

t2
− (m+ 1)2

t2
=

m+ 1

t2
.

2. WSELF: For this case, the loss function is L2 = (θ̂−θ)2

θ and the point estimator
for θ and the associated posterior risk function are

θ̂WSELF =
[
E(θ−1|x)

]−1
=

m

T
,

and

R2

(
θ̂WSELF , θ

)
= E(θ|x)−

[
E(θ−1|x)

]−1
=

m+ 1

T
− m

T
=

1

T
.

3. PLF: Here, the loss function is L3 = (θ̂−θ)2

θ̂
and the point estimator for θ and the

associated posterior risk function are

θ̂PLF =
√

E(θ2|x) =
√

(m+ 2)(m+ 1)

T
,

and

R3

(
θ̂PLF , θ

)
= 2

[√
E(θ2|x)− E(θ|x)

]
=

2

T

[√
(m+ 2)(m+ 1)− (m+ 1)

]
.
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4. M/ Q SELF: For this case, the loss function is L4 =
(
1− θ̂

θ

)2
and the point

estimator for θ and the associated posterior risk function are

θ̂MQSELF =
E(θ−1|x)
E(θ−2|x)

=
m− 1

T
,

and

R4

(
θ̂MQSELF , θ

)
= 1−

[
E(θ−1|x)

]2
E(θ−2|x)

= 1− (m− 1)(m− 1)!

m!
=

1

m
.

5. KLF: In this case, the loss function is L5 =

[√
θ̂
θ −

√
θ
θ̂

]2
and the point estimator

for θ and the associated posterior risk function are respectively given by

θ̂KLF =

√
E(θ|x)

E(θ−1|x)
=

√
m(m+ 1)

T
,

and

R5

(
θ̂KLF , θ

)
= 2

[
E(θ|x)E(θ−1|x)− 1

]
=

2

m
.

2. Numerical results

Here, we present the analysis of real data, partially considered in [4] for illustrative
purposes. Records were kept for the log-times of breakdown of an insulating fluid in an
accelerated test conducted in various test voltages. The values for 38 KV are
0.0899, 0.3899, 0.4699, 0.7299, 0.7399, 1.1299, 1.3998, 2.3799.
By applying the Kolmogorov-Smirnov (K-S) test for this data set for fitting exponential
distribution, we have found p-value 0.8268 and K-S distance 0.2216. The maximum likeli-
hood estimations (MLEs) is θ̂ = 1.0914. So, the exponential distribution with parameter
θ = 1.0914, is an adequate model for this data set. Based on this data set, we have com-
puted the values of the posterior risk function and the results are presented in Table 1.
Different choices for m and R̃ (R1 = (n−m, 0, · · · , 0) and R2 = (0, · · · , 0, n−m)) are con-
sidered. Table 1 confirms that the posterior risk for MQSELF and KLF is independent of
the censoring scheme., as we expected. Comparing the two censoring schemes, the scheme
R1 = (n−m, 0, · · · , 0) yields lower posterior risk across all loss functions (excluding MQ-
SELF and KLF, which are constant for a fixed m) than the scheme R2 = (0, · · · , 0, n−m).
Also, one can observe that the posterior risk is a decreasing function of m, when all other
parameters are kept fixed. These observations support the general conclusion that the
posterior risk is a decreasing function of t (and consequently n and m).

3. Conclusion

This study compared various Bayes estimators under different loss functions. Numeri-
cal results confirm that the posterior risk is a decreasing function of the total observed time
(t), and consequently, a decreasing function of the number of failures (m). Furthermore,

the posterior risk for the θ̂MQSELF and θ̂KLF estimators is demonstrably independent of
the specific censoring scheme chosen.
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Table 1. The values of the posterior risk function and the Bayes estima-
tors under different loss functions

m R̃ (x1, · · · , xm) t Loss Function Posterior Risk θ̂
3 (5, 0, 0) (0.0899, 1.3998, 2.3799) 4.3191 SELF 0.2144 0.9261

WSELF 0.2315 0.6945
PLF 0.2186 1.0354

MQSELF 0.3333 0.4630
KLF 0.6666 0.8020

3 (0, 0, 5) (0.0899, 0.3899, 0.4699) 3.2992 SELF 0.3674 1.2124
WSELF 0.3031 0.9093
PLF 0.2862 1.3555

MQSELF 0.3333 0.6062
KLF 0.6666 1.0499

5 (3, 0, 0, 0, 0) (0.0899, 0.7399, 1.1299, 1.3998, 2.3799) 6.0091 SELF 0.1661 0.9984
WSELF 0.1664 0.8320
PLF 0.1600 1.0784

MQSELF 0.2000 0.6656
KLF 0.4000 0.9114

5 (0, 0, 0, 0, 3) (0.0899, 0.3899, 0.4699, 0.7299, 0.7399) 4.6392 SELF 0.2787 1.2933
WSELF 0.2155 1.0777
PLF 0.2072 1.3969

MQSELF 0.2000 0.8622
KLF 0.4000 1.1806
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Abstract. Type I and Type II hybrid censoring schemes are designed to overcome the
drawbacks of conventional Type I and Type II censoring schemes by setting both a max-
imum test duration and a minimum required number of failures. The key difference lies
in the termination rule, which determines the experiment’s stopping time. On the other
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Keywords: Cost function, Conventional Type II censoring, Type I hybrid censoring,
Type II hybrid censoring

AMS Mathematics Subject Classification [2020]: 62N01, 62N05

1. Introduction

Hybrid censoring schemes are widely used in life-testing and reliability experiments
to balance the need for a fixed experiment duration with the desire to observe a certain
number of failures for better statistical inference. Type I hybrid censoring scheme prior-
itizes controlling the experiment duration. It is terminated at or before a pre-fixed time
T , even if the target number of failures r has not been reached. Type II hybrid censoring
scheme prioritizes controlling the number of observations (failures). It is terminated at or
after a pre-fixed time T to ensure at least r failures are observed. Both schemes aim to
balance the conflicting goals of the Type I and Type II censoring schemes to ensure the
experiment is not too long and yields reasonably sufficient data for analysis. However,
they achieve this balance through different priorities.

On the other hand, practical life-testing and survival analysis experiments are con-
ducted under budgetary and resource constraints. An optimal experimental design, in-
cluding the choice of a censoring scheme, must strike a balance between statistical efficiency
(precision of estimation) and the total cost of the experiment.

Here, we compare three mentioned censoring schemes based on the cost of experiment.
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2. Main Results

In this paper, we assume that X̃ = (X1, . . . , Xn) is a sample of n units, from the one
parameter exponential distribution with the probability density function (pdf) as

fθ(x) = θe−θx, x > 0, θ > 0.(1)

Here, the corresponding order statistics are shown by X1:n ≤ · · · ≤ Xn:n with the cor-
responding observed values as x1:n ≤ · · · ≤ xn:n. We intend to compare three different
censoring schemes, as the conventional Type II, Type I hybrid censoring and Type II
hybrid censoring schemes. The criterion is the cost of experiment which is defined as

C(n, r, T ) = C0 + Cnn+ CdE(D) + CtE(T ∗),(2)

where C0, Cn, Cd and Ct are the set-up cost or any other related cost involved in sampling,
the cost per unit, the cost per failed unit item, and the cost per unit of duration of life-
testing, respectively. Also, D is the number of failures and T ∗ is the duration of the
experiment.

Conventional Type II censoring: For conventional Type II censoring, the exper-
iment stops at the r-th failure time, so T ∗ = Xr:n, and the number of failures is D = r,
which r is a pre-fixed value. In this case, D is a fixed and T ∗ is a random variable. In this
case, we have E(D) = r and (see for example, [1])

E(T ∗) = E(Xr:n) =
1

θ

r∑
j=1

1

n− j + 1
.(3)

Type I hybrid censoring: In the context of Type I hybrid censoring, we have D and
T ∗ = min(Xr:n, T ) as the number of failures and the duration of the test, respectively,
in which r and T are pre-fixed values. Clearly, is this case D and T are both random
variables. On the other hand, for Type I hybrid censoring we get two cases as{

Case I : {x1:n, . . . , xr:n}, if xr:n < T,
Case II : {x1:n, . . . , xD:n}, if T < xr:n, 0 ≤ D < r.

So, we obtain (see, for example, [3])

P (D = j) =

(
n

j

)
(Fθ(T ))

j (F̄θ(T )
)n−j

, j = 0, 1, . . . , r − 1,

P (D = r) =

n∑
j=r

(
n

j

)
(Fθ(T ))

j (F̄θ(T )
)n−j

.

So, we can write (see, for example, [3])

E(D) =

r−1∑
j=0

j

(
n

j

)
(Fθ(T ))

j (F̄θ(T )
)n−j

+ r

n∑
j=r

(
n

j

)
(Fθ(T ))

j (F̄θ(T )
)n−j

.

From (1) and the binomial expansion , we find that

E(D) =

r−1∑
j=0

j∑
k=0

j

(
n

j

)(
j

k

)
(−1)k

(
F̄θ(T )

)n−j+k
+ r

n∑
j=r

j∑
k=0

(
n

j

)(
j

k

)
(−1)k

(
F̄θ(T )

)n−j+k

=

r−1∑
j=0

j∑
k=0

j

(
n

j

)(
j

k

)
(−1)ke−θ(n−j+k)T + r

n∑
j=r

j∑
k=0

(
n

j

)(
j

k

)
(−1)ke−θ(n−j+k)T .(4)
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On the other hand, we have

E(T ∗) = E(min(Xr:n, T ))

= T.F̄Xr:n(T ) +

∫ T

0
xfXr:n(x)dx

= T.F̄Xr:n(T )− T.F̄Xr:n(T ) +

∫ T

0
F̄Xr:n(x)dx

=

∫ T

0
F̄Xr:n(x)dx,

where the last equality is obtained by integrating by parts. Based on [4] and (1), we get

E(T ∗) =
r−1∑
j=0

(
n

j

)∫ T

0
(Fθ(x))

j (F̄θ(x)
)n−j

dx

=
r−1∑
j=0

j∑
k=0

(
n

j

)(
j

k

)
(−1)k

∫ T

0
e−θ(n−j+k)xdx

=

r−1∑
j=0

j∑
k=0

(
n

j

)(
j

k

)
(−1)k

1− e−θ(n−j+k)T

θ(n− j + k)
.(5)

Type II hybrid censoring: Assuming Type II hybrid censoring, we have D and
T ∗ = max(Xr:n, T ) as the number of failures and the duration of the test, respectively.
On the other hand, for Type II hybrid censoring there are three cases as Case I : {x1:n, . . . , xr:n}, if T < xr:n,

Case II : {x1:n, . . . , xD:n}, if xr:n < · · · < xD:n < T < xD+1:n, r ≤ D < n,
Case III : {x1:n, . . . , xn:n}, if xn:n < T.

So, we have

P (D = r) =
r−1∑
j=0

(
n

j

)
(Fθ(T ))

j (F̄θ(T ))
)n−j

,

P (D = j) =

(
n

j

)
(Fθ(T ))

j (F̄θ(T )
)n−j

, j = r, · · · , n.

Using (1) and the binomial expansion leads to

E(D) = r
r−1∑
j=0

j∑
k=0

(
n

j

)(
j

k

)
(−1)ke−θ(n−j+k)T +

n∑
j=r

j∑
k=0

j

(
n

j

)(
j

k

)
(−1)ke−θ(n−j+k)T .

(6)

On the other hand, similar to the previous process, we obtain (see, for example, [2] )

E(T ∗) = E(max(Xr:n, T ))

= T +

r−1∑
j=0

j∑
k=0

(
n

j

)(
j

k

)
(−1)k

e−θ(n−j+k)T

θ(n− j + k)
.(7)

Based on Equations (2)-(7), we have computed the values of C(n, r, T ), for different
choices of n, r and T , when θ = 1, C0 = 1, Cn = 3, Cd = 1 and Ct = 2. These values
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are reported in Table 1. From Table 1, by an empirical evidence, we get the values of
C(n, r, T ) increase along with the values of r, n and T increase. In fact, it was expected
because increasing the values of r, n and T means that we can have more failed items.
The corresponding cost to the Type I hybrid censoring for the same n and r is lower when
T = 1 but is nearly the same to the Type II censoring when T = 2. So, we conclude
that, when the fixed time T is short the Type I hybrid censoring terminates the test early,
resulting in a significant cost reduction compared to the conventional Type II and Type
II hybrid censoring schemes. When T is longer the r-th failure likely occurs before time
T , making the Type I hybrid censoring behave like the standard Type II scheme. This
demonstrates Type I hybrid censoring has the ability to control costs by capping the test
duration. For all cases the Type II hybrid censoring cost is significantly higher than the
standard Type II scheme. Type II hybrid censoring scheme is preferred when the cost of
poor statistical inference (due to too few failures) is the main concern, as it guarantees a
minimum amount of data.

Table 1. The values of C(n, r, T )

Type II Type I hybrid Type II hybrid
n r T = 1 T = 2 T = 1 T = 2
5 1 99 98.90 99 136.70 234.66

3 130.66 125.21 130.66 142.06 234.66
5 180.66 136.13 179.66 181.14 235.66

10 1 172 171.99 172 243.21 359.32
5 22.91 220.80 22.91 245.32 359.32
10 318.57 243.18 316.57 318.60 361.32

3. Conclusion

From the results in this paper we find that Type I hybrid censoring scheme is preferred
when the cost of time is the primary constraint, as it caps the duration. However, Type
II hybrid censoring scheme is preferred when the cost of poor statistical inference (due to
too few failures) is the main concern, as it guarantees a minimum amount of data.
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Abstract: This paper derives a new distribution as a combination of Rayleigh and log-series distribu-

tions with increasing failure rate. First, the probability density function (PDF), Cumulative distribution 

function (CDF), 𝑠-th moment, survival function, and hazard function of the proposed distribution are 

calculated. Then, the estimation of the new distribution parameters is presented using the maximum 

likelihood (ML) method. Finally, the new distribution is fitted on a real dataset and it is shown that this 

proposed distribution performs better compared to some other known distributions.   

Keywords: Combined distribution, Rayleigh distribution, Log-series distribution, ML method, Hazard 

function. 

1. Introduction 
In many cases, known statistical distributions do not provide a good fit to real data. Therefore, 

various methods for obtaining new probability distributions have recently been studied in the 

statistical literature [13]. Adamidis and Loukas [1] presented two-parameter exponential-

geometric distribution that has a decreasing failure rate. Kus [8] introduced the exponential-

Poisson distribution and examined several of its characteristic properties. On the other hand, 

the Weibull-Poisson distribution, which is a generalization of the exponential-Poisson distribu-

tion was introduced by [11]. Also, the binomial-exponential distribution is presented by [2]. 

Increasing failure rate (IFR) distributions are of interest in many real-word data systems [2]. 

Cancho et al. [4] obtained the exponential-Poisson distribution with IFR. Distributions with 

IFR have also been studied by [9], [3], and [12]. The Rayleigh distribution has been commonly 

used in reliability theory and survival analysis, because its failure rate is a linear function of 

time. This distribution plays an important role in real-word applications because it is related to 

well-known distributions such as the Weibull and Chi-square distributions. In statistical re-

search, a significant amount of work has been devoted to Rayleigh distribution. Several au-

thors, such as [6], [14] and the references cited therein, have conducted out extensive studies 

on estimation, prediction, and several other inferences regarding the Rayleigh distribution [5]. 

The aim of this paper is to obtain a new combined distribution with IFR properly conducted as 

a distribution of independent Rayleigh random variables when the sample size N has a log-

series distribution. Also, various characteristics of the proposed distribution and its parameter 

estimators are presented using the ML method. 

 

2. The new combined distribution 
Let 𝑋1, … , 𝑋𝑁 be a random sample from the Rayleigh distribution with pdf: 

(1) 𝑔(𝑥; 𝛼) =
𝑥

𝛼2
𝑒

−
𝑥2

2𝛼2 , {
𝑥 ≥ 0
𝛼 > 0

, 

and N is a random variable with a log-series distribution with probability mass function (pmf): 
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(2) ℎ(𝑛; 𝛽) = −
𝛽𝑛

𝑛𝑙𝑛(1 − 𝛽)
, {

0 < 𝛽 < 1

𝑛𝜖{1,2,3, … }
. 

Also, let 𝑌 = 𝑚𝑖𝑛(𝑋1, … , 𝑋𝑁). Then, the pdf of the new distribution as a combination of the 

Rayleigh and log-series distributions is as follows: 

(3) 𝑝(𝑦; 𝛼, 𝛽) = −
𝛽𝑦

𝛼2𝑙𝑛(1 − 𝛽)
(

𝑒
−

𝑦2

2𝛼2

1 − 𝛽𝑒
−

𝑦2

2𝛼2

) , 𝑦 ≥ 0. 

Figure 1 shows the PDFs of the combined distribution for different parameter values. 

 
Figure 1. (a) PDFs of the combined distribution for 𝜶 = 𝟏, 𝜷 = 𝟎. 𝟏, 𝟎. 𝟓, 𝟎. 𝟗, and (b) PDFs 

of the combined distribution for 𝜶 = 𝟎. 𝟓, 𝜷 = 𝟎. 𝟓, 𝟏. 𝟎, 𝟏. 𝟓. 

 

3. Some characteristic properties of the proposed distribution 
- The CDF of Y is as follows: 

(4) 𝑃(𝑦; 𝛼, 𝛽) = 1 −

𝑙𝑛 (1 − 𝑛𝑒
−

𝑦2

2𝛼2)

𝑙𝑛(1 − 𝛽)
, 

- The 𝑠-th moment of Y is given by: 

(5)𝐸(𝑌𝑠) = −
2

𝑠
2

𝛼2𝑠+2𝛽𝑙𝑛(1 − 𝛽)
Γ (

𝑠 + 2

2
) ∑

𝛽𝑗

𝑗
𝑠+2

2

,

∞

𝑗=1

 𝑠 = 1,2,3, …, 

where the mean, and variance of Y are as follows: 

(6) 𝜇 = −
√

𝜋
2

𝛼5𝑙𝑛(1 − 𝛽)
∑

𝛽𝑗

𝑗
5
2

,

∞

𝑗=1

 

(7) 𝜎2 = −
2

𝛼6𝛽𝑙𝑛(1 − 𝛽)
∑

𝛽𝑗

𝑗3
,

∞

𝑗=1

−
𝜋

2𝛼10[𝑙𝑛(1 − 𝛽)]2
(∑

𝛽𝑗

𝑗
5
2

.

∞

𝑗=1

)

2

, 

- The survival function of Y is as follows: 

(8) 𝑆(𝑦; 𝛼, 𝛽) = 1 − 𝑃(𝑦; 𝛼, 𝛽) =

𝑙𝑛 (1 − 𝛽𝑒
−

𝑦2

2𝛼2)

𝑙𝑛(1 − 𝛽)
, 

 

- The hazard function of y is given by: 
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(9) ℎ(𝑦; 𝛼, 𝛽) = −
𝛽𝑦𝑒

−
𝑦2

2𝛼2

𝛼2 (1 − 𝛽𝑒
−

𝑦2

2𝛼2) 𝑙𝑛 (1 − 𝛽𝑒
−

𝑦2

2𝛼2)

. 

Figure 2 shows the hazard functions of the combined distribution for different parameter val-

ues. The initial and long-term hazards are ℎ(0; 𝛼, 𝛽) = 0 and ℎ(∞; 𝛼, 𝛽) = ∞, respectively. 

Therefore, the hazard function is an increasing function. 

 
Figure 2. Hazard functions of the combined distribution for 𝜶 = 𝟐, 𝜷 = 𝟎. 𝟏, 𝟎. 𝟓, 𝟎. 𝟗. 

 

4. Estimation 
ML estimators of the new distribution parameters can be calculated of the following equations: 

(10) 
𝜕𝑙

𝜕𝛼
= ∑ (

𝑦𝑗
2

2𝛼4)

𝑛

𝑗=1

− ∑

(
𝛽𝑦𝑗

2

2𝛼4 ) 𝑒
−

𝑦𝑗
2

2𝛼2

(1 − 𝛽𝑒
−

𝑦𝑗
2

2𝛼2)

𝑛

𝑗=1

− (
4𝑛

𝛼
) = 0, 

(11) 
𝜕𝑙

𝜕𝛽
=

𝑛

(1 − 𝛽)𝑙𝑛(1 − 𝛽)
+ ∑ (

𝑒
−

𝑦𝑗
2

2𝛼2

1 − 𝛽𝑒
−

𝑦𝑗
2

2𝛼2

)

𝑛

𝑗=1

+ (
𝑛

𝛽
) = 0, 

where l is the log-likelihood function of the new distribution based on the observed sample 

size n as follows: 

(12) 𝑙(𝛼, 𝛽) = ∑ 𝑙𝑛 (𝑦
𝑗
)

𝑛

𝑗=1

+ 𝑛𝑙𝑛(−1) − 2𝑛𝑙𝑛(𝛼) − 𝑛𝑙𝑛(𝑙𝑛(1 − 𝛽))

− ∑ (
𝑦

𝑗
2

2𝛼2
) + 𝑛𝑙𝑛(𝛽) − ∑ 𝑙𝑛

𝑛

𝑗=1

𝑛

𝑗=1

(1 − 𝛽𝑒
−

𝑦𝑗
2

2𝛼2). 

 

5. Study on a real dataset 
In this section, a real dataset which representing the scores of 48 students in a mathematics 

course on the final exams analyzed [7]. The estimated parameters using the ML method for the 

proposed distribution are 𝛼̂ = 19.28 and 𝛽̂ = 0.24. 

Table 1. Distributions, estimators, and values of the Kolmogorov-Smirnov (K-S) statistic 

for real data 
Distribution 𝛼̂ 𝛽̂ K-S statistic 

Proposed distribution 19.28 0.24 0.086 

Binomial-exponential distribution 0.07 0.95 0.091 

Weibull distribution 28.92 1.51 0.118 
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Exponentiated-exponential distribution 0.07 2.52 0.094 

Weighted-exponential distribution 3.07 0.44 0.091 

Exponential-Poisson distribution 0.07 1.00 0.093 

 

Conclusion 
In this paper, a new distribution as a combination of Rayleigh and log-series distributions is intro-

duced. Mathematical and statistical properties of the proposed distribution are given. The esti-

mates are examined by ML method. Also, a real dataset is analyzed. As a result, parameters of 

the new distribution are estimated. Obtained results are compared with other distributions. It is 

taken binomial-exponential, Weibull, exponentiated-exponential, weighted- exponential, and 

exponential-Poisson distributions for compare. It is found that the introduced distribution is 

found to be a good competitor according to these 5 distributions for this data set. 
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1. Introduction

Bairamov et al. [1] considered a generalization of the well-known bivariate FarlieGumbel-
Morgenstern (FGM) distribution by inserting extra parameters. We denote this model by
BR(p1, p2, q1, q2). Therefore, in the current study, we transact with the distribution the-
ory of BR(p1, p2, q1, q2), which is specified by the cumulative distribution function (cdf)
and probability density function (pdf), respectively, as follows

FX,Y (x, y) =FX(x)FY (y)[1 + λ(1− F p1X (x))q1(1− F p2Y (y))q2 ](1)

fX,Y (x, y) =fX(x)fY (y)[1 + λ(1− fp1X (x))q1−1(1− (1 + p1q1)F p1X (x))(2)

(1− F p2Y (y))q2−1 × (1− (1 + p2q2)F p2Y (y))],

where p1, p2 ≥ 1, q1, q2 ∈ N, FX(x), FY (y) , fX(x), fY (y) are the marginal cdf ,s and pdf ,s
of the random variables X and Y respectively. For BR(p1, p2, q1, q2), the parameter λ has
the admissible range

−min{1, 1

p1p2

( 1 + p1q1

p1(q1 − 1)

)q1−1( 1 + p2q2

p2(q2 − 1)

)q2−1
} ≤ λ ≤(3)

min{ 1

p1

( 1 + p1q1

p1(q1 − 1)

)q1−1
,

1

p2

( 1 + p2q2

p2(q2 − 1)

)q2−1
}.
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For BR(p1, p2, q1, q2), we have
(

1+q1
(q1−1)

)q1−1(
1+q2

(q2−1)

)q2−1
> 1, therefore, the admissible

range of the parameter λ is:

−
( 1 + q1

(q1 − 1)

)q1−1( 1 + q2

(q2 − 1)

)q2−1
≤ λ ≤ min{

( 1 + q1

(q1 − 1)

)q1−1
,
( 1 + q2

(q2 − 1)

)q2−1
}.(4)

The partnership parameter λ is known as the dependence parameter of the random vari-
ables X and Y . If λ = 0 , then X and Y are independent.

The random variable X has generalized exponential GE distribution, denoted by X ∼
GE(θ;α), if it has the cdf

FX(x) = (1− exp(−θx))α, x, θ, α > 0.(5)

For the kth moment of GE distribution, GE(θ;α), Kamps [3] showed that

µk =
αΓ(k + 1)

θk

χ(α−1)∑
i=0

(−1)i

(i+ 1)k+1

(
α− 1

i

)
,(6)

where χ(x) = x, if x is integer and χ(x) =∞, if x is non-integer. Meanwhile, the moment
generating function, mean and variance of GE(θ;α) are given, respectively, by

MX(t) = αβ(α, 1− t

θ
, µ1 = E(X) =

B(α)

θ
, V ar(X) =

C(α)

θ2
(7)

where β(a, b) = Γ(a)Γ(b)
Γ(a+b) , B(α) = ψ(α + 1) − ψ(1), C(α) = ψ

′
(1) − ψ′(α + 1) and ψ(.)

is the digamma function, ψ(1) = −Γ
′
(1) = 0.57722 is the Eulers constant, while ψ

′
(.) is

its derivation. Also, they present some distributional properties of concomitants of order
statistics beside record values of this cdf .

2. MOMENTS AND CORRELATION OF BR−GE(θ1, θ2;α1, α2)

In this section, we obtain the (n,m)th joint moments and correlation ofBR−GE(θ1, θ2;α1, α2).
From (1), let the random variables Z ∼ GE(θ;α) and U ∼ GE(θ;α(i+ 1)), thenFU (z) =

(1− e−θz)α(i+1) and the pdf of U is formulated as fU (z) = (i+ 1)fZ(Z)F
i
Z(Z). Therefore,

the expectation of Un is E(Un) =
∫∞
−∞(i+ 1)znfZ(Z)F

i
Z(Z)dx. We can also note that∫ ∞

−∞
fX(x)(1− FX(x))qdx = Σq

i=0

(
q

i

)
(−1)i

∫ ∞
−∞

xnfX(x)F iX(x)dx(8)

∫ ∞
−∞

xnfX(x)FX(x)(1− FX(x))qdx = Σq
i=0

(
q

i

)
(−1)i

∫ ∞
−∞

xnfX(x)F i+1
X (x)dx(9)

Now to obtain the moments, from the previous remark and the bivariate distribution
BR(1, 1, q1, q2), where X ∼ GE(θ1;α1) and Y ∼ GE(θ2;α2). Then the (n,m)th joint
moments of BR−GE(θ1, θ2;α1, α2) is given by

E(XnY m) =E(xn)E(ym) + λ[Σq1−1
i1=0I1E(Un1 )− (1 + q1)Σq1−1

i1=0I3E(Un2 )](10)

× [Σq2−1
i2=0I2E(V m

1 )− (1 + q2)Σq2−1
i2=0I4E(V m

2 )]

where

I1 =

(
q1−1
i1

)
(−1)i1

i1 + 1
, I2 =

(
q2−1
i2

)
(−1)i2

i2 + 1
, I3 =

(
q1−1
i1

)
(−1)i1

i1 + 2
, I4 =

(
q2−1
i2

)
(−1)i2

i2 + 2
(11)

2
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U1 ∼GE(θ1;α1(i1 + 1)), U2 ∼ GE(θ1;α1(i1 + 2)),(12)

V1 ∼GE(θ2;α2(i1 + 1)), V2 ∼ GE(θ2;α2(i1 + 2)),

i1 = 0, 1, . . . , q1 − 1 , i2 = 0, 1, . . . , q2 − 1. Therefore, from (10) and (7), we get

E(XY ) =
B(α1)

θ1

B(α2)

θ2
+ λ[Σq1−1

i1=0I1
B(α1(i1 + 1))

θ1
− (1 + q1)Σq1−1

i1=0I3
B(α1(i1 + 2))

θ1
](13)

× [Σq2−1
i2=0I2

B(α2(i2 + 1))

θ2
− (1 + q2)Σq2−1

i2=0I4
B(α2(i2 + 2))

θ2
].

Subsequently, the correlation of X and Y is

ρX,Y =
λ√

C(α1)C(α2)
[Σq1−1
i1=0I1B(α1(i1 + 1))− (1 + q1)Σq1−1

i1=0I3B(α1(i1 + 2))]

(14)

× [Σq2−1
i2=0I2B(α2(i2 + 1))− (1 + q2)Σq2−1

i2=0I4B(α2(i2 + 2))] = λg(α1, α2, q1, q2),

where

g(α1, α2, q1, q2) =
1√

C(α1)C(α2)
[Σq1−1
i1=0I1B(α1(i1 + 1))− (1 + q1)Σq1−1

i1=0I3B(α1(i1 + 2))]

(15)

× [Σq2−1
i2=0I2B(α2(i2 + 1))− (1 + q2)Σq2−1

i2=0I4B(α2(i2 + 2))](16)

=λg(α1, α2, q1, q2),

Clearly, for any q1, Q2 ∈ N, the function g(α1, α2, q1, q2) is positive and increasing function
with respect to each of α1 and α2. Thus, ρX,Y is positive and increasing function, if λ > 0,
and ρX,Y is negative and decreasing function, if λ < 0, with respect to each of of α1 and
α2. Meanwhile, from Barakat et al. [2] Page (4), We have

lim
α→∞

B(α(1 + p))−B(α)√
C(α)

=

√
6

π
log(1 + p)(17)

thus, we can show that

lim
α1,α2→∞

g(α1, α2, q1, q2) =
6

π2
[Σq1−1
i1=0

(
q1 − 1

i1

)
(−1)i1 log(1 + i1)](18)

[Σq2−1
i2=0

(
q2 − 1

i2

)
(−1)i2 log(1 + i2)],

lim
α1,α2→0+

g(α1, α2, q1, q2) = 0(19)

Therefore, the admissible range of ρX,Y is

−(
1 + q1

q1 − 1
)q1−1(

1 + q2

q2 − 1
)q2−1g∗(q1, q2) ≤ ρX,Y ≤ min (

1 + q1

q1 − 1
)q1−1g∗(q1, q2), (

1 + q2

q2 − 1
)q2−1g∗(q1, q2)

(20)

where

g∗(q1, q2) =
6

π2
[Σq1−1
i1=0

(
q1 − 1

i1

)
(−1)i1 log(1 + i1)](21)

[Σq2−1
i2=0

(
q2 − 1

i2

)
(−1)i2 log(1 + i2)](22)
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3. CONCLUSION

We derived the Bairamov Morgenstern family type bivariate GE distribution based
on concomitant of m− gos. We also provided the correlation and its admissible range for
such distribution.
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bution by combining Poisson distribution and Pranav distribution for count data. Some
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beening obtained. Also for obtaining estimate of unknown parameter of this distribution
maximum likelihood estimation method is used.
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1. Introduction

In our day to day life we many times deal with count data and decision making for
dealing with count data becomes important. For improving decision making while dealing
with count data we fit a valid probability model to count data. Mahmoudi et al [4] gen-
eralized the Poisson-Lindley distribution of Sankaran [5] and proved that his generalized
distribution is more flexible for analyzing count data. Gupta and Ong [3] formulated a new
generalized negative binomial distribution by considering parameter of Poisson distribu-
tion as generalized gamma variate and the resulting distribution was fitted to various data
sets and proved as better alternative to negative binomial distribution. El-Monseff and
Sohsah [2] obtained Poisson Weighted Lindley Distribution and studied its vital properties
and applied to some real life situations. Shankar [6] introduced Aradhana distribution and
its applications in real life and also studied some of its important properties. Ahmad et
al. [1] obtained a new discrete compound distribution with Applications in various fields
of real life and obtained its various crucial properties. The research paper which we have
formulated deals with formulation of Poisson-Pranav distribution by combining Poisson
distribution with Pranav distribution .
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2. Definition of Proposed Model (Poisson-Pranav Distribution)

If Z is a poison variate i.e., Z|λ ∼ P (λ), λ being itself a Pranav variate with parameter
θ , then the resulting distribution determined by marginalizing over λ is Poison-Pranav
distribution obtained by compounding Poisson distribution and Pranav distribution, which
is denoted by PPD(Z; θ). Our proposed model i.e., Poison-Pranav model is discrete model
as parent distribution (Poisson) is a discrete distribution. A random variable Z follows
PPD(θ) with probability mass function given in the theorem below.

Theorem 2.1. The probability mass function of a Poisson-Pranav Distribution i.e.,PPD(Z; θ)
is given by

P (Z = z) =
θ4

(θ4 + 6)
[
θ(1 + θ)3 + (z + 3)(z + 2)(z + 1)

(1 + θ)z+4
; z = 0, 1, 2.3. . . . ; θ > 0(1)

The corresponding c.d.f of Poisson-Pranav distribution is obtained as:

FZ(z) =
z∑

n=0

θ4

(θ4 + 6)
[
θ(1 + θ)3 + (z + 3)(z + 2)(z + 1)

(1 + θ)z+4
. . .(2)

(θ3z3 + 9θ3z2 + 3θ2z2 + 26θ3z + 21θ2z + θ7 + 3θ6 + 3θ5

1− +θ4 + 24θ3 + 36θ2 + 6zθ + 24θ + 6

(1 + θ)z+4(6 + θ)4)
z > 0, θ > 0

3. STATISTICAL PROPERTIES OF POISSON-PRANAV DISTRI-
BUTION

In this part some vital structural properties of the Poisson-Pranav model are obtained.
These include moment, generating functions (m.g.f and p.g.f).

3.1. Moments of Poisson-Pranav Distribution.
3.1.1. Factorial Moments. Using (1), the rth factorial moment about origin of the

PPD (1) can be obtained as

µ
′

(r) =E[E(Z(r)|λ]; Z(r) = Z(Z − 1)(Z − 2)...(Z − r + 1)

µ
′

(r) =

∫ ∞
0

[ ∞∑
z=0

zr
e−λλz

(z!)

] θ4

θ4 + 6
(θ + λ3)e−θλdλ

µ
′

(r) =
θ4

θ4 + 6

∫ ∞
0

[
λr
( ∞∑
z=r

e−λλz−r

(z − r)!

)]
(θ + λ3)e−θλdλ

Taking u = t− r, we get

µ
′

(r) =
θ4

θ4 + 6

∫ ∞
0

[
λr
( ∞∑
u=0

e−λλu

u!

)]
(θ + λ3)e−θλdλ

µ
′

(r) =
r!

θ4 + 6

[θ4 + (r + 3)(r + 2)(r + 1)

θr

]
(3)

Taking r = 1, 2, 3, 4 in (3), the first 4 factorial moments about origin of PoissonPranav
distribution can be obtained as

µ
′

(1) =
θ4 + 24

θ(θ4 + 6)

2
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µ
′

(2) =
2(θ4 + 60)

θ2(θ4 + 6)

µ
′

(3) =
6(θ4 + 120)

θ3(θ4 + 6)

µ
′

(4) =
24(θ4 + 210)

θ4(θ4 + 6)

3.1.2. Moments about Origin (Raw Moments). The first four moments about origin,
using the relationship between factorial moments about origin and the moments about
origin of PPD (1) are generated as

µ
′
1 =

θ4 + 24

θ(θ4 + 6)

which is the mean of Poisson-Pranav Distribution

µ
′
2 =

2(θ4 + 60) + θ(θ4 + 24)

θ2(θ4 + 6)

µ
′
3 =

6(θ4 + 120) + 6θ(θ4 + 60)− 2θ2(θ4 + 24)

θ3(θ4 + 6)

µ
′
4 =

24(θ4 + 210) + 18θ(θ4 + 120)− 22θ2(θ4 + 60) + 6θ3(θ4 + 24)

θ4(θ4 + 6)

3.1.3. Moments about the Mean (Central Moments). Using the relationship µr = E(t−
µ
′

(1))r =
∑r

K=0

(
r
k

)
µ
′

(k)(−µ′(1))r−k between moments about the mean and the moments

about origin, the moments about the mean of the PPD (1) can be obtained as

µ2 =
2(θ4 + 60) + θ(θ4 + 24)(θ4 + 6)− (θ4 + 24)2

θ2(θ4 + 6)2

[θ4 + 6]26(θ4 + 120) + 6θ(θ4 + 60)− 2θ2(θ4 + 24)

µ3 =
−3[θ4 + 6](2(θ4 + 60) + θ(θ4 + 24))(θ4 + 24) + 2(θ4 + 24)3

θ3(θ4 + 6)3

(θ4 + 6)324(θ4 + 210) + 18θ(θ4 + 120)− 22θ2(θ4 + 60) + 6θ3(θ4 + 24)

− 4(θ4 + 6)2(6(θ4 + 120) + 6θ(θ4 + 60)− 2θ2(θ4 + 24))(θ4 + 24)

µ4 =
+6(θ4 + 6)(2(θ4 + 60) + θ(θ4 + 24))(θ4 + 24)2 − 3(θ4 + 24)4

θ4(θ4 + 6)4

3.2. ESTIMATION OF PARAMETERS. In this section, we estimate the un-
known parameter of the Poisson-Pranav distribution by using method of maximum likeli-
hood estimation.

3.2.1. ESTIMATION OF PARAMETERS. Method of Maximum Likelihood Estima-
tion is simple and most efficient method of estimation. In this method unknown parame-
ters are obtained by maximizing likelihood function. Suppose Z1, Z2, . . . , Zn n is a random
sample of size n taken from PoissonPranav Distribution (PPD), then the likelihood func-
tion of PPD is given as

L(z|θ) =
θ4n

(θ4 + 6)n

n∏
i=1

((θ(1 + θ)3 + (zi + 3)(zi + 2)(zi + 1))

(1 + θ)zi+4

)

3
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The log likelihood function is

logL =
n∑
i=1

log(θ(1 + θ)3 + (zi + 3)(zi + 2)(zi + 1))

− (
n∑
i=1

zi + 4n) log(1 + θ)− n log(θ4 + 6) + 4n log θ(1 + θ)zi+4
)

differentiating log likelihood function with respect to θ we get

δ

δθ
logL =

n∑
i=1

((1 + θ)3 + 3θ(1 + θ)2)

(θ(1 + θ)3 + (zi + 3)(zi + 2)(zi + 1))
− 4nθ3

(θ4 + 6)
−
∑n

i=1 zi + 4n

(1 + θ)
+

4n

θ
= 0

The maximum likelihood of θ is obtained by solving above equation through R software.

4. CONCLUSION

We formulated a new probability model known as Poisson-Pranav distribution for
count data by mechanism of compounding. Then we obtained its vital statistical proper-
ties.
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Abstract: In recent years, families of probability distributions have had useful applications in different 

sciences. In this paper, a new generalization of the log-Rayleigh probability distribution is introduced 

by providing the probability density function (PDF), probability cumulative function (PCF), and some 

of the other main properties. Then, the maximum likelihood estimation (MLE) method is used to esti-

mate the parameters of the proposed probability distribution. Finally, the introduced generalized log-

Rayleigh probability distribution is applied to calculate the initial mass function (IMF) for stars. 

Keywords: Log-Rayleigh probability distribution, Generalized log-Rayleigh probability distribution, 

MLE method, IMF. 

 

1. Introduction 
The log-Rayleigh probability distribution has three parameters and is a generalized version of 

the well-known Rayleigh probability distribution ([1], [2]). The Rayleigh family of probability 

distributions is used in many scientific fields, such as astrophysics ([3], [4]). In this paper, a 

new generalization of the log-Rayleigh probability distribution, is introduced to calculate the 

IMF of stars. In astrophysics, the IMF is an empirical function that describes the initial distri-

bution of masses for a population of stars during star formation. The IMF not only in describ-

ing the formation and evolution of stars, it also serves as an important link describes the for-

mation and evolution of galaxies ([5]). In this paper, in section 2, the main properties of the 

log-Rayleigh probability distribution are recalled. The generalized log-Rayleigh probability 

distribution is introduced in section 3. In section 4, the proposed probability distribution is ap-

plied to the analysis of the IMF of stars. 

 

2. The log-Rayleigh probability distribution 

The PDF and CDF of a continuous random variable 𝑋 with a log-Rayleigh probability distribu-

tion are, respectively: 

(1) 𝑓𝑋(𝑥) = [
𝛼 − 2𝛾𝑙𝑛 (

𝑥
𝛿
)

𝑥
] 𝑒

−𝑙𝑛(
𝑥
𝛿
)[𝛼−𝛾𝑙𝑛(

𝑥
𝛿
)]
, {

𝛼 ≥ 0
𝛾 ≥ 0
𝛿 ≥ 0

𝑥𝜖[𝛿,∞)

, 

(2) 𝐹𝑋(𝑥) = 1 − 𝑒
−{𝛼𝑙𝑛(

𝑥
𝛿
)+𝑏[𝑙𝑛(

𝑥
𝛿
)]
2
}
. 

Also, the mean (𝜇), variance (𝜎2), and r-th moment about the origin of the above random vari-

able are, respectively: 
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(3) 𝜇 =
√𝜋𝛼

√𝛾

{
 
 

 
 

[
 
 
 
 
1

√𝜋
∫ 𝑒−𝑦

2
𝑑𝑦

∞

𝑦=(
𝛼−1
2√𝛾

) ]
 
 
 
 

𝑒
(𝛼−1)2

4𝛾 −√𝛾

}
 
 

 
 

, 

(4) 𝜎2 =
2𝛿2

√𝛾2
3

[
 
 
 
 

𝛾

(

 
 

{
 
 

 
 

[
 
 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦

∞

𝑦=(
𝛼−2
2√𝛾

) ]
 
 
 
 

𝑒
(𝛼−2)2

4𝛾

}
 
 

 
 

−

{
 
 

 
 

[
 
 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦

∞

𝑦=(
𝛼−1
2√𝛾

) ]
 
 
 
 

𝑒
(𝛼−1)2

4𝛾

}
 
 

 
 

)

 
 

−
𝜋√𝛾

4

{
 
 

 
 

[
 
 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦

∞

𝑦=
(𝛼−1)2

4𝛾 ]
 
 
 
 

𝑒
(𝛼−1)2

2𝛾

}
 
 

 
 

]
 
 
 
 

, 

(5) 𝜇𝑠
′ =

1

√𝛾

(

 
 
𝛿𝛼𝑠

{
 
 

 
 

[
 
 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦

∞

𝑦=(
𝛼−𝑟
2√𝛾

) ]
 
 
 
 

𝑒
(𝑠−𝛼)(4𝛾𝑙𝑛𝛿−𝛼+𝑠)

2𝛾

}
 
 

 
 

+ √𝜋𝛾𝛿𝑠

)

 
 
, 𝑠 = 1,2,3,… 

3. The generalized log-Rayleigh probability distribution 
The generalized log-Rayleigh probability distribution introduced in this paper is a right truncated log-

Rayleigh probability distribution. The PDF and CDF of a continuous random variable 𝑋 with a general-

ized log-Rayleigh probability distribution are, respectively: 

(6) 𝑔𝑋(𝑥) = [
𝛼 − 2𝛾𝑙𝑛 (

𝑥
𝛿
)

(1 − 𝛿𝛼+2𝛾𝑙𝑛𝜗𝜗−𝛼𝑒−𝛾𝑙𝑛[(𝛿𝜗)
2])𝑥

] 𝑒
−[𝑙𝑛(

𝑥
𝛿
)][𝛼−𝛾𝑙𝑛(

𝑥
𝛿
)]
, 𝜗 ≥ 0, 

(7) 𝐺𝑋(𝑥) =
1 − 𝑒

−{𝛼[𝑙𝑛(
𝑥
𝛿
)]+𝛾[𝑙𝑛(

𝑥
𝛿
)]
2
}

1 − 𝑐𝛼+2𝛾𝑙𝑛𝜗𝜗−𝛼𝑒−𝛾𝑙𝑛[(𝛿𝜗)
2]
. 

Also, the mean (𝜇), and s-th moment about the origin of the above random variable are, re-

spectively: 

(8) 𝜇 =
𝛿𝜗𝛼

√𝛾(𝜗𝛼 − 𝛿𝛼+2𝛾𝑙𝑛𝜗𝑑𝑎𝑒−𝛾𝑙𝑛
[(𝛿𝜗)2])

(

 
 
 
 
 

√𝛾(1 − 𝛿𝛼−1+2𝛾𝑙𝑛𝜗𝜗1−𝛼𝑒−𝛾𝑙𝑛[(𝛿𝜗)
2])

−

{
 
 
 

 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦 + ∫ 𝑒−𝑦

2
𝑑𝑦

(𝛼−1)
2𝛾

𝑦=−∞

[
2𝛾𝑙𝑛(

𝛿
𝜗
)−𝛼+1

2√𝛾
]

𝑦=−∞

}
 
 
 

 
 
 

𝑒
(𝛼−1)2

4𝛾

)

 
 
 
 
 

, 
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(9) 𝜇𝑠
′ =

𝑐𝑑𝑎

√𝛾(𝜗𝛼 − 𝛿𝛼+2𝛾𝑙𝑛𝜗𝑑𝑎𝑒−𝛾𝑙𝑛
[(𝛿𝜗)2])

(

 
 
 
 
 

√𝛾(𝛿𝑠−1 − 𝛿𝛼−1+2𝛾𝑙𝑛𝜗𝜗𝑠−𝛼𝑒−𝛾𝑙𝑛[(𝛿𝜗)
2])

− 𝑠

{
 
 
 

 
 
 

∫ 𝑒−𝑦
2
𝑑𝑦 + ∫ 𝑒−𝑦

2
𝑑𝑦

(𝛼−𝑠)

2√𝛾

𝑦=−∞

[
2𝛾𝑙𝑛(

𝛿
𝜗
)+𝛼−𝑠

2√𝑏
]

𝑦=−∞

}
 
 
 

 
 
 

𝑒
(−𝛼+𝑠)[4𝛾𝑙𝑛𝛿−𝛼+𝑠]

4𝛾

)

 
 
 
 
 

, 𝑠 = 1,2,3, … 

All the four parameters of this probability distribution are found by numerically solving the 

following equation, which arises from the MLE method ([6], [7]): 

(10) 𝑛𝑙𝑛𝛿 =∑(𝑙𝑛𝑋𝑖 +
1

[2𝛾𝑙𝑛 (
𝛿
𝑋𝑖
) − 𝛼]

+
𝛿𝛼+2𝛾𝑙𝑛𝜗𝜗−𝛼𝑙𝑛 (

𝛿
𝜗
) 𝑒−𝛾𝑙𝑛[(𝛿𝜗)

2]

(𝛿𝛼+2𝛾𝑙𝑛𝜗𝜗−𝛼𝑙𝑛𝛿𝑒−𝛾𝑙𝑛[(𝛿𝜗)
2]) − 1

)

𝑛

𝑖=1

, 

where 𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛 are independent and identically distributed (IID) random variables with gener-

alized log-Rayleigh probability distribution. 

 

4. Using the generalized log-Rayleigh probability distribution in calculating 

the IMF of stars 

In this section, the log-Rayleigh probability distribution and the proposed new probability dis-

tribution are applied to calculate the IMF of stars and the results are compared with those ob-

tained from the log-Gaussian probability distribution. The log-Gaussian probability distribu-

tion is another useful probability distribution in astrophysics ([8]). The comparison between 

these three probability distributions is based on the star clusters Caldwell 64, Eagle Nebula, 

Gamma Velorum, NGC 7822, and Melotte 25 ([9]). The statistics used for the analysis and 

comparing are the reduced figure-of-merit function (𝑅𝐹𝑀𝐹), the probability of goodness of fit 

(𝑃) with an acceptable value of fit 𝑃 > 0.001, the Akaike information criterion (𝐴𝐼𝐶), the 

maximum distance between the theoretical and experimental degrees of freedom (𝑀𝐷) and the 

Kolmogorov-Smirnov significance level (𝐾 − 𝑆𝑆𝐿) with an acceptable value of fit 𝐾 − 𝑆𝑆𝐿 >

0.1 ([10]). All results are presented in the following two tables: 

Table 1. Numerical results for comparing the log-Rayleigh probability distribution with 

the log-Gaussian probability distribution
Star Cluster a b c RFMF P AIC MD K-SSL 

Caldwell 64 6.9 × 10−3 3.7 × 10−1 1.2 × 10−1 1.8 × 101 1.2 × 10−24 13.4 × 101 2 × 10−1 1.1 × 10−9 
Eagle Nebula 7.5 × 10−3 1.2 × 10−1 1.9 × 10−2 1.2 × 101 6.1 × 10−16 9.3 × 101 2 × 10−1 1.2 × 10−7 

Gamma Velo-

rum 

4.9 × 10−1 7.5 × 10−1 1.6 × 10−1 2.1 4 × 10−2 2.1 × 101 4 × 10−2 9 × 10−1 

NGC 7822 2 × 10−2 9.1 × 10−1 1.6 × 10−1 3.1 2.5 × 10−3 2.8 × 101 7 × 10−2 4 × 10−2 

Melotte 25 9 × 10−2 4.4 × 10−1 1.1 × 10−1 2.0 5.3 × 10−2 2.0 × 101 4 × 10−2 2 × 10−1 

From the values in table 1, it can be concluded that the log-Rayleigh probability distribution 

performances better than the L-G probability distribution in most cases. 

Table 2. Numerical results for comparing the generalized log-Rayleigh probability distri-

813



 

 

 

bution with the log-Gaussian probability distribution
Star Cluster a b c RFMF P AIC MD K-SSL 

Caldwell 64 6.9 × 10−3 3.7 × 10−1 1.2 × 10−1 1.9 × 101 1.9 × 10−22 12.3 × 101 2.5 × 10−2 1 × 10−15 

Eagle Nebula 7.5 × 10−3 1.2 × 10−1 1.9 × 10−2 1.3 × 101 3.5 × 10−14 8.3 × 101 2.6 × 10−2 6.1 × 10−13 

Gamma Velo-

rum 

4.9 × 10−1 7.5 × 10−1 1.6 × 10−1 2.4 2.5 × 10−2 2.3 × 101 4 × 10−2 7.8 × 10−1 

NGC 7822 2 × 10−2 9.1 × 10−1 1.6 × 10−1 3.7 1.2 × 10−3 3.0 × 101 7 × 10−2 3 × 10−2 

Melotte 25 9 × 10−2 4.4 × 10−1 1.1 × 10−1 2.4 2.5 × 10−2 2.3 × 101 6 × 10−2 3.9 × 10−1 

From the values in table 2, it can be concluded that the generalized log-Rayleigh probability 

distribution performs better than the log-Gaussian probability distribution in most cases. Also, 

in general, from comparing the values in the two tables, it can be clearly seen that the general-

ized log-Rayleigh probability distribution is more useful than the log-Rayleigh probability dis-

tribution in accurately calculating the IMF for stars. 

         

5. Conclusion 

In this paper, a new probability distribution, called the generalized log-Rayleigh probability 

distribution was introduced. This probability distribution is an extension of the log-Rayleigh 

probability distribution and the aim was to investigate its application in astronomy. The main 

properties of this probability distribution were calculated and then the results of its application 

in the calculation of the IMF for stars were obtained. Examination of numerical results showed 

that this new probability distribution is more accurate in calculating the IMF for stars com-

pared to the log-Gaussian probability distribution. 
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1. Introduction 
The generalized beta probability distribution has two parameters and is one of the important 

probability distributions used in various sciences ([1], [2]). This family of probability distribu-

tions plays an important role in astrophysics ([3], [4]). In this paper, a new extension of the 

generalized beta probability distribution is introduced to IMF modeling for stars. In astrophys-

ics, the IMF is an empirical function that describes the initial distribution of masses for a popu-

lation of stars during star formation. The IMF not only in describing the formation and evolu-

tion of stars, it also serves as an important link describes the formation and evolution of galax-

ies ([5]). In this paper, in section 2, the main mathematical properties of the generalized beta 

probability distribution are reminded. The extended generalized beta probability distribution is 

introduced in section 3. In section 4, the proposed probability distribution is applied to model-

ing IMF for stars. 

 

2. The generalized beta probability distribution  

The PDF and CDF of a continuous random variable 𝑋 with a generalized beta probability distribution 

are, respectively: 

(1) 𝑓𝑋(𝑥) =
𝑥𝑟−1(1 − 𝑥)𝑠−1

∫ 𝑥𝑟−1(1 − 𝑥)𝑠−1𝑑𝑥
1

𝑥=0

=
Γ(𝑟 + 𝑠)

Γ(𝑟)Γ(𝑠)
𝑥𝑟−1(1 − 𝑥)𝑠−1; {

𝑟 > 0
𝑠 > 0
𝑥𝜖(0,1)

, 

(2) 𝐹𝑋(𝑥) = 2 ∫ (𝑠𝑖𝑛𝛼)2𝑟−1(𝑐𝑜𝑠𝛼)2𝑠−1𝑑𝛼 =

𝑎𝑟𝑐𝑠𝑖𝑛(√𝑥)

𝛼=0

Γ(𝑟 + 𝑠)

Γ(𝑟)Γ(𝑠)
∫

𝑢𝑠−1

(1 + 𝑢)𝑟+𝑠
𝑑𝑢

∞

𝑢=(1−
1
𝑥
)

. 

Also, the mean (𝜇), variance (𝜎2), and m-th moment about the origin of the above random var-

iable are, respectively: 
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(3) 𝜇 =
𝑟

𝑟 + 𝑠
, 

(4) 𝜎2 =
𝑟𝑠

(𝑟 + 𝑠 + 1)(𝑟 + 𝑠)2
, 

(5) 𝜇𝑚
′ =

Γ(𝑟 + 𝑠)Γ(𝑟 + 𝑠)

Γ(𝑟 + 𝑠 +𝑚)Γ(𝑟)
,𝑚 = 1,2,3,…, 

where Γ(. ) is the gamma function. 

 

3. The extended generalized beta probability distribution 

The extended generalized beta probability distribution introduced in this paper is a truncated 

beta probability distribution of the first kind. The PDF of a continuous random variable 𝑋 with 

an extended generalized beta probability distribution of the first kind is: 

(6)𝑔𝑋(𝑥) =
Γ(𝑟 + 𝑠)

Γ(𝑟)Γ(𝑠)

(𝑥 − 𝑟)𝛼−1(𝑠 − 𝑥)𝛽−1

(𝑠 − 𝑟)𝛼+𝛽−1
, {

𝛼 > 0
𝛽 > 0

. 

Also, the mean (𝜇), and variance (𝜎2), of the above random variable are, respectively: 

(7) 𝜇 =
𝑠𝛼 + 𝑟𝛽

𝛼 + 𝛽
, 

(8) 𝜎2 =
(𝑠 − 𝑟)2𝛼𝛽

(𝛼 + 𝛽 + 1)(𝛼 + 𝛽)2
. 

All four parameters of this probability distribution are found using the MLE method, respec-

tively ([6], [7]): 

(9) 𝑟̂ = 𝑚𝑖𝑛(𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛), 

(10) 𝑣 = 𝑚𝑎𝑥(𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛), 

(11) 𝛼̂ =
(𝑋̅ − 𝑟̂)[𝑠̂(𝑟̂ − 𝑋̅) + 𝑆2 + 𝑋̅2 − 𝑟̂𝑋̅]

𝑆2(𝑟̂ − 𝑠̂)
;

{
 
 

 
 𝑆2 =

1

𝑛 − 1
∑(𝑋𝑖 − 𝑋̅)

2

𝑛

𝑖=1

𝑋̅ =
1

𝑛
∑𝑋𝑖

𝑛

𝑖=1

, 

(12) 𝛽̂ =
(𝑠̂ − 𝑋̅)[𝑠̂(𝑟̂ − 𝑋̅) + 𝑆2 + 𝑋̅2 − 𝑟̂𝑋̅]

𝑆2(𝑟̂ − 𝑠̂)
;

{
 
 

 
 𝑆2 =

1

𝑛 − 1
∑(𝑋𝑖 − 𝑌̅)

2

𝑛

𝑖=1

𝑋̅ =
1

𝑛
∑𝑋𝑖

𝑛

𝑖=1

, 

where 𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑛 are independent and identically distributed (IID) random variables with 

extended generalized beta probability distribution. 

 

4. Using the extended generalized beta probability distribution to model 

IMF for stars 

In this section, the proposed new probability distribution is applied to modeling the IMF of 

stars and the results are compared with those obtained from the log-Gaussian probability dis-

tribution. The log-Gaussian probability distribution is another useful probability distribution in 

astrophysics ([8]). The comparison between these two probability distributions is based on the 

star clusters Caldwell 64 and NGC 7822 ([9]). The statistics used for the analysis and compar-
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ing are the reduced figure-of-merit function (𝑅𝐹𝑀𝐹), the probability of goodness of fit (𝑃) 

with an acceptable value of fit 𝑃 > 0.001, the Akaike information criterion (𝐴𝐼𝐶), the maxi-

mum distance between the theoretical and experimental degrees of freedom (𝑀𝐷) and the 

Kolmogorov-Smirnov significance level (𝐾 − 𝑆𝑆𝐿) with an acceptable value of fit 𝐾 − 𝑆𝑆𝐿 >

0.1 ([10]). All results are presented in the following two tables: 
 

Table 1. Numerical results for comparing the extended generalized beta probability dis-

tribution with the log-Gaussian probability distribution, based on the Caldwell 64 star 

cluster
Type of probability 

distribution  

 

𝒓 

 

𝒔 

 

𝜶 

 

𝜷 

 

RFMF 

 

P 

 

AIC 

 

MD 

 

K-SSL 

Log-Gaussian probability 

distribution 

 

-0.55 

 

0.50 

 

- 

 

- 

 

1.86 

 

0.01 

 

37.64 

 

0.07 

 

0.10 

Extended generalized beta 

probability distribution  

 
0.12 

 
1.47 

 
1.67 

 
2.77 

 
1.31 

 
0.20 

 
29.10 

 
0.06 

 
0.29 

 

From the values in table 1, it can be concluded that in the case of the Caldwell 64 star cluster, 

the extended generalized beta probability distribution performs better than the log-Gaussian 

probability distribution. 

 

Table 2. Numerical results for comparing the extended generalized beta probability dis-

tribution with the log-Gaussian probability distribution, based on the NGC 7822 star 

cluster
Type of probability 

distribution  

 

𝒓 

 

𝒔 

 

𝜶 

 

𝜷 

 

RFMF 

 

P 

 

AIC 

 

MD 

 

K-SSL 

Log-Gaussian probability 

distribution 

 

-1.26 

 

1.03 

 

- 

 

- 

 

3.73 

 

1.3× 10−7 

 

71.24 

 

0.10 

 

0.05 

Extended generalized beta 

probability distribution  

 

0.02 

 

1.46 

 

0.56 

 

1.55 

 

1.96 

 

0.01 

 

39.30 

 

0.11 

 

0.28 

 

From the values in table 2, also it can be concluded that in the case of the NGC 7822 star clus-

ter, the extended generalized beta probability distribution performs better than the log-

Gaussian probability distribution. Therefore, in general, from comparing the values in the two 

tables, it can be clearly seen that the extended generalized beta probability distribution is more 

useful than the log-Gaussian probability distribution in accurately modeling the IMF for stars. 

         

5. Conclusion 

In this paper, a new probability distribution, called the extended generalized beta probability 

distribution was introduced. This probability distribution is a extension of the generalized beta 

probability distribution, and the goal was to investigate its application in astrophysics. The 

main mathematical properties of this probability distribution were calculated and then the re-

sults of its application in IMF modeling for stars were obtained. Examination of numerical re-

sults showed that this new probability distribution is more accurate in IMF modeling for stars 

compared to the log-Gaussian probability distribution. 

 

References 

[1] Mir, K. A., Ahmed, A., and Reshi, J. A., "A new class of weighted generalized beta distribution of 

817



 

 

 

first kind and its structural properties", International Journal of Research in Management, Vol. 3, No. 

6, pp. 49-58, 2013. 

[2] Ahmed, A., Mir, K. A., and Reshi, J. A., "On size biased generalized beta distribution of first kind", 

IOSR Journal of Mathematics (IOSR-JM), Vol. 5, No. 2, pp. 41-48, 2013. 

[3] Adnan, M. R. S., and Kiser, H., "A class of beta second kind mixture distributions", Journal of Sta-

tistical Theory and Applications, Vol. 19, No. 4, pp. 518-525, 2020. 

[4] Cordeiro, G. M., and Brito, R. d. S., "The beta power distribution", Brazilian Journal of Probability 

and Statistics, Vol. 26, No. 1, pp. 88-112, 2012. 

[5] Lazar, A., and Bromm, V., "Probing the initial mass function of the first stars with transients", 

Monthly Notice of the Royal Astronomical Society, Vol. 511, No. 2, pp. 2505-2514, 2022. 

[6] Beckman, R. J., and Tiet jen, G. L., "Maximum likelihood estimation for the beta distribution", 

Journal of Statistical Computation and Simulation, Vol. 7, No. 3-4 pp. 253-258, 1978. 

[7] Feron, B., "Curvature and inference for maximum likelihood estimates", The Annals of Statistics, 

Vol. 46, No. 4, pp. 1664-1692, 2018. 

[8] Andai, A., "On the geometry of generalized Gaussian distributions", Journal of Multivariate Analy-

sis, Vol. 100, No. 4, pp. 777-793, 2009. 

[9] Freundlich, J., "Star formation across cosmic time", Fundamental Plasma Physics, Vol. 11, pp. 1-

12, 2024. 

[10] Jiang, J., "Goodness-of-fit tests for mixed model diagnostics", The Annals of Statistics, Vol. 29, 

No. 4, pp. 1137-1164, 2001. 

 

 

818



 

 

 

 

A 15-year Research Profile of the Bulletin of the 

Iranian Mathematical Society (2008-2022): a Sci-

entometric Approach 
 

Heidar Mokhtari* (Corresponding Author) 

Associate professor, Department of Knowledge and Information Science, Payame Noor University, 

Tehran, Iran. E-mail: h.mokhtari@pnu.ac.ir, ORCID: 0000-0002-2471-0408  

Mohammad Rahimi-Alangi 

Assistant Professor, Department of Mathematics, Payame Noor University, Tehran, Iran  

E-mail: mrahimi.al@pnu.ac.ir, ORCID: 0000-0002-4137-1997 

Abstract: Scientometrics is a quantitative approach to evaluate the research performance of scientific 

entities such as journals. This study aimed to conduct a scientometric analysis and visualization of the 

Bulletin of the Iranian Mathematical Society (the Bulletin) from its being indexed in Scopus in 2008 to 

2022 (a 15-year time span). Required data of 1,553 published papers was extracted from SCOPUS and 

underwent a scientometric analysis with applying EXCEL Microsoft Office for summarizing data and 

VOSviewer bibliometric package for visualizing co-authored countries and clustering keywords. The 

publication trend was increasing steadily in the studied years (R2=.984). The majority of papers 

(N=1,524, about 98.1%) were original research. Among the collaborating authors (N= 159), the first rank 

commonly belonged to Mahdavi-Amiri, N. from Iran, Shy, W. and Wang, J.R., both from China (each 

with publishing 8 papers). Out of 159 affiliations, the first to third ranks belonged to Iranian affiliations: 

Institute for Studies in Theoretical Physics and Mathematics (with 50 papers), Iranian Research Institute 

for Fundamental Sciences (with 47 papers) and University of Tabriz (with 42 papers), respectively. 

Among contributing countries, Iran ranked first with 684 papers (about 44.04% of all papers), followed 

by China (with 391 papers) and India (with 86 papers). The citation trend was increasing these years 

(R2=.996). Out of 802 unique keywords with 5,022 occurrences, the main clustering keywords were 

“fixed points”, “analytic functions”, “frames”, “derivation”, “Banach algebra”, “variational methods” 

and “prime graph”. This study is the first scientometric study of the Bulletin as a leading Iranian journal 

and its results are beneficial to the editorial team for better decision making and helpful for the audience 

and authors.  

Keywords: Bulletin of the Iranian Mathematical Society; Bibliometrics; Scientometrics; Research pro-

file 
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1. Introduction 

As one of the main research fields with an interdisciplinary nature, bibliometrics or scientomet-

rics has been conducted in a wide range of studies in different disciplines. Pritchard in1969 for-

mally defined this research field as the application of mathematics and statistical methods to books, arti-

cles and all document types and other media of communication for the quantification of their research 

performance [2]. 

 Scientific journals are important channels of scientific communication and conceived as gate-

ways to new information. They need to be evaluated from research perspective in order to identify their 

role in scientific development and research influence [3]. This can be done by applying scientometric 

methods that quantitatively study the publications of a journal. The scientometric analysis of specific 

journals has been done in past decades. In the past, the scientometric data on a specific journal including 

among others, frequencies of published papers, received citations and highly-productive authors, institu-

tions and countries as well as those of highly-influential ones were studied. However, emerging new 

technologies and inventing scientometric software packages resulted in visualization of the research per-

formance of scientific journals, including among others, keyword co-occurrence and subject clustering. 

Using scientometric methods in analyzing the knowledge structure and scientific features of the papers 

of a journal provides a good guide for its potential authors and some guiding references for its future 

development. It also can reveal a specific journal's current status and development trend, as a basis for 

further improving its quality [8]. 

Few scientometric studies have been conducted in mathematics. For example, a study reviewed the 

degree of author collaboration in China’s mathematical science from 1999-2014 [3]. Researchers’ con-

tribution to the mathematical research during 2015-2019 was analyzed in Dimension database [6]. Indian 

Journal of Pure and Applied Mathematics underwent a bibliometric survey during 1998-2017 for iden-

tifying key patterns of citations of its papers [5].  

Based on the information provided in its new website (https://www.springer.com/jour-

nal/41980), the Bulletin of the Iranian Mathematical Society (here abbreviated as the Bulletin) 

is a publication of the Iranian Mathematical Society in English that has been published since 

1974. As a pioneering journal, it publishes original research papers with significant contributions 

of broad interest, and invited survey articles on hot topics, from distinguished mathematicians 

worldwide. With six issues per year, the Bulletin provides a platform for presenting high-level 

mathematical research in most areas of mathematics. From January 2018, it is published by Springer. 

Based on the information collected by Scopus in 2023 [4], its SJR (SCImago Journal Rank) = .383 and 

SNIP (Source Normalized Impact per Paper) = 888. However, this main journal has not been evaluated 

from the scientometric perspective yet. The bibliometric overview of the journal and visualizing its sci-

entific patterns and trends can be beneficial to mathematics community as well as the audience, authors 

and editorial team of the Bulletin. This study aimed to conduct a scientometric analysis and visualization 

of this journal from its being indexed in Scopus in 2008 to 2022 (a 15-year time span). 

 

2. Methodology 

This study was a bibliometric / scientometric study, focusing on a specific scientific journal. The 

approach has been widely used by several scientific journals in different fields worldwide. Data 

was collected by using Scopus database. As one of the comprehensive abstract and indexing 
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databases in the world, Scopus (https://www.scopus.com) is maintained by a Netherlands' insti-

tute, named Elsevier. Including peer-reviewed literature, such as scientific journals, books and 

conference proceedings, it indexes scientific items of main subject fields such as science, tech-

nology, medicine, social sciences, and arts and humanities. 

The time span of this study was a 15-years period, 2008--2022, as the published papers 

of the Bulletin started to be indexed in Scopus from 2008. The following formula was used for 

data extraction in Scopus in December 2023:  

SRCTITLE (Bulletin of the Iranian Mathematical Society) AND PUBYEAR < 2023 

1,553 papers were identified and their bibliographic information and scientometric data 

were analyzed. We used some scientometric indicators for determining the trend of annual pub-

lication and year-wise received citation and top highly-cited papers as well as identifying highly-

productive authors, institutions and countries contributing to the Bulletin. VOSviewer, Version 

1.6.19 software package, was applied for networking co-authoring countries/territories contrib-

uted to the Bulletin and clustering highly-frequent keywords used in its papers. The software 

visualizes the intended results through a wide range of selected scientometric indicators [7]. For 

summarization of scientometric data in tables and figures, Excell 2010 was used, too.  

 

3. Findings 

3.1. Annual frequencies of published papers and publication trend 

Out of 1,553 published papers of the Bulletin indexed in Scopus during the studied period (2008-

2022), year 2022 with 224 published papers (14.4% of all papers) and year 2008 with only 16 

published papers (only .01% of all papers) had the first and last ranks, respectively. Figure 1 

depicts the publication trend by the publication years from 2008 to 2022. As can be seen, the 

publication trend was increasing steadily in these years (R2=.984). The number of published 

papers has been considerably increased in 2016 (with 138 papers) and especially in 2022 (with 

224 papers).  

 
Figure 1. Year-wise frequency distribution of papers published in the Bulletin (2008-2022) 
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3.2.Types of published papers  

Table 1 shows the frequency distribution of published papers by document types. As can be 

seen, the majority of papers (N=1,524, about 98.1%) were original research articles. Conference 

papers ranked second in this regard (N= 14, about .9%).    

Table 1. Frequency distribution and percentage of papers published in the Bulletin by their 

document type (2008-2022) 

Rank  Document type Frequency (%) % 

1 Original article 1524  98.1 

2 Conference paper  14  .9 

3 Erratum  9 .6 

4 Editorial 3   .2 

5 Letter  1 (.1) .1 

5 Note  1(.1) .1 

5 Retracted  1 (.1) .1 

Total - 1,553 100 

 

3.3.Most-productive authors 

Among the publishing authors that amounted to 159 individual authors, the first rank commonly 

belonged to Mahdavi-Amiri, N. from Iran, Shy, W., and  Wang, J.R., both from China (each 

with publishing 8 papers). Table 2 shows some information on the top 10 highly-productive 

authors publishing at least six papers. These ten authors contributed to publishing 66 papers and 

six of them were from Iran's universities. Other contributing authors published no less than three 

papers.   

Table 2. Most productive authors publishing in the Bulletin (2008-2022) 

Rank Author name Number of 

papers 

Affiliation Country of 

origin 

1 Mahdavi-Amiri, N. 8 Sharif University of 

Technology,  

Iran 

1 Shi, W. 8 Suzhou Univer-

sity, Suzhou 

China 

1 Wang, J.R. 8 Guizhou University China 

2 Abdollahi, A. 6 University of Isfahan Iran 

2 Ebadian, A. 6 University of Isfahan Iran 

2 Jabbarzadeh, M.R. 6 University of Tabriz Iran 

2 Moori, J. 6 North-West University South Africa 

2 O’Regan, D. 6 University of Galway Ireland 

2 Shahmorad, S. 6 University of Tabriz Iran 

2 Tehranian, A. 6 Islamic Azad Univer-

sity 

Iran 

 

3.4.Top contributing affiliations  

Out of 159 unique affiliations (universities and research institutes) contributed to the Bulletin, 

top ten affiliations were shown in Table 3. The first to third ranks belonged to the Institute for 

Studies in Theoretical Physics and Mathematics (with 50 papers), Iranian Research Institute for 

Fundamental Sciences (with 47 papers) and University of Tabriz (with 42 papers), respectively. 
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These ten affiliations were all from Iran's universities and research institutes. By publishing 365 

papers, the authors in these ten affiliations contributed to the Bulletin by publishing about 23.5% 

of all of its papers. The least contributions of the individual affiliations were 3 papers. 

Table 3. Most active affiliations publishing in the Bulletin (2008-2022) 

Rank  Affiliation  Number of papers  % of total papers 

1 Institute for Studies in Theoretical Phys-

ics and Mathematics 

50 3.22 

2 Iranian Research Institute for Funda-

mental Sciences 

47 3.03 

3 University of Tabriz 42 2.70 

4 Amirkabir University of Technology 41 2.64 

5 Isfahan University of Technology 39 2.51 

6 Ferdowsi University of Mashhad 34 2.19 

7 University of Isfahan 31 1.99 

8 Kharazmi University 29 1.87 

9 Islamic Azad University 28 1.80 

10 Shahid Bahonar University of Kerman 24 1.55 

 

3.5.Top contributing countries /territories  

Authors from 80 countries/territories contributed to the Bulletin. Table 4 depicts ten highly-

productive countries publishing in the Bulletin. Iran ranked first with publishing 684 papers 

(about 44.04% of all papers), followed by China (with 391 papers) and India (with 86 papers). 

These top ten countries published the majority of papers (N=1,415, about 91.11% of total pa-

pers). Twenty contributing countries published only one paper.  

Table 4. Most active countries publishing in the Bulletin (2006-2015) 

Rank  Country / Territories Number of papers % of total papers 

1 Iran 684 44.04 

2 China 391 25.17 

3 India 86 5.54 

4 Turkey  82 5.28 

5 United States of America   41 2.64 

6 Vietnam  30 1.93 

7 South Korea 29 1.87 

8 South Africa 26 1.67 

9 Saudi Arabia  25 1.61 

10 Egypt  21 1.35 

 

Figure 2 better depicts the co-authorship network of contributing countries with publish-

ing at least three papers in the Bulletin. As can be seen, the most active countries in the co-

authorship network were Iran, China, India and Tuekey.   
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Figure 2. Co-authorship network of most productive countries (published at least 3 papers) in 

the Bulletin (2008-2022) 

3.6.Highly-frequent keywords and keyword clustering   

817 unique author-assigned keywords that occurred 5,065 times were used in the studied papers. 

These keywords had some inconsistencies as to their spelling, duplication, and repetition and so 

on. After removing some irrelevant keywords (such as existence) or revising similar ones (such 

as frame and frames), 802 unique keywords with 5,022 occurrences were identified. Table 5 

shows the top highly-frequent keywords (ones with >10 occurrences in the papers). These key-

words appeared 213 times in the published papers. "Fixed point", "Derivation", “Finite groups” 

were in top by occurring 47, 31 and 19 times, respectively. 

Table 5. Top ten highly-frequent keywords used in the papers published in the Bulletin (2008-

2022) 

Rank Keyword  Frequency  Rank  Keyword Frequency 

1 Fixed point 47 6 Frames  13 

2 Derivation  31 6 Hadamard product  13 

3 Finite groups  19 7 Subordination  12 

4 Analytic function 17 7 Nonexpansive mapping 12 

5 Banach algebra 14 8 Prime graph 11 

6 Eigenvalues  13  8 Prime ring 11 

 

107 keywords were occurred 4 times or more in the papers. These keywords were se-

lected for depicting density visualization in order to clustering the co-occurred keywords. As 

only 79 keywords with obvious links and connections were proposed by VOSViewr, these key-

words were visualized as a keyword clustering network (Figure 4). In the formed subject clus-

ters, reflecting different dispersed nodes or keywords, the main nodes were fixed points, analytic 
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functions, frames, derivation, Banach algebra, variational methods and prime graph.  

  

 
Figure 3. Keyword co-occurrence density visualization of most highly-frequent keywords (oc-

curred four times and more) used in the papers of the Bulletin (2008-2022) 

 

3.7.Annual frequencies of received citations and citation trend 

The total citations amounted to 4,267 in the studied time span. Figure 4 shows the citation counts 

by the publication year of cited papers. The citation trend was increasing these years (R2=.996). 

The citation trend was ascending in the studied period by no citations in 2008 up to 773 citations 

in 2021 and 914 citations in 2022. About 39.5% of all received citation belonged to these two 

consecutive years.  
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Figure 4. Year-wise frequency distribution of cited papers of the Bulletin (2008-2022) 

 

3.8.Most-cited papers  

Out of all 1,553 published papers, 949 papers (61.11%) were cited at least on time. The total 

citations amounted to 4,267. The mean rate of received citations was 2.75 per paper. Of cited 

papers, 108 papers (11.38%) received 10 or more citations. Table 6 depicts the bibliographic 

information of the top 5 highly-cited papers with citation counts>50. The first-ranked paper en-

titled as "Radius Problems for Starlike Functions Associated with the Sine Function" was au-

thored by Cho, N.E., Kumar, V., Kumar, S.S., and Ravichandran, V. in 2019 and received 104 

citations.   

Table 6. Top five highly-cited papers published in the Bulletin (2008-2022) 

Rank  Author name Title  Citation 

counts 

Publication 

year 

1 Cho, N.E., Ku-

mar, V., Kumar, 

S.S., Ravichan-

dran, V. 

Radius Problems for Starlike 

Functions Associated with the 

Sine Function 

104 2019 

2 Radenović, S., 

Kadelburg, Z., 

Jandrlić, D., 

Jandrlić, A. 

Some Results on Weakly Con-

tractive Maps 

98 2012 

3 Ali, R.M., Lee, 

S.K., Ravichan-

dran, V., Supra-

maniam, S. 

The Fekete-Szegö Coefficient 

Functional for Transforms of 

Analytic Functions 

67 2009 

4 Acar, Ö., Durmaz, 

G., Minak, G. 

 Generalized Multi-

valued F-contractions on 

Complete Metric Spaces 

65 2014 

5 Srivastava, H.M., 

Eker, S.S., Ha-

Faber Polynomial Coefficient 

Estimates for Bi-univalent 

Functions Defined by the 

56 2018 
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midi, S.G., Ja-

hangiri, J.M. 

Tremblay Fractional Deriva-

tive Operator 

   

4. Discussion and Conclusion 

Aiming at analyzing the research performance of the Bulletin during its being indexed in Scopus 

in 2008 up to the end of 2022, we found that it has find its way in research on mathematics as 

its ever-increasing rate of annual growth of publication showed. Iranian authors were most active 

in authoring the papers from different universities and research institutes nationwide. This is the 

case when regarding the most productive affiliations (universities and research institutes). In 

addition, when considering the highly-contributing countries, it is obvious that the contribution 

of European countries is weak as a symbol of the international collaboration. For internalization 

of the Bulletin more than ever, it is needed to design for publishing more papers from authors 

with other countries of origin worldwide. 

These papers are mostly original research articles and review articles as one of main 

documents in summarization and systematization of a discipline were absents and the share of 

other communicative media such as letters to editors was low and these types of documents need 

to be emphasized. 

 We encounter some problems in key-word clustering. The author-assigned keywords 

were not accurate in some cases and some keywords were vague. We recommend that the Bul-

letin request its author to be selective and more accurate in assigning keywords to their submis-

sions or design a thesaurus-based controlled vocabulary for keywords to be assigned. As key-

words are main items in searching and retrieving information from information database, being 

accurate in selecting them would be beneficial to more reading and citedness of the papers of 

the Bulletin.   

Regarding the citation rate of the Bulletin, the ever-increasing rate of its received citation 

and about three citations per paper showed that the Bulletin has been emphasized in its domain 

and more authors use its items for more documenting their papers.    

 The mean growth rate of received citations of the Bulletin was satisfying since about 

39% of papers have not received any citations. The annual growth of citation counts of the Bul-

letin is the sign of its international reach. An accurate citation analysis is needed for depicting 

the mere influence of the Bulletin based on its citation.     

In conclusion, gradual increase in the number of published papers and their received 

citations shows that the Bulletin achieved the target of attracting the attention of researchers 

worldwide. Year-by-year increase in received citations of the journal indicates its promise and 

deep influence on research development. However, contributing authors, institutions and coun-

tries are not geographically and internationally distributed worldwide. In addition, assigned key-

word should be more accurate and consistent for better visibility of papers in the scientific com-

munity. The scientometric indicators of the Bulletin are signs of its worldwide development, 

scientific quality and academic prestige. After about 50 years, the Bulletin has found its way to 

develop and influence the field. 

This study is a relatively comprehensive and the first scientometric analysis and visuali-

zation of the Bulletin as a leading Iranian journal in its field. The results of the study are benefi-

cial to its editorial team for better decision making on its further development as well as helpful 

for its audience and authors interesting topics in mathematics to have a better contact with and 

effective contributions to the Bulletin.  
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1. Introduction

Previous investigations on Fractional Differential Equations (FDE) and Partial Dif-
ferential Equations (PDE) with integral boundary conditions can be located in refer-
ences [1–6].

We consider the following problem:
Dαυ(θ) + kDα−1υ(θ) = λ

(
θ, υ(θ),Dα−1υ(θ)

)
,

β1υ(0) + ψ1υ(1) + γ1I
rυ(ς) = ϵ1,

β2υ
′(0) + ψ2υ

′(1) + γ2I
rυ′(ς) = ϵ2,

β3υ
′′(0) + ψ3υ

′′(1) + γ3I
rυ′′(ς) = ϵ3,

(1)

the parameter α ∈ (2, 3] represents a real number, while βi, ψi, γi, ϵi ∈ R for i = 1, 2, 3 and
θ ∈ [0, 1], k, r, ς > 0. The operator Dα denotes the Liouville-Caputo derivative, and the
boundary conditions involve antiperiodic cases.

2. Main results

Lemma 2.1. Authorizing ν ∈ C[0, 1] and υ ∈ C2[0, 1]. Therefore, the following se-
quential FDE

(2) Dαυ(θ) + kDα−1υ(θ) = ν(θ),
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for θ ∈ [0, 1] and k > 0 with the boundary conditions β1υ(0) + ψ1υ(1) + γ1I
rυ(ς) = ϵ1

β2υ
′(0) + ψ2υ

′(1) + γ2I
rυ′(ς) = ϵ2

β3υ
′′(0) + ψ3υ

′′(1) + γ3I
rυ′′(ς) = ϵ3

(3)

has a unique solution

υ(θ) = f1(θ)ϕ1 (ν(1), ν(ς)) + f2(θ)ϕ2 (ν(1), ν(ς)) + f3(θ)ϕ3 (ν(1), ν(ς))(4)

+

∫ θ

0
e−k(θ−s)

(
Iα−1ν(s)

)
ds.

Lemma 2.2. Authorizing that ν ∈ C ([0, 1],R). So, we can gain

i. |ϕ1 (ν(1), ν(ς))| ≤
(
|ψ1|

1− e−k

kΓ(α)
+ |γ1|

ςα+r(1− e−kς)

kΓ(α)Γ(r + 1)

)
︸ ︷︷ ︸

L1

∥ν∥+ |ϵ1| = L1∥ν∥+ |ϵ1|

ii. |ϕ2 (ν(1), ν(ς))| ≤
(
|ψ2|

k + 1− e−k

kΓ(α)
+ |γ2|

ςα+r(k + 1− e−kς)

kΓ(α)Γ(r + 1)

)
︸ ︷︷ ︸

L2

∥ν∥+ |ϵ2|

= L2∥ν∥+ |ϵ2|

iii. |ϕ3 (ν(1), ν(ς))| ≤
(
|ψ3|

α− 1 + k(2− e−k)

kΓ(α)
+ |γ3|

(α− 1)ςα+r−1 + ςα+r(2− e−kς)

Γ(α)Γ(r + 1)

)
︸ ︷︷ ︸

L3

×

∥ν∥+ |ϵ3| = L3∥ν∥+ |ϵ3|

Our hypothesis regarding λ will be elucidated prior to commencing and presenting the
main results

(a): λ : [0, 1]× R× R → R is continuous.
(b): there exist constants a11, a12, a13 ∈ R+ such that for all θ ∈ [0, 1] and υ, υ∗ ∈ R:

|λ(θ, υ, υ∗)| ≤ a11|υ|σ1 + a12|υ∗|σ2 + a13, 0 < σ1, σ2 < 1.
(c): there exist constants a21, a22 ∈ R+ such that for all θ ∈ [0, 1] and υ1, υ2, υ

∗
1, υ

∗
2 ∈

R :
|λ(θ, υ2, υ∗2)− λ(θ, υ1, υ

∗
1)| ≤ a21|υ2 − υ1|+ a22|υ∗2 − υ∗1|.

Theorem 2.3. Suppose that conditions (a) and (b) are satisfied. Subsequently, it
follows that the problem referenced as 1 possesses at least one solution.

Theorem 2.4. If assumptions (a) and (c) are satisfied, and the condition L4 (a21 + a22) <
1 holds, then the problem stated in reference 1 possesses a unique solution.

Proof. Taking supθ∈[0,1]|λ(θ, 0, 0)| = N < ∞ way that r ≥ L4N+L5
1−L4(a21+a22)

. Firstly, it

is revealed that P(ψr) ⊆ ψr, where ψr = {υ| υ ∈ E; ∥υ∥α−1 ≤ r}. For each υ belonging to
the set ψr, through direct computation, it can be shown that

|Pυ(θ)| = |f1(θ)|
∣∣ϕ1 (λ(1, υ(1),Dα−1υ(1)), λ(ς, υ(ς),Dα−1υ(ς))

)∣∣
+ |f2(θ)|

∣∣ϕ2 (λ(1, υ(1),Dα−1υ(1)), λ(ς, υ(ς),Dα−1υ(ς))
)∣∣

+ |f3(θ)|
∣∣ϕ3 (λ(1, υ(1),Dα−1υ(1)), λ(ς, υ(ς),Dα−1υ(ς))

)∣∣
+

∫ θ

0
e−k(θ−s)

∣∣Iα−1
(
λ(s, υ(s),Dα−1υ(s))

)∣∣ ds
2
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≤M1L1

(
max
0≤t≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)

+M1|ϵ1|+M2L2

(
max
0≤t≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)

+M2|ϵ2|+M3L3

(
max
0≤θ≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)

+M3|ϵ3|+
(
max
0≤θ≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)×

(1− e−kθ)θα

kΓ(α)
≤M1L1

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+M1|ϵ1|

+M2L2

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+M2|ϵ2|

+M3L3

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+M3|ϵ3|

+
1

kΓ(α)

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
≤
(
M1L1 +M2L2 +M3L3 +

1

kΓ(α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+ (M1|ϵ1|+M2|ϵ2|+M3|ϵ3|) .

Also, for any υ ∈ ψr, we have

∣∣Dα−1Pυ(θ)
∣∣ ≤ k

|δ6|
∣∣ϕ3 (λ(1, υ(1),Dα−1υ(1)), λ(ς, υ(ς),Dα−1υ(ς))

)∣∣×∫ θ

0

(θ − s)2−α

Γ(3− α)
e−ksds

+

∫ θ

0

(θ − s)2−α

Γ(3− α)

∣∣Iα−1
(
λ(s, υ(s),Dα−1υ(s))

)∣∣ ds
+ k

∫ θ

0

(θ − s)2−α

Γ(3− α)

(∫ s

0
e−k(s−m

∣∣Iα−1
(
λ(m,υ(m),Dα−1υ(m))

)∣∣ dm) ds
≤ k

|δ6|

(
L3 max

0≤θ≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣+ |ϵ3|

)
+

1

Γ(α)

(
max
0≤θ≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)

+
sα(1− e−ks)

Γ(α)

(
max
0≤θ≤1

∣∣λ(θ, υ(θ),Dα−1υ(θ))− λ(θ, 0, 0) + λ(θ, 0, 0)
∣∣)

k

|δ6|Γ(4− α)

(
L3

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+ |ϵ3|

)
+

1

Γ(α)Γ(4− α)

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+

1

Γ(α)Γ(4− α)

(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
=

(
kL3

|δ6|Γ(4− α)
+

2

Γ(α)Γ(4− α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
3
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=

(
M4L3 +

2

Γ(α)Γ(4− α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+M4|ϵ3|.

Now, with the help of above discussion, we acquire

∥Pυ∥α−1 = ∥Pυ∥+ ∥Dα−1Pυ∥

≤

(
3∑

i=1

MiLi +
1

kΓ(α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+

3∑
i=1

Mi|ϵi|

+

(
M4L3 +

2

Γ(α)Γ(4− α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+M4|ϵ3|

=

(
3∑

i=1

MiLi +M4L3 +
Γ(4− α) + 2k

kΓ(α)Γ(4− α)

)(
a21∥υ∥+ a22∥Dα−1υ∥+N

)
+

2∑
i=1

Mi|ϵi|+ (M3 +M4) |ϵ3|

= L4 (a21 + a22) ∥υ∥α−1 + L4N + L5 ≤ r.

where L4 =
∑3

i=1MiLi + M4L3 + Γ(4−α)+2k
kΓ(α)Γ(4−α) and L5 =

∑2
i=1Mi|ϵi| + (M3 +M4) |ϵ3|.

Therefore

∥Pυ2 −Pυ1∥α−1 = ∥Pυ2 −Pυ1∥+ ∥Dα−1Pυ2 −Dα−1FPυ1∥

≤

(
3∑

i=1

MiLi +M4L3 +
Γ(4− α) + 2k

kΓ(α)Γ(4− α)

)
(a21 + a22) ∥υ2 − υ1∥α−1

= L4 (a21 + a22) ∥υ2 − υ1∥α−1.

Given that L4 (a21 + a22) < 1, it can be deduced that the operator P is constrained.
Consequently, P possesses a distinct FP, implying that the system 1 boasts a unique
solution. This observation effectively shows that the result has been achieved. □
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Abstract. We present a new operator, derived from stacks, which generalizes the con-
ventional topological interior operator by relaxing its underlying conditions. The study
focuses on the operators key properties and culminates in an examination and charac-
terization of the generalized topological structure it defines.
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1. Introduction

Within the framework of general topology, any given topology τ on a set X uniquely
defines a topological interior operator, commonly denoted as intτ . This operator, when
applied to an arbitrary subset A ⊆ X, returns the largest open set that is fully contained
within A. A fundamental characterization of an open set A in the topological space (X, τ)
is that it remains invariant under the interior operation, meaning intτ (A) = A.

The interior operator intτ acts as a function intτ : P (X)→ P (X), where P (X) denotes
the power set of X. This function satisfies the following four fundamental axioms for all
arbitrary subsets A,B ⊆ X: (1): intτ (X) = X, (2): intτ (A) ⊆ A, (3): intτ (intτ (A)) =
intτ (A), (4): intτ (A ∩B) = intτ (A) ∩ intτ (B).

Conversely, any function int : P (X) → P (X) satisfying these four axioms uniquely
defines a topological interior operator, and its set of fixed points, {A : int(A) = A},
constitutes a topology on X.

More recently, in [2], the authors introduced a generalized notion of topological interior
operator under weaker conditions. Here we are faced with the fundamental question: is
there a concrete and useful example of such a generalized interior operator, as proposed
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in [2], and if so, what are the salient features of this operator as well as the form and
properties of the associated generalized induction structure?

Our paper aims to address this question by presenting such a generalized operator and
characterizing the resulting topological structure it induces. In summary, we demonstrate
a concrete instance of the generalized operator proposed in [2], implementing it with the
aid of the stack S.

In fact, considering a stack S on an arbitrary topological space (X, τ), we first define
and analyze an operator called the S-preinterior. Subsequently, we use this operator to
construct the desired generalized interior operator, namely the S-interior operator.

2. Preliminaries

Definition 2.1. (Generalized Interior Operator [2]): A mapping Int : P (X)→ P (X)
is called the generalized interior operator if for any set A,B ⊆ X, Int satisfies the following
three axioms:

(I1): Int(A) ⊆ A, (I2): A ⊆ B ⇒ Int(A) ⊆ Int(B), (I3): Int(Int(A)) = Int(A).

Definition 2.2. [3] A stack on a set X (or, topological space (X, τ)) is defined as a
non-null collection S of nonempty subsets of X such that: for any A ⊆ B ⊆ X; if A ∈ S
then B ∈ S.

It is also worth noting that if the condition “ if A ∪ B ∈ S, then A ∈ S or B ∈ S ”
is considered in conjunction with the aforementioned condition, we refer to S as a grill on
the set X (or, the space (X, τ)), see [1].

Example 2.3. (1) LetX = {1, 2, 3, 4} and S = {{2}, {1, 2}, {2, 3}, {2, 4}, {1, 2, 3},
{1, 2, 4}, {2, 3, 4}, X}. Clearly, S is a stack on X.

(2) The collection {A ⊆ X : intτ (A) 6= ∅} is a stack on any topological space (X, τ).
(3) ( [5] Proposition 2.8) For any stack S on X, dual(S) := {A ⊆ X | Ac /∈ S} is

again a stack on X.

3. Main Results

By a stack space (X, τ,S) we mean a topological space (X, τ) with a stack S on it.

3.1. Operator (S, τ)-preint. Let (X, τ,S) be a stack space. Then we define

(S, τ)-preint(A) := {x ∈ X | U −A /∈ S for some U ∈ τ(x)}
as an operator on P (X), where τ(x) := {U ∈ τ | x ∈ U}. For ease of writing, instead of
(S, τ)-preint(A), we use one of A�(S, τ), A�(S), or A�.

Theorem 3.1. Let (X, τ,S) be a stack space and A,B ⊆ X. Then

(1) int(A�) = A�, i.e., A� is open in (X, τ).
(2) int(A) ⊆ A� ⊆ (A�)�.
(3) (−)� is monotone, i.e., A� ⊆ B� whenever A ⊆ B.
(4) If A /∈ S, then (X −A)� = X, and especially X� = X.
(5) for all A,B ⊆ X, (A ∩B)� = A� ∩B�.
(6) A�(S1 ∪ S2) = A�(S1) ∩ A�(S2) for any stacks S1 and S2. So, if S1 ⊆ S2, then

A�(S2) ⊆ A�(S1), that is, (−)� is decreasing with respect to stacks.

Remark 3.2. From statements (1) and (2) in Theorem 3.1, it is clear that the set
A cannot contain the set A�. Furthermore, the following example shows that A� cannot
contain A, thus proving that there is no general inclusion relation between A and A�. This

2
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example also shows that the inverse inclusion stated in part (2) of Theorem 3.1 does not
hold in general.

Example 3.3. In the stack space (X, τ,S) withX = {1, 2, 3, 4}, τ = {∅, {1}, {2}, {1, 2},
X} and S = {{2}, {1, 2}, {2, 3}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {2, 3, 4}, X} we have:

(1) If A = {3, 4} then A� = {3, 4}� = {1}, so A 6⊆ A� and A� 6⊆ A.
(2) Also for A = {3}, {3}� = {1} and ({3}�)� = {1}, so, (A�)� 6= A
(3) In addition, we have ∅� = {1} 6= ∅, that is, equality ∅� = ∅ is not generally valid.

In part 3 of Example 3.3, we saw that the equality ∅� = ∅ does not hold in general in
every stack space. Considering the condition τ \ {∅} ⊆ S in the stack space in question,
this equality holds.

The following theorem applies to this type of stack space.

Theorem 3.4. Let (X, τ,S) be a stack space. Then the following are equivalent:

(1) τ \ {∅} ⊆ S,
(2) ∅� = ∅,
(3) X −H /∈ S implies clτ (H) = X,
(4) H /∈ S implies intτ (H) = ∅
(5) For every closed set F , F � ⊆ F ,
(6) For every closed set F , F � = intτ (F ), that is, in any stack space (X, τ,S) with

τ \ {∅} ⊆ S, the operators (−)� and intτ are equal on closed subsets..

Remark 3.5. Considering the assumptions of Example 3.3, we have:

(1) : ∅� = {1}� = {3}� = {4}� = {1, 3}� = {1, 4}� = {3, 4}� = {1, 3, 4}� = {1},
(2) : {2}� = {1, 2}� = {2, 3}� = {2, 4}� = {1, 2, 3}� = {1, 2, 4}� = {2, 3, 4}� = X� =

X.

3.2. Operator (S, τ)-int. It is not difficult to check that the operator IntSA :=
A ∩A�(S) has the following;

(1) (I1) : IntS(A) ⊆ A;
(2) (I2) : A ⊆ B ⇒ IntS(A) ⊆ IntS(B);
(3) (I3) : IntS(IntS(A)) = IntS(A).

So, considering any stack S on a topological space (X, τ) leads to the induction of a
new type of generalized interior operator IntS and therefore, inducing a new generalized
topology in the form τ∗(S) = {A : IntS(A) = A} (For short, we use τ∗ instead of τ∗(S)).
Since, for any A ⊆ (X, τ), we have; intτA ⊆(S, τ)-preint(A) ⊆ X (part (2) of Theorem
3.1), so intτA ∩A ⊆ (S, τ)-preint(A) ∩A ⊆ X ∩A and thus intτA ⊆ IntS(A) ⊆ A. That
means, for any stack S on a topological space (X, τ); (X, τ) ⊆ (X, τ∗(S)).

Theorem 3.6. Let (X, τ,S) be a stack space and A ⊆ X. Then

(1) intτ (A) ⊆ IntS(A) ⊆ A�, and intτ (A) ⊆ IntS(A) ⊆ A
(2) A� is both τ -open and τ∗(S)-open.
(3) If A is τ -open, then IntS(A) = intτ (A) = A.
(4) IntS(A) = ∅ ⇐⇒ Ac is τ∗-dense in (X, τ∗(S)).
(5) The collection β := {U −H | U ∈ τ,H /∈ S} is a base for τ∗.
(6) For every H /∈ S, X −H is τ∗(S)-open.

Remark 3.7. Using Remark 3.5 and also considering the assumptions of Example 3.3,
we have:

3
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(1) IntS(A) =


∅ A ∈ {∅, {3}, {4}, {3, 4}}
{1} A ∈ {{1}, {1, 3}, {1, 4}, {1, 3, 4}}
A A ∈ {{2}, {1, 2}, {2, 3}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {2, 3, 4}, X}

(2) τ∗(S) = {∅, {1}, {2}, {1, 2}, {2, 3}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {2, 3, 4}, X},
(3) β = {∅, {1}, {2}, {1, 2}, {1, 2, 3}, {1, 2, 4}, X}.

In the end, choosing S = {A ⊆ X : int(A) 6= ∅}, we have the following two theorems;

Theorem 3.8. Let (X, τ) be a topological space. Considering {A ⊆ X : int(A) 6= ∅}
as a stack on this space, we have; A�(S, τ) = intcl(A) and ahso, IntS(A) = A∩ intcl(A).

According to, Theorem 3.6, we have the following;

Theorem 3.9. Let (X, τ) be a topological space, then considering {A ⊆ X : int(A) 6=
∅} as a stack on this space, we have;

(1) τ∗G = PO(X, τ), where PO(X, τ) is the collection of all pre-open subsets of (X, τ).
(2) The collection β = {U −N | U ∈ τ, int(N) = ∅} is a base for PO(X, τ).

Proof. (1) τ∗(S) = {A ⊆ X : IntS(A) = A} (by Theorem 3.6) = {A ⊆ X :
A ∩ intcl(A) = A} = {A ⊆ X : A ⊆ intcl(A)} = PO(X, τ).

(2) According to part (6) of Theorem 3.6, the proof is straightforward.
�

Example 3.10. Let’s assume that X and τ are the same as in Example 3.3. Choosing
S = {A ⊆ X : int(A) 6= ∅}, then S = {{1}, {2}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {1, 2, 3},
{1, 2, 4}, {1, 3, 4}, {2, 3, 4}, X}. So, PO(X) = {∅, {1}, {2}, {1, 2}, {1, 2, 3}, {1, 2, 4}, X} and
βPO(X) = {∅, {1}, {2}, {1, 2}, {1, 2, 4}, {1, 3, 4}, X}.

Finally, we should note that using grills instead of stacks in the above material will
yield different results; see [4].

4. Conclusion

We have provided a practical example of the generalized operator introduced in [2].
Furthermore, by introducing a practical example of the generalization of the topological
interior operator, we have introduced a method for generalizing the topological structure
of a topological space to a type of generalized structure. We have also demonstrated
that the collection of pre-open sets, a well-known and important set in topology, can be
effectively calculated using our proposed method.
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1. Introduction

A topological space on a set X with topology τ shall be denoted (X, τ). For a topo-
logical space (X, τ) the subspace topology on a subset A of X is τA. We shall write Ac,
cl(A) and int(A) for the complement, closure, interior and boundary respectively of a set
A with respect to a topology τ . We shall subscript these sets if several different topologies
are being discussed; for example, if τ and τ∗ are topologies on X and A ⊆ X, then clτ (A)
and clτ∗(A) are the closures of A with respect to τ and τ∗ respectively. The topological
space X is called a quasi H-closed space (briefly: QHC) if for each τ -open cover {Ui}i∈I
of X there exists a finite subset I0 of I such that X =

⋃
i∈I0 cl(Ui). A subset A of the

topological space X is said to be a QHC-subset if {Ui}i∈I is a family of τ -open sets of
X that covers A, then there exists a finite subset I0 of I such that A ⊆

⋃
i∈I0 cl(Ui). A

subset Y of the topological space X is a QHC-subspace if it is a QHC-space with respect
to the subspace topology induced from X. It is easy to see that if A is a QHC-subspace
of the topological space X, then it is a QHC-subset of X. It is not hard to find examples
that show the converse of this fact is not true in general ( [5] p. 161 and [3] Example 2.1).

Theorem 1.1. Let (X, τ) be a topological space. Then the following hold:
(1) QHC is preserved by finite unions.
(2) The closure of a QHC-subspace is a QHC-subspace.
(3) If A is a closed subset of a QHC-space X and if the boundary of A is a QHC-subspace,
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then so is A.
(4) A QHC-space is compact if and only if each closed subset is QHC.

Proof. It is obvious. □

Definition 1.2. A subset A of (X, τ) is said to be pre-open if A(cl(A)). The family
of all pre-open subset of (X, τ) is denoted by PO(X, τ).

Proposition 1.3. [4] A set A ∈ PO(X, τ) is a QHC-subspace of (X, τ) if and only
if it is a QHC-subset.

Definition 1.4. A family A of subsets of the topological spaceX has the finite interior
intersection property, if the intersection of interiors of sets in each finite subfamily of A is
non-empty. In other words if A1, · · · , An ∈ A, then

⋂n
i=1 int(Ai) ̸= ∅.

Proposition 1.5. The topological space X is QHC if and only if for every family of
closed subsets {Fi}i∈I in X satisfying the finite interior intersection property,

⋂
i∈I Fi ̸= ∅.

Proof. Necessity. Let {Fi}i∈I be a family of closed subsets of X such that
⋂

i∈I Fi =
∅. Since X =

⋃
i∈I F

c
i , {F c

i }i∈I is an open cover of X. Thus there exists a finite subset I0
of I such that X =

⋃
i∈I0 cl(F

c
i ) =

⋃
i∈I0(int(Fi))

c. Therefore
⋂

i∈I0 int(Fi) = ∅.
Sufficiently. If {Fi}i∈I is the family of closed subset in X satisfying the interior finite
intersection property, then for each finite subsets I0 of I,

⋂
i∈I0 int(Fi) = ∅. Let C be an

open cover of X. Then X =
⋃

C∈C C implies ∅ =
⋂

C∈C C
c. Since F = {Cc|C ∈ C} is

a family of closed subset in X, so there is a finite subcollection {Cc
1, · · · , Cc

n} of F , such
that ∅ =

⋂n
i=1 intτ (C

c
i ) =

⋂n
i=1(clτ (Ci))

c. It follows that
⋃n

i=1 cl(Ci) = X and (X, τ) is a
QHC-space. □

Using the same basic method of proof of proposition 1.5 we can also prove the following:

Proposition 1.6. Let X be a the topological space and Y ⊆ X. Then Y is a QHC-
subset if and only if for every family of closed subsets {Fi}i∈I in X included in Y satisfying
the finite interior intersection property,

⋂
i∈I Fi ̸= ∅.

2. Main results

Proposition 2.1. Let (X, τ) be a topological space. Then the following hold:
(1) Every dense QHC-subset is a QHC-space.
(2) Supposed that Y is a closed QHC-subset in X and A ⊆ Y is a closed subset in X. If
int(A) ̸= ∅ in Y implies that intτ (A) ̸= ∅, then Y is a QHC-space.

Proof. (1) Let A be a dense and QHC-subset in X and A =
⋃

U∈U U ∩ A, where
U is a τ -open in X. Then A ⊆

⋃
U∈U U and there are U1, · · · , Un ∈ U such that A ⊆⋃n

i=1 cl(Ui) ⊆
⋃n

i=1 cl(Ui ∩A). Hence

A =
n⋃

i=1

cl(Ui ∩A) ∩A =
n⋃

i=1

clτA(Ui ∩A).

(2) Follows from Proposition 1.6. □

It is clear that in the proposition 2.1 (2), if X is Hausdorff, the assumption that
Y is closed is redundant. It can also be said that the assumption that Y is closed is
not a necessary condition for the proposition to be true. For example, if X has a finite
complement topology, then proper infinite subsets of X are not closed and the condition
given in (2) holds. Moreover, every subset of X is compact and therefore a QHC-space.
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Proposition 2.1 raised the question of whether the converse is true if X is Hausdorff. It
can be easily seen that the answer to this question is negative. For example, let X be a
Hausdorff space with no isolated points. Let Y ⊆ X be finite. Hence Y is a QHC-space
and for every ∅ ≠ A ⊆ Y , int(A) = A ̸= ∅ in Y , while intτ (A) = ∅.

Theorem 2.2. [2] Let (X, τ) be a space and A,B ⊆ X. If A is a QHC-subset and
B is a closed and open subset in (X, τ), then A ∩B is a QHC-subset in (X, τ).

Corollary 2.3. For every QHC-space (X, τ), every closed and open subset of X is
a QHC-subset in (X, τ).

In the following, we will expand Theorem 2.2 and Corollary 2.3 using the next propo-
sitions and lemmas.

Proposition 2.4. Let (X, τ) be a topological space and A ⊆ X. Then the following
statements hold:
(1) If A and Ac are QHC-subsets, then X is a QHC-space.
(2) Let A ⊆ Y ⊆ X. If Y is a QHC-subset in X and A is a closed and open subset in X,
then A is a QHC-subspace in X.
(3) If A is a closed and open subset in QHC-space X, then A is a QHC-space.
(4) Every open QHC-subset A in (X, τ) is a QHC-space.
(5) If A is closed and open subset in X, then the following hold:
(a) X is a QHC-space.
(b) Both A and Ac are QHC-spaces.
(c) Both A and Ac are QHC-subsets.

Proof. We only prove (2), the rest of the proofs are straightforward. Let {A∩Ui}i∈I
be an arbitrary τA-open cover of A in Y , where Ui is an τ -open subset in X. Since
Y ⊆ (

⋃
i∈I Ui) ∪ Ac and Ac is open in X, then there are i1, · · · , in ∈ I such that Y ⊆

(
⋃n

j=1 clτ (Uij )) ∪ clτ (A
c). Therefore

A = (

n⋃
j=1

A ∩ clτ (Uij )) ∪ (A ∩ clτ (A
c)) =

n⋃
j=1

A ∩ clτ (Uij ) =

n⋃
j=1

clτ (A ∩ Uij ).

□

Lemma 2.5. If A,B are distinct α-open sets in (X, τ), then A,B are open subsets in
A ∪B.

Proof. It is enough to show that A is an open subset in A∪B. Let a ∈ A, then there
is an open subset U such that a ∈ U ⊆ cl(int(A)). Hence

int(A) ∩ int(B) = ∅ ⇒ cl(int(A)) ∩ int(B) = ∅ ⇒ U ∩ int(B) = ∅.

Therefore

U ∩ cl(int(B)) = ∅ ⇒ U ∩B = ∅ ⇒ U ∩ (A ∪B) = U ∩A ⊆ A.

As a result a ∈ int(A) in A ∪B. □

Definition 2.6. A subset A of (X, τ) is said to be α-open if A ⊆ int
(
cl(int(A))

)
.

The family of all α-open subset of (X, τ) is denoted by τα. For every space the family τα

forms a topology on X.

Lemma 2.7. If U is an open subset in (X, τ) and A ∈ τα, then A∩clτ (U) = clτA(A∩U).
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Proof. It is enough to prove that A ∩ clτ (U) ⊆ clτA(A ∩ U). Consider a point
a ∈ A \ clτA(A∩U). We must show that a ̸∈ clτ (U). Since a ∈ A ⊆ int(clτ (int(A))), then
there is an open neighborhood W such that (W ∩A)∩ (A∩U) = ∅ and W ⊆ clτ (int(A)).
Hence W ∩ (A ∩ U) = ∅ and W ⊆ clτ (int(A)). Therefore W ∩ U ∩ clτ (int(A)) = ∅ and
W ⊆ clτ (int(A)). This show that W ∩ U = ∅ and a ̸∈ clτ (U). □

We are now ready to improve 2.2 as follows:

Proposition 2.8. Let A,B be α-open sets in (X, τ). Then the following statements
are equivalent:
(1) A ∪B is a QHC-space.
(2) A,B are QHC-spaces.
(3) A,B are QHC-subsets.
(4) A ∪B is a QHC-subset.

Proof. These follow from Proposition 2.4 (5), Lemma 2.5 and 2.7. □

3. Conclusion

In this article, we only addressed the limited conditions for the equivalence of QHC-
subsets and QHC-subspaces. In topology, open sets and generalized open sets play an
important role, such that by using other types of generalized open sets like semi-open and
semi pre-open sets, it can be shown that QHC-subsets and QHC-subspaces are equivalent.
For this purpose, one can refer to [relevant sources.
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1. Introduction

The study of rings of continuous functions has long provided a deep interplay between
algebraic and topological structures. For a completely regular Hausdorff space X, the
ring C(X) of real-valued continuous functions encapsulates a wide range of topological
information about X. In this paper, we focus on the subring Cc∞(X) consisting of con-
tinuous functions whose supports are countably compact at infinity, see [1]. Our goal is
to establish how various algebraic properties of Cc∞(X) correspond to specific topological
features of X.

The support of f ∈ C(X) is defined as the closure of X \Z(f), and let CK(X) = {f ∈
C(X) : support f is compact}. The equivalence between CK(X) and the intersection of
free maximal ideals (where an ideal I in C(X) is termed free if

⋂
Z[I] = ∅, and otherwise

fixed) has been investigated, as seen in [5], [6]. Let C∞(X) denote the set of all functions
f ∈ C(X) that vanish at infinity, meaning {x ∈ X : |f(x)| > 1/n} is compact for each
n ∈ N. It is clear that CK(X) ⊆ C∞(X), and CK(X) is the intersection of the free ideals
in C(X), as well as the intersection of the free ideals in C∗(X). As outlined in [3, 7F],
C∞(X) is the intersection of the free maximal ideals in C∗(X). Therefore, both CK(X)
and C∞(X) are intersections of certain essential ideals. It has been emphasized that
C∞(X) may not be an ideal in C(X). Building upon this observation, spaces X for which
C∞(X) qualifies as an ideal in C(X) have been characterized in [2]. Specifically, C∞(X)
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is an ideal in C(X) if and only if every open locally compact subset of X is bounded. In
particular, for a locally compact Hausdorff space X, C∞(X) serves as an ideal in C(X) if
and only if X is a pseudocompact space, see [1], [2].

When restricting to continuous functions with countable image, we denote by Cc(X)
and C∗c (X) the sets of all (bounded) continuous real-valued functions on X with countable
image, see [4]. The subring Cc∞(X), consisting of functions in Cc(X) vanishing at infinity,
is introduced as an analogue of C∞(X), see [5], [6]. It is shown that Cc∞(X) equals
the intersection of all free ideals in C∗c (X). This paper investigates the ideal-theoretic
properties of Cc∞(X) in Cc(X). In particular, we characterize the topological spaces X
for which Cc∞(X) forms an ideal in Cc(X). We prove that this occurs if and only if X is
c-pseudocompact.

2. Main results

The ring Cc∞(X) has been introduced as the set of all continuous real-valued functions
on X with countable image that vanish at infinity. This ring generalizes C∞(X) in the
context of functions with countable range, and its algebraic and topological properties
form the focus of the present study. For any topological space X, the set of all continuous
real valued functions with countable image which vanish at infinity is a ring, which is
denoted by Cc∞(X). In fact for every f, g ∈ Cc∞(X), we have {x ∈ X : |f(x) + g(x)| ≥
1
n} ⊆ {x ∈ X : |f(x)| ≥ 1

2n} ∪ {x ∈ X : |g(x)| ≥ 1
2n} and {x ∈ X : |f(x)g(x)| ≥ 1

n} ⊆ {x ∈
X : |f(x)| ≥ 1√

n
} ∪ {x ∈ X : |g(x)| ≥ 1√

n
}.

Theorem 2.1. Cc∞(X) is the intersection of all free maximal ideals in C∗c (X), i.e.,

Cc∞(X) =
⋂

p∈β0X\X

MP ∗
c =

⋂
p∈β0X\X

{f ∈ C∗c (X) : fβ0(β0X \X) = {0}}.

Theorem 2.2. Let X be a zero dimension and Hausdorff space. The intersection of
all free maximal ideals of Cc(X) is contained the intersection of all free maximal ideals of
C∗c (X).

Lemma 2.3. Let A be an open subset of X, then A = X \Z(f) for some f ∈ Cc∞(X)
if and only if A is σ-compact locally subset of X.

Corollary 2.4. Cc∞(X) contains a unit of Cc(X) if and only if X is a locally compact
σ-compact space.

Theorem 2.5. Let X be a countably completely regular Hausdorff and zero-dimensional
space. The following conditions are equivalent:

(1) Cc∞(X) is an ideal in Cc(X).
(2) Every open locally compact subset of X is bounded.
(3) Every open locally compact σ-compact subset of X is bounded.

Corollary 2.6. Let X be a locally compact Hausdorff zero-dimensional space.Then
Cc∞(X) is an ideal in Cc(X) if and only if X is a c-pseudocompact space.

Corollary 2.7. Suppose that there exists g ∈ Cc∞(X) with Z(g) Lindelof and bounded.
If Cc∞(X) is an ideal in Cc(X), then X is a compact space.

Lemma 2.8. Let X = Y ⊕ Z, i.e., Y and Z are disjoint open subsets of X such that
X = Y ∪ Z. Cc∞(X) is an ideal of Cc(X) if only if Cc∞(Y ) is an ideal of Cc(Y ) and
Cc∞(Z) is an ideal of Cc(Z).
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Let us recall that CcK(X) denotes the set of all functions in Cc(X) with compact
support i.e., clX(X \ Z(f)) is compact.

Proposition 2.9. Let f ∈ Cc∞(X) \ CcK(X) such that Z(f) be an open set. Then
Cc∞(X) is not ideal of Cc(X).
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1. Introduction

Let X be a topological space and denote by C(X) the ring of all continuous real-valued
functions on X. Understanding how the algebraic properties of C(X) reflect the topology
of X is a central topic in the theory of function rings. Notable subrings include CK(X)
and C∞(X), defined respectively by

CK(X) = {f ∈ C(X) : supp(f) is compact},

C∞(X) = {f ∈ C(X) : {x ∈ X : |f(x)| ≥ 1/n} is compact for all n ∈ N}.
It is well-known that CK(X) ⊆ C∞(X), and that CK(X) coincides with the intersection
of all free ideals in both C(X) and C∗(X), the ring of bounded continuous functions.
Furthermore, by [3, 7F], C∞(X) is the intersection of all free maximal ideals in C∗(X).
Thus, both CK(X) and C∞(X) can be regarded as intersections of essential ideals in
C(X).

The structure of C∞(X) has been widely studied (see [1, 2]). For instance, C∞(X)
has finite Goldie dimension if and only if X is finite, and for any Hausdorff space X, there
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exists a locally compact Hausdorff space Y with C∞(X) ∼= C∞(Y ). Moreover, for locally
compact Hausdorff spaces X and Y , C∞(X) ∼= C∞(Y ) if and only if X ∼= Y . However,
C∞(X) is not always an ideal in C(X). A characterization of spaces for which C∞(X)
is an ideal is given in [2]: C∞(X) is an ideal in C(X) if and only if every open locally
compact subset of X is bounded. In particular, if X is locally compact and Hausdorff,
this holds precisely when X is pseudocompact.

To generalize these ideas, we focus on continuous functions with countable images.
Denote by Cc(X) and C∗c (X) the rings of all (bounded) continuous real-valued functions
on X with countable range (see [4,5]). We introduce

Cc∞(X) = {f ∈ Cc(X) : {x ∈ X : |f(x)| ≥ 1/n} is compact for all n ∈ N},
which consists of countable-valued functions vanishing at infinity. This provides a natural
analogue of C∞(X) in the countable-valued setting.

We show that Cc∞(X) coincides with the intersection of all free ideals in C∗c (X). We
also study its ideal-theoretic properties within Cc(X) and characterize the spaces X for
which Cc∞(X) forms an ideal, proving that this occurs if and only if X is c-pseudocompact.

Furthermore, we examine the relationships between Cc∞(X) and other subrings:

CcK(X) = {f ∈ Cc(X) : supp(f) is compact},

Ccψ(X) = {f ∈ Cc(X) : supp(f) is c-pseudocompact}.
We establish that Cc∞(X) = Ccψ(X) if and only if X is compact. We also study the ideal

I(X) =
⋂
{free maximal ideals of Cc(X)}

and characterize various compactness properties such as µ0-, η0-, and cψ-compactness
through inclusions among these ideals.

2. Main Results

We denote by Ccψ(X) the set of all functions with c-pseudocompact support. We
aim to establish that Ccψ(X) constitutes an ideal in Cc(X), see [1]. It is evident that
CcK(X) ⊆ Ccψ(X). When CcK(X) = Ccψ(X), the space X is termed cψ-compact. We
assert that Cc∞(X) ⊆ Ccψ(X) if and only if Cc∞(X) is an ideal of Cc(X). Moreover,
for a locally compact, zero-dimensional, and Hausdorff space X, Cc∞(X) = Ccψ(X) if
and only if X is compact. Another ideal associated with Cc∞(X) is denoted by I(X)
and defined as the intersection of all free maximal ideals of Cc(X). For any space X,
the inclusion relationships CcK(X) ⊆ I(X) ⊆ Ccψ(X) hold. When CcK(X) = I(X) or
I(X) = Ccψ(X), it is said that X is µ0-compact or η0-compact, respectively. In this
section, we will establish that for a completely regular, zero-dimensional, and Hausdorff
space X, the equality Cc∞(X) = CcK(X) holds if and only if every open, locally compact,
and σ-compact subset of X is contained within a compact subset of X.

Proposition 2.1. Suppose X is a completely regular Hausdorff space. Then Cc∞(X) =
CcK(X) if and only if every open, locally compact, σ-compact subset of X is contained in
a compact set.

Proposition 2.2. Cc∞(X) ⊆ Ccψ(X) if and only if every open, locally compact subset
of X is bounded.

Corollary 2.3. If X is locally compact and Hausdorff, then Cc∞(X) = Ccψ(X) if
and only if X is compact.
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Proposition 2.4. Let

Cclσ(X) = {f ∈ Cc(X) : X \ Z(f) is locally compact and σ-compact}.
Then Cclσ(X) is either the smallest zc-ideal containing Cc∞(X) or Cclσ(X) = Cc(X).

Lemma 2.5. For a space X, define:

(1) Ccl(X) = {f ∈ Cc(X) : X \ Z(f) is locally compact}.
(2) Ccl̄(X) = {f ∈ Cc(X) : X \ Z(f) is locally compact}.
(3) Ccσ(X) = {f ∈ Cc(X) : X \ Z(f) is σ-compact}.
(4) Ccσ̄(X) = {f ∈ Cc(X) : X \ Z(f) is σ-compact}.
(5) Iclσ(X) = {f ∈ Cc(X) : X \ Z(f) is contained in an open locally σ-compact set}.
(6) Cclσ(X) = {f ∈ Cc(X) : X \ Z(f) is locally compact and σ-compact}.
(7) C∗clσ(X) = {f ∈ C∗c (X) : X \ Z(f) is locally compact and σ-compact}.

Then C∗clσ(X) is an ideal of C∗c (X), and the others are zc-ideals in Cc(X).

Lemma 2.6. The following statements hold:

(1) Iclσ(X) ⊆ Cclσ(X) ⊆ Cclσ(X) ⊆ Ccl(X).
(2) Iclσ(X) ⊆ Cc∞(X)Cc(X) ⊆ Cclσ(X).
(3) CcK(X) = Ccσ̄(X) ∩ Ccψ(X).
(4) Cclσ(X) = Ccl(X) ∩ Ccσ(X) ⊆ Ccl(X) ∩ CcR(X).
(5) CcK(X) ⊆ Ccl̄(X) ⊆ Ccl(X).

Proposition 2.7. The following statements hold:

(1) I(X) = Ccσ̄(X) if and only if X is µ0-compact.
(2) Ccψ(X) ⊆ Cc∞(X) if and only if X is η0-compact. Hence Ccψ(X) = Cc∞(X)

if and only if X is η0-compact and every open locally compact set is relatively
c-pseudocompact.

(3) Ccψ(X) ⊆ Ccσ̄(X) if and only if X is ψ0-compact.

In the following theorem, we characterize the space X for which the smallest zc-ideal
containing Cc∞(X) is a prime ideal. We designate a point x ∈ X as an l-point if it has a
compact neighborhood. It is evident that the set of l-points in X is open.

Theorem 2.8. Cclσ(X) is a prime ideal is and only if X has at most one non-l-point
x∗ ∈ X and for any two disjoint cozeroset, one which does not contain the non-l-point, is
locally compact σ-compact.

Proposition 2.9. C∗clσ(X) = Cc∞(X) if and only if every zero-set contained in an
open locally compact σ-compact subset of X is compact.

Theorem 2.10. I(X) = Cclσ(X) if and only if for every open locally compact σ-
compact subset A of X, clXA is c-pseudocompact and every zero-set in A is compact.

Corollary 2.11. Let X be a c-realcompact space. Then every open locally compact
σ-compact subset of X has compact closure if and only if I(X) = Cclσ(X).

Proposition 2.12. A locally compact σ-compact open set G in X has a c-pseudocompact
closure if and only if β0X \X ⊆ clβ0X(X \G). In particular, β0X \X ⊆ clβ0XZ(f) if and
only if X \ Z(f) is locally compact σ-compact and clβ0X(X \ Z(f)) is c-pseudocompact.

Proposition 2.13. Ccl(X) =
⋂
x∈NMcx = {f ∈ Cc(X) : f(x) = 0, ∀ x ∈ N}.

Proposition 2.14. If clXL = X\intXN is locally compact (σ-compact), then Ccl̄(X) =
Ccl(X) (Ccσ(X) = Ccσ̄(X)).
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Proposition 2.15. The following statements hold:

(1) If L is σ-compact, then Cclσ(X) = Ccl(X).

(2) If X is second countable and Cclσ(X) = Ccl(X), then L is σ-compact.

Proposition 2.16. The following statements hold:

(1) X is locally compact if and only if Ccl̄(X) = Ccl(X) = Cc(X), if and only if
Cclσ(X) is a free ideal, if and only if Cclσ(X) = Ccσ(X).

(2) X is σ-compact if and only if Ccσ̄(X) = Ccσ(X) = Cc(X).
(3) X is locally compact σ-compact if and only if

Cclσ(X) = Cc∞(X)Cc(X) = Cclσ(X) = Cc(X).

Proposition 2.17. Let X be a locally compact σ-compact space. Then X is perfectly
normal if and only if every open subset of X is σ-compact.

Proposition 2.18. Let X be a normal space. If Ccl̄(X) = CcK(X), then every closed
subset of X contained in L is compact. Whenever L is closed the converse is also true, in
fact if L is compact, then Ccl̄(X) = CcK(X).

Lemma 2.19. No point of A ⊆ X has a compact neighborhood in X if and only if
f(A) = 0 for all f ∈ Cc∞(X) .

Proposition 2.20. Let A be a commutative algebra over the rationales with unity. Let
I be an ideal of A. Then an ideal D of I is a maximal ideal of I if and only if D = M ∩ I
for some maximal ideal M in A.
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